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onsolidation problems:a state of the art reportD. Ambrosi 1, R. Lan
ellotta2, L. Preziosi1,1 Dept. of Mathemati
s, 2 Dept. of Stru
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orso Du
a degli Abruzzi 24, 10129 Torino, ItalyIntrodu
tionThe obje
t of the 
onsolidation theory is, in a broad sense, any movement of the soil that yieldsa non-negligible e�e
t at the ma
ros
ale. This de�nition in
ludes predi
tion of settlement rate ofstru
tures intera
ting with the soil, subsiden
e, oil produ
tion, di�usion of pollutants, transientphenomena o

urring in earthquakes and wave propagation.Sin
e the pioneering work of Terzaghi (1923), there has been a growing interest in understand-ing the physi
al basis and the related mathemati
al modelling of the 
onsolidation theory. Asoutlined in the re
ent book by de Boer (2000), where the reader 
an �nd an introdu
tion to thesubje
t in a histori
al perspe
tive, this interest arises from both theoreti
al basis, the me
hani
s ofporous media, as well as from engineering appli
ations. By the way, we note that the 
onsolidationis the most an
ient �eld of appli
ation of a more general s
ien
e, the porous media theory, that is
urrently applied in a surprisingly large number of di�erent �elds. As an example, in biome
hani
s(Gu et al., 1999) the bone 
an be represented as a porous medium in�ltrated by blood and in
omposite material manufa
turing the inje
tion moulding pro
ess is in essen
e the in�ltration ofa non-newtonian 
uid into a solid porous matrix (see Ambrosi&Preziosi, 2000).The 
lass of problems we are interested in is 
hara
terized by the motion of solids and 
uids atdi�erent velo
ities. The global me
hani
al behavior of the 
uid-solid system is then di
tated byboth the me
hani
al properties of the single 
onstituents and the by intera
tion o

urring betweenthem, due to their relative displa
ement. The aim is to des
ribe the property of the solid-
uidsystem at a spatial s
ale mu
h larger than the one 
hara
terizing the velo
ity �elds. Therefore, inits essen
e, the problem is relevant in all s
ienti�
 areas where a "
oupling between the evolutionof a porous deformable medium and the motion of 
uids in the 
onne
ted porosity" o

urs.The aim of this 
hapter is to provide a summary of the main results of the porous mediatheory that 
an be obtained rigorously moving from the prin
iples of 
ontinuum me
hani
s. Asa by produ
t, we make an e�ort to put in an unique framework equations and notations that areused in the mathemati
al as well engineering literature, stressing the assumptions that lead to thedi�erent models. The presentation is mainly intended for an engineering audien
e, so that themathemati
al formalism is kept at a minimum.This 
hapter is divided into �ve se
tions. Se
tion 1 outlines the general framework of themodelling of porous materials, i.e. the "averaging approa
hes", emphasizing the related basi
assumptions. Se
tion 2 dis
usses the "e�e
tive stress" 
on
ept. Se
tion 3 deals with kinemati
sand balan
e equations at a ma
ros
opi
 level a

ording to the mixture theory, and derives a
onsistent Lagrangian model for both the soil skeleton and the 
uid. Se
tion 4 formulates theinitial boundary value problem of typi
al geote
hni
al appli
ations, su
h as 
onsolidation of astratum between draining and impervious boundaries with stress or velo
ity 
onditions boundary
onditions: in this 
ontext Biot's theory is illustrated. Finally, Se
tion 5 dis
usses aspe
ts relatedto the 
onstitutive equations, whi
h is of 
ru
ial importan
e when dealing with reliable quantitativepredi
tions. 1



1 Modeling porous mediaIn the 
urrent literature the me
hani
s of a porous medium is typi
ally des
ribed by two di�erentapproa
hes. The averaging approa
h starts from the equations des
ribing the motion of all thephases 
onstituting the porous medium separately: ea
h of them is 
onsidered in its own domainas a single body, while intera
tions are just a

ounted for as a 
ontribution arising at the internalboundary. The link between this des
ription and the ma
ros
opi
 behavior is obtained by theaveraging pro
edure. Conversely, the ma
ros
opi
 approa
h starts from an a priori assumption ofhomogenized phases and is based on the axioms of the theory of mixtures supplemented by the
on
ept of volume fra
tion.It is to be noted that the �nal goal of both these approa
hes is the des
ription of predi
tableand repeatable ma
ros
opi
 features of the dynami
s of the porous medium. In fa
t, even thoughit might be at some extent desirable to a
hieve a detailed knowledge of the 
ow of the 
uid in thepores and the displa
ement of the solid parti
les at ea
h point, this appears to be an impossibletask: we 
an not know the detailed geometry at the mi
ros
opi
 s
ale and, more important, thisgeometry will be di�erent from spe
imen to spe
imen, i.e. there is a la
k of repeatability. Forthese reasons it is relevant to fo
us the attention on some ma
ros
opi
 features independent of thespe
i�
 
on�guration of the pores whi
h 
an be veri�ed by repeatable ma
ros
opi
 experiments.Despite the aim is to provide a large s
ale des
ription, it is not to be understood that the smallers
ale 
an be 
ompletely disregarded: a knowledge of the mi
ros
opi
 me
hanisms that drive thema
ros
opi
 repeatable pro
esses is of great interest to state an e�e
tive ma
ros
opi
 model.The 
ontinuum me
hani
s approa
h starts from these basi
 
onsiderations and any experimen-tal determination of the 
onstitutive response of a given medium yield relationships between "grossproperties". Therefore, in their essen
e, the methods illustrated in this 
hapter are aimed at "therepla
ement of a mi
ro-heterogeneous medium with a homogeneous one, whi
h ma
ros
opi
allybehaves in the same manner". Su
h a pro
ess poses a fundamental question: how 
an one des
ribethe ma
ros
opi
 behavior of a medium whi
h exhibits mi
ros
opi
 heterogeneity, on the base ofmi
rostru
tural information?In the following paragraph we �rst dis
uss the 
on
eptual passage from a mi
ros
opi
 to ama
ros
opi
 viewpoint through averaging pro
edure, while in the next one we present the des
rip-tion based on porous media theory. A 
omparison of the results obtained by these approa
hesenables one to 
larify the meaning and the role of several terms appearing in the �eld equations.1.1 Volume and Ensemble Averaging Approa
hWe start 
onsidering the real non-homogeneous stru
ture of the porous medium, in whi
h thes
ale of heterogeneity is of the same order of magnitude of the pore or grain dimension. Thenwe fo
us on �elds des
ribing the status of a single phase, de�ned only at the points o

upied bythat phase. Be
ause, as already mentioned, this level of detail is not needed for our purposes,we use an averaging te
hnique in order to get a ma
ros
opi
 des
ription (see Slattery, 1981;Bear and Ba
hmat, 1991; Lewis and S
hre
er, 1998). In this respe
t the 
ru
ial 
on
ept is theRepresentative Elementary Volume (REV). This idea introdu
ed for the �rst time by Lorentz in1952, in his book on the theory of ele
trons. Later Bear (1972) dis
ussed the same 
on
ept inrelation to porous media and further rigorous 
ontributions were given by Nemat-Nasser and Hori(1993) and Drugan and Willis (1996). We introdu
e the de�nition of REV in a rather heuristi
manner: "It is a volume that, at a ma
ros
opi
 s
ale, is small enough to be treated as a pointof the heterogeneous medium, and, on the reverse, at a mi
ros
ale, is large enough to 
ontaina signi�
ant number of single heterogeneities". The interested reader 
an �nd a 
omprehensivedis
ussion on this subje
t in the paper of Markov (2000).From the above de�nition it follows that the position of a REV is identi�ed, within the domainwhi
h mathemati
ally de�nes the medium of interest, by the ve
tor position x. Any �eld q ofinterest at the mi
ro-level, i.e. within the REV, depends on the lo
al 
oordinate r spanning theREV: q = q(x; r; t): (1.1)2



The dependen
e expressed by (1.1) of any internal �eld from both the ma
ro-
oordinate x andthe mi
ro-
oordinate r implies that the internal �eld 
an behave in di�erent ways within di�erentREVs of the medium. The relation between ma
ro and mi
ro quantities is obtained through thevolume averaging with respe
t to the mi
ro-
oordinate r, whi
h allows to de�ne the so-
alled phaseaverage and intrinsi
 phase average of any �eld q:q�(x; t) =: 1V Zv H�(r; t)q(r; t)dr; (1.2)q(x; t)� =: 1V� Zv H�(r; t)q(r; t)dr; (1.3)where v is the REV of volume V 
entered on x and H� is an indi
ator fun
tion for the �-th
onstituent, its value being 1 if, at time t, the 
onstituent is in r, and 0 otherwise. A

ording tothis de�nition, the volume of the 
onstituent within a REV is given byV�(x; t) =: Zv H�(r; t)dr; (1.4)and the 
orresponding volume fra
tion n� isn�(x; t) =: V�V = 1V ZvH�(r; t) dr: (1.5)As a 
onsequen
e, we de�ne �R� =: �� material density and �� = � = n��R� is the partial density.From the above de�nitions, it follows that the material in
ompressibility is not equivalent to thebulk in
ompressibility of ea
h 
omponent: as �� = n��R� the partial density of the �-th 
omponentin the mixture 
an 
hange due to 
hanges in the volume fra
tion even though �R� is 
onstant.On
e the REV average property has been obtained, in order to de�ne the properties of thewhole porous medium we should in prin
iple perform experiments with N di�erent REVs andobtain the so-
alled ensemble averageq�i = 1N (qi;v1 + qi;v2 + :::::+ qi;vN ) (1.6)Provided that the mi
ros
ale length of a typi
al inhomogeneity is small enough when 
omparedwith the volume of the medium, it 
an be expe
ted that the ensemble and the volume averages
oin
ide. This implies the introdu
tion of the hypothesis of ergodi
ity, i.e. a ma
ros
opi
 orstatisti
al homogeneity of the porous medium. Roughly speaking, this hypothesis means thatthe ma
ros
opi
 properties of all the REV are the same and the REV has the same propertiesof the porous medium as a whole. For this reason in the following we make use of the volumeaveraging approa
h. Moreover, in some 
ases we also introdu
e the hypothesis that the mediumis statisti
ally isotropi
, i.e. the ma
ros
opi
 properties are independent of the orientation of themedium in the spa
e.1.2 Balan
e EquationsIn order to derive ma
ros
opi
 �eld equations, a general strategy 
an be pursued starting fromthe mi
ros
opi
 balan
e equations of any extensive quantity in a 
ontinuum and obtaining the
orresponding ma
ros
opi
 balan
e equation by averaging rules. In this se
tion we follow theapproa
h of Bear and Ba
hmat (1991).Let q be the volume density of any extensive phase quantity Q whi
h is assumed to be adi�erentiable fun
tion of time and spa
e within the phase domain. The general balan
e mi
ros
opi
equation takes the form �q�t +r�(qVQ) = ��Q; (1.7)3



where � is the mass density of the phase, �Q is the rate of internal produ
tion of Q per unit massand VQ is the velo
ity atta
hed to Q. If we introdu
e the volume averaged velo
ity V we 
ande�ne the di�usive 
ux jQ: jQ =: q(VQ �V); (1.8)and the balan
e equation (1.7) 
an be rewritten in the following form,�q�t +r�(qV+ jQ) = ��Q: (1.9)Now in Eq. (1.9) one 
an distinguish the 
ontribution of the adve
tive 
ux from the di�usive one.Taking the volume average of (1.9), and by using the de�nitions (1.3) and (1.5) one getsn� �q�t � + n�r�(qV+ jQ)� = n���Q�: (1.10)By applying standard averaging rules to both sides of (1.10) (for more details, see Bear andBa
hmat, 1991), the general ma
ros
opi
 di�erential balan
e equation is obtained��t(n�q�) +r��n�(qV� + jQ�)�+ 1V ZS� �q(V � vS�) + jQ� � n dS = n���Q�: (1.11)The surfa
e S�, moving with velo
ity vS� , separates the phase under 
onsideration from the otherphases. The term 
ontaining the surfa
e integral represents the 
ux of the extensive quantityunder 
onsideration through S�. It is worth noti
ing that a boundary 
ondition on the interfa
ebe
omes, thanks the averaging pro
ess, a sour
e term in the ma
ros
opi
 equation.1.3 Mass balan
e equation of a phaseNow we spe
ialize the de�nitions above to the mass of the �-th 
omponent (i.e. Q = m). The
orresponding density is � and we assume that �m = 0. We 
hose the surfa
e S� as a materialsurfa
e for the phase under 
onsideration, so that there is no mass 
ux a
ross it. In additionwe de
ompose the average adve
tive 
ux �V� into a ma
ros
opi
 adve
tive 
ux ��V� and adispersive 
ux whi
h the di�eren
e between the former and the latter. If the di�usive (jQ) anddispersive 
uxes 
an be negle
ted when 
ompared to the adve
tive one, the general ma
ros
opi
balan
e equation (1.11) spe
i�es to:��t (n���) +r��n���V�� = 0: (1.12)1.4 Momentum balan
e equation of a phaseFollowing the interpretation of Bear and Ba
hmat, by similar arguments the extensive quantitylinear momentum (i.e. Q = mVm) has density q = �Vm, the rate of momentum produ
tion isthe body for
e per unit mass b and the di�usive 
ux of linear momentum is the stress tensor T,where Vm is the mass weighted velo
ity de�ned by�Vm(x; t) =: �Rv(r; t): (1.13)Under the assumption that the momentum dispersive 
ux 
an be negle
ted when 
ompared withthe adve
tive one and that the interfa
e surfa
e is material for the 
omponent at hand, equation(1.11) gives the ma
ros
opi
 momentum balan
en���DVm�Dt �r��n�T�� = 1V Z� T � n dS + n��b�: (1.14)where DDt =: ��t + (Vm � r) (1.15)4



The surfa
e integral term at the r.h.s. of Equation (1.14) represents the intera
tion for
e betweenthe phases a
ross the mi
ros
opi
 interfa
e that separates them. In general, su
h an intera
tiono

urs between wetting and non-wetting 
uid phases, as well as between solid and 
uid. Usuallythe assumption of 
ontinuity of tra
tion at the interfa
e between the solid and the 
uids Ss;f ismade, so that no jump exists a
ross this mi
ros
opi
 interfa
e, i.e.:[[T℄℄s;f � n = 0: (1.16)On the 
ontrary it is known that the jump at the interfa
e between two immis
ible 
uids Sf;f isbalan
ed by the surfa
e tension �: � = [[T℄℄f;f � n: (1.17)Summing up equations (1.14) for all phases and assuming that a quasi-stationary pro
ess o

urs(so that the inertial terms 
an be negle
ted) the equilibrium of the porous medium as a wholewrites r�T+ �b+ � = 0; (1.18)where T is the total stress and � =: 1V Zf;f [[T℄℄f;f � n dS: (1.19)Remark. When 
onsidering the spe
i�
 problem of two phases (solid and 
uid), it is 
onvenientto assume as a basi
 kinemati
 variable the solid displa
ement us and to introdu
e the motion ofthe 
uid relative to the solid, the relative velo
ity being wf = _xf � _xs. With su
h an assumption,balan
e equations for the two phases are �s�us �r�Ts = �sb� p̂; (1.20)�f ��t � _us +wf�+ �fwf � r � _us +wf ��r�Tf = �fb+ p̂; (1.21)where w(x; t) =: vf (x; t)� vs(x; t): (1.22)The term p̂ represents the lo
al intera
tion per unit volume between the phases.2 The e�e
tive stressThe intera
tion between the soil skeleton and the pore water has been �rst des
ribed by Terzaghi(1923) with the introdu
tion of the prin
iple of e�e
tive stress. Su
h a prin
iple states that thetotal stress a
ting in a solid{liquid mixture 
an be de
omposed into two additive 
ontributions.The former a
ts both in the water and in the solid in every dire
tion and is 
alled neutral stress (orpore water pressure), the latter represents an ex
ess over the neutral one, it has its seat ex
lusivelyin the solid phase of the soil and is 
alled e�e
tive stress. In a more formal presentation of thisprin
iple, Terzaghi (1936) also stated that "porous materials (su
h as sand, 
lay and 
on
rete)rea
t to a 
hange of pore pressure as if they were in
ompressible and as if their internal fri
tionwere equal to zero. All the measurable e�e
ts of a 
hange of stress, as a 
ompression, distortionand a 
hange of shearing resistan
e are ex
lusively due to 
hanges in the e�e
tive stress".Note that Terzaghi's de�nition of e�e
tive stress does not follows from any theoreti
al investigationof basi
 porous medium balan
e equations, but it is introdu
ed in a rather heuristi
 manner interms of 
ause and measurable e�e
ts.For sake of simpli
ity, in the following we refer to a two{phases medium, i.e. a solid skeletonsaturated by water. This is the 
ase of major interest in soil me
hani
s, but obviously the method-ologi
al approa
h 
an be extended to more than two phases. Moreover, we 
onsider a saturatedmedium: ns + nf = 1: (2.1)5



In parti
ular, summing up Equations (1.12) for two in
ompressible 
onstituents it turns out thatthe following kinemati
 
onstraint has to be satis�ed:r � �nfVw + (1� nf )Vs� = 0: (2.2)In order to 
larify the meaning of the e�e
tive stress in the present framework, we 
onsider �rstthe 
ase of a single 
uid phase that saturates the void spa
e. In this 
ase, the prin
iple of thee�e
tive stress reads: T = (1� nf )Ts � nfpfI; (2.3)A

ording to the de�nition of e�e
tive stress, this equation is usually written in Soil Me
hani
s inthe form T = T0 � pfI; (2.4)where T0 is then de�ned by T0 = (1� nf )�Ts + pfI� : (2.5)At this stage it is relevant to note that the partial stress tensor assumes in the saturated mixturestheory the more general expression (see Se
tion 4)T� = �n�pI+ TE� (2.6)where the partial stress for ea
h phase is splitted into two 
ontributions: the pressure p and anextra term linked to the deformations of the �-th phase 
orresponding to the e�e
tive stress, orto the 
uid dissipation. The interest in 
omparing (2.5) and (2.6) arises from the fa
t that thelatter expression is derived on thermodynami
al basis, requiring that the entropy inequality of theoverall medium is satis�ed in any admissible pro
ess (see Ehlers, 1993; Diebels and Ehlers, 1996;Wilmanski 1996, 2000). Note that, in this framework, p is the pressure of the mixture as a whole,that is the internal rea
tion for
e ne
essary for the a

omplishment of the kinemati
 
onstraint(2.2) and there is no apparent reason for identifying it as the pressure of the water in the pores.Wilmanski (2000) has proved that su
h a 
onstraint is thermodynami
ally admissible only ifthe 
onstitutive equations depend on rnf . If, in addition, the partial stress tensors are supposedto depend linearly on the relative velo
ity, then the 
onstitutive relations take the following form:Ts = �(1� nf )p I+ TEs (nf ; Fs); (2.7)Tf = �nfp I; (2.8)where Fs is the tensor gradient of deformation of the soil skeleton and the material 
oeÆ
ients(that is the parameters 
hara
terizing the me
hani
al behavior of the material) depend on theporosity nf .When 
onsidering the three phasi
 
ow (solid with two immis
ible 
uids), equation (2.3) 
anbe rewritten in the form T = (1� nf )Ts � SwpwI� SnpnI: (2.9)where Sw and Sn are the volume fra
tions of the wettin and non-wetting phase referred to theporosity nf (i.e. Sw + Sn = nf ). A

ordingly, an average 
uid pressure 
an be de�ned aspf =: Swpw + Snpnnf (2.10)and the e�e
tive stress tensor again formally satis�ef the relationship (2.4). A relevant 
onsequen
eof (2.10) is that when 
onsidering unsaturated soils, the air is the non{wetting 
uid and for pressurevalues in ex
ess to the atmospheri
 one the following expression is obtained for the e�e
tive stressT0 = T� Swnf pwI (2.11)6



The agreement of Eq. (2.11) with experimental results is still a matter of investigation, also
onsidering that in the literature di�erent expressions have been suggested for the 
oeÆ
ient thatmultiplies the pore pressure.The intera
tion for
e p̂ typi
ally involves a Fi
kian 
ontribution, a

ounting for di�usion, plusa Dar
ian one, so that the intera
tion for
e is usually modelled as:p̂ = prnf � (nf )2 �K �1wf : (2.12)where � is the dynami
 vis
osity of the 
uid and K (x) is the permeability tensor (possibly depen-dent on t for large deformations). so that the balan
e equation for the soil skeleton 
an be writtenin the following form, more usual in Soil Me
hani
s�s�us � div�TSE � pI� = (1� nf ) (�sR � �fR)b+ �fRg: (2.13)??????? COME LA SI OTTIENE??????? The momentum transfer at the solid-
uid interfa
eis usually mu
h larger than the inertial for
e and the vis
ous resistan
e inside the 
uid. Whennegle
ting the inertial terms the momentum equation for the 
uid phase simpli�es to�fnf �vf � vs� = �K�r p+ �fg: (2.14)Equation (2.14) is 
ommonly referred as Dar
y for deformable porous media.3 Lagrangian des
ription of porous mediaAs already mentioned in the introdu
tion, the ma
ros
opi
 approa
h starts from an a priori as-sumption of homogenized phases and is based on the axioms of the theory of mixtures, supple-mented with the 
on
ept of volume fra
tion. Fundamentals of the theory of mixture date ba
kto the works of Truesdell (1957), Truesdell and Toupin (1960), Atkin and Craine (1976), Bedfordand Drumheller (1983), Bowen (1976, 1980, 1982), de Boer and Ehlers (1986), Ehlers (1989, 1993,1996), Coussy (1995), M�uller (1968), Rajagopal and Tao (1995), Wilmanski (1996, 1998). Thepaper by de Boer (1996) is parti
ularly relevant for its review 
hara
ter.The basi
 assumption of the theory of mixture is that the individual 
omponents of the porousmedium are statisti
ally distributed over the 
ontrol spa
e, i.e. ea
h spatial point x of the 
ontrolspa
e is simultaneously 
o-o

upied by parti
les of all 
omponents. As a 
onsequen
e, mathe-mati
al fun
tions des
ribing both geometri
al and physi
al properties of ea
h 
onstituent are �eldfun
tions de�ned all over the 
ontrol spa
e. In addition, prin
iples of mixtures theory to be usedin balan
e equations are 
learly stated by Truesdell in "Rational Thermodynami
s" (1984):� All properties of the mixture must be mathemati
al 
onsequen
es of properties of the 
on-stituents.� So as to des
ribe the motion of a 
onstituent, we may in imagination isolate it from the restof the mixture, provided we allow properly for the a
tions of the other 
onstituents upon it.� The motion of the mixture is governed by the same equations as for a single body.3.1 Kinemati
sUsually, the kinemati
s of the 
uid phase is des
ribed by an Eulerian approa
h, whereas for thekinemati
s of the solid stru
ture referen
e is made a Lagrangian frame of referen
e. In orderto over
ome short
oming deriving from this mixed des
ription, re
ently Coussy (1989, 1995),Bourgeois and Dormieux (1996) and Wilmanski (1996) have suggested to introdu
e a uni�edLagrangian des
ription, by assuming the soil skeleton as a material referen
e volume.7



For ea
h phase we de�ne the motion fun
tionx = ��(X�; t); (3.1)and a 
orresponding velo
ity and a

eleration �eld_x� = ��t��(X�; t); (3.2)�x� = �2�t2��(X�; t): (3.3)Referring to the solid matrix and dropping the index � = s for simpli
ity, the deformation gradienttensor, de�ned by Fs =: ��i�Xj ei 
 ej ; (3.4)maps the material ve
tor dX onto its 
urrent 
on�guration dxdx = FsdX: (3.5)Similarly, the in�nitesimal initial volume dV0 is transformed into the 
orresponding area in the
urrent 
on�guration thanks to the relationdV = JdV0; (3.6)where J =: det Fs > 0: (3.7)The determinant of F is restri
ted to take positive values, so that the motion fun
tion of ea
h phaseis invertible. A material area dA, oriented by its normal N (i.e. dA = NdA ), is transformed intothe 
urrent 
on�guration a

ording to the rulen da = JF�Ts �N dA (3.8)where F�Ts indi
ates the transpose of the inverse of Fs.3.2 Mass balan
eIn the Lagrangian des
ription, the 
onservation of mass of the solid 
omponent is identi
allysatis�ed, ��t [J�s(1� nf )℄ = 0; (3.9)where �s =: �Rs . The balan
e of mass for the 
uid phase over a material 
ontrol volume V �xedon the solid matrix and bounded by the surfa
e S writes, in integral form,��t ZV �f e1 + edV + ZS�f e1 + e (vw � vs) � n da = 0; (3.10)where �f =: �Rf , vw and vs are the velo
ity of the liquid and solid 
onstituent, respe
tively, ande is the void ratio de�ned as e =: nf=(1� nf ).By re
alling (3.8), transforming the volume integral at the l.h.s. of (3.10) into an integral overthe referen
e volume and by using the Gauss theorem in order to transform the surfa
e integralinto an integral over the referen
e volume, one gets (if the void ratio in the referen
e 
on�gurationis 
onstant) �e�t + div �eF�1 (vw � vs)� = 0; (3.11)where the symbol "div" indi
ates the divergen
e operator in Lagrangian 
oordinates.8



A

ording to Biot (1977) and Coussy (1995), it is sometimes 
onvenient to introdu
e the
hange of 
uid mass referred to the initial volume m. A

ordingly, the quantity mdV0 indi
atesthe di�eren
e of the 
uid mass passing from the initial to the 
urrent 
on�guration,m =: J�fnf � �w0n0f : (3.12)By de�ning the Eulerian ve
tor w =: �fnf (vw � vs) ; (3.13)representing the mass 
ux of water relative to the solid skeleton, the mass balan
e 
an also beexpressed as �m�t + div �JF�1w� = 0: (3.14)3.3 Momentum balan
e equationWhen denoting by �; a; aw the density of the porous medium, the a

eleration of the soil parti
lesand the a

eleration of the 
uid, respe
tively. The Eulerian form of �rst Cau
hy's law of motionfor the porous medium as a whole writesZV [�a+ n�f (aw � a)℄ dV = ZV �b dV + ZS T dS; (3.15)where V is a 
ontrol volume �xed on the solid skeleton and S its surfa
e. As the relationship(3.15) holds for any 
ontrol volume, for regular enough �elds the lo
al form of the momentumequation is obtained thanks to the Gauss theorem:r�T+ � (b� a)� n�f (aw � a) = 0: (3.16)In order to obtain the 
orresponding Lagrangian formulation, we introdu
e the se
ond Piola-Kir
hho� stress tensor ~T =: JF�1TF�T : (3.17)The relationship (3.8) enables to write the transport formulaF ~T �NdA = T � n da; (3.18)so that the (3.15) readsZA0 F ~T �NdA+ ZV0 [(�0 +m) (b� a)� (�w0n0 +m) (aw � a)℄ dV = 0; (3.19)where �0; A0; V0 are the density, surfa
e and volume in the referen
e 
on�guration. The lo
alLagrangian form is div(F ~T) + (�0 +m) (b� a)� (n0�w0 +m) (aw � a) = 0: (3.20)In the Lagrangian framework, the Dar
y's law (2.14) takes the generalized expression�fnf (vw � vs) = �K� �F�T grad p�+ �fg: (3.21)where K is the permeability tensor, g is the gravity a

eleration, � is the dynami
 vis
osity of the
uid and "grad" represents the gradient operator in Lagrangian 
oordinates.4 Consolidation theoriesThe �rst attempt to des
ribe the 
onsolidation of a deformable porous medium with pores 
om-pletely �lled by water is due to Terzaghi (1923, 1925). He introdu
ed the 
on
ept of e�e
tive stressin a stri
tly one{dimensional framework. Later Biot (1941) generalized the theory to the three-dimensional 
ase in a framework 
onsistent with the basi
 prin
iples of 
ontinuum me
hani
s. Hiswork deals with small strains and elasti
 behavior of the soil skeleton, and it is brie
y re
alled inthis se
tion as a basis to outline �elds of further developments.9



4.1 Biot's theoryWithin the general framework illustrated in the previous se
tions, the Biot's formulation reads as ama
ros
opi
 one. In parti
ular, the behavior of the soil skeleton is des
ribed by global deformation
hara
teristi
s, whi
h in
lude all lo
al deformations (i.e., rolling and sliding of parti
les).The momentum balan
e equation of the 
uid phase is expressed by the Dar
y's law (2.14). By
ombining it with the saturation 
ondition (2.2) one gets��t (r�u) = K�f r p; (4.1)whereu is the displa
ement ve
tor of the soil skeleton;p is the pore pressure in ex
ess to the initial equilibrium value;K is the (
onstant) hydrauli
 
ondu
tivity of the porous medium.The total stress tensor T 
an be de
omposed into the e�e
tive stress tensor and the pore pressurea

ording to Terzaghi's equation T = T0 � pI: (4.2)Assuming an elasti
 behavior for the soil skeleton for small deformations, the equilibrium equations
an be expressed in terms of displa
ement 
omponents (Navier equations). Introdu
ing the tensorof the linear elasti
ity � =: �(ru+ (ru)T ) + �ru; (4.3)for the e�e
tive stress, one obtains(�+ �)rr�u+ �r2u�rp = �b: (4.4)Equations (4.1) and (4.4) provide a system of four di�erential equations for the unknowns (u; p).Without loss of generality, u and p 
an be taken to be null at t = 0. The boundary 
onditions 
anbe spe
i�ed as-pres
ribed pore pressure: p = h-pres
ribed 
ux: K�f grp � n = f ;-pres
ribed tra
tion: T � n = t;-pres
ribed displa
ement: u = a.Remark Exa
t solutions of the 
onsolidation problem are limited to simple boundary 
ondi-tions under the assumption of elasti
 behavior of the soil skeleton. A general treatment of theproblem, involving a more realisti
 soil behavior, 
oupled with the di�usion pro
ess of the 
uidphase 
alls for numeri
al simulation.4.2 One{dimensional �nite deformation theoryThere are two major areas of developments in whi
h departures from Terzaghi and Biot's theorieso

ur: �nite deformations and non linear soil response. In this paragraph we deal with the formeraspe
t, with spe
ial referen
e to the one{dimensional 
ase.Consider a soil stratum of in�nite extent in the 0XY plane and transversely isotropi
 aboutthe 0Z axis. The upper surfa
e is supposed to be a free draining boundary, so thatp(t; z = h) = 0: (4.5)The lower boundary is supposed to be impermeable and the 
orresponding 
ondition is�p�z (t; z = 0) = 0: (4.6)At time t = 0 the upper boundary is uniformly loaded:t(t; z = h) = ��q ez: (4.7)10



Be
ause of the one-dimensional nature of the problem, the deformation gradient redu
es toF = I+ �uz�Z ez 
 ez ; (4.8)where uz is the displa
ement in the z = Z dire
tion, so thatdet F = 1 + �uz�Z : (4.9)The unique non-trivial 
omponent of the se
ond Piola-Kir
hho� tensor is related to the Cau
hytensor a

ording to Eq.(3.17) ~TZZ = TZZ �1 + �uz�Z ��1 : (4.10)After integration in time, the Lagrangian mass balan
e equation for the solid phase (3.9)redu
esto det F = �1 + �uz�Z � = 1 + e1 + e0 ; (4.11)where e0 is the void ratio in the referen
e 
on�guration. The mass balan
e equation for the 
uidphase in Lagrangian 
oordinates (3.11) reads�e�t + (1 + e0) ��Z � e1 + e (vwz � vsz)� = 0: (4.12)By re
alling the de�nition of m (3.12) and negle
ting the inertial terms, the balan
e of linearmomentum of the porous medium (3.20) reads� ~TZZ�Z + g e�f + �s1 + e0 = 0: (4.13)The Lagrangian formulation of the Dar
y's law is given by�f e1 + e(vwz � vsz) = �K� �1 + e01 + e �p�Z �� �fg: (4.14)Plugging Equation (4.14) into (4.12) and by using the de�nition of e�e
tive stress into (4.13), oneobtains the Lagrangian equation of one-dimensional 
onsolidation:�e�t + (1 + e0) ��Z �K� ��s � �f1 + e g + �T 0ZZ�Z 1 + e01 + e �� = 0: (4.15)????????? CONTROLLARE QUESTO CONTO ???????? The equation above represents themost general formulation of the problem (see Gibson et al.(1967), Lan
ellotta and Preziosi (1997)and Pane (1985)). The one{dimensional models 
urrently used in the literature 
an be interpretedas a spe
ial 
ase of Eq. (4.15).As shown by Carter et al. (1979), the solution of Eq. (4.15) under the assumption of anelasti
 soil behavior 
hara
terized by the Young modulus E0 and Poisson's ratio �0 depends on thefollowing dimensionless parameters only:�qE0 ; �fgHE0 ; �0; e0; �s�f : (4.16)The Terzaghi solution is obtained when both the parameters Æq=E0 and �fgH=E0 approa
h zero,thus indi
ating that the behavior of deep soft layers 
an be signi�
antly di�erent from the onepredi
ted by Terzaghi's theory. 11



5 Constitutive equationsA

ording to Truesdell and Noll (1965) three fundamental postulates are assumed to be valid forany 
onstitutive theory:-Prin
iple of determinism for stress: the stress in a body is determined by its motion history.-Prin
iple of lo
al a
tion: in determining the stress at a given parti
le, the motion outside anarbitrary neighborhood of the parti
le 
an be disregarded.-Prin
iple of material frame-indi�eren
e or prin
iple of material obje
tivity: 
onstitutive equa-tions must be invariant under 
hanges of frame of referen
e.In the following we 
on
entrate on the latter prin
iple, be
ause, despite its e�e
tiveness inlimiting the generality of the 
onstitutive equations of elasti
ity as well as the fun
tionals appearingin the 
onstitutive equations of simple materials with memory, its use is not yet 
ommon in theengineering literature.A mathemati
al statement of this prin
iple is the following: if a 
onstitutive equation is satis�edfor a pro
ess with a motion and a symmetri
 stress tensor given byx = �(X; t); T = T(X; t); (5.1)it must also be satis�ed for any equivalent pro
ess, given by the motion and the stress tensorx� = 
(t) + Q (t)x (5.2)T� = Q (t)TQT (t); (5.3)t� = t� a; (5.4)for any arbitrary position ve
tor 
(t), any arbitrary real number a and any arbitrary orthogonaltensor Q (t). In this respe
t, fun
tions and �elds of s
alar, ve
tor and tensor are obje
tive if boththe dependent and the independent ve
tors and tensors transform a

ording to Eq. (5.3), while thes
alar variables are un
hanged. Note that the 
oordinate transformation equations between various
oordinate systems, in the same frame of referen
e are time-independent, so that the invarian
eunder this kind of 
oordinate 
hange is ensured by the requirement that the 
onstitutive equationshave to be tensor equations. But this does not ensure invarian
e under the time dependent 
hangeof referen
e frame, unless the relationships above are satis�ed.A 
onstitutive equation allows to obtain the stress �eld from the knowledge of the historyof the deformation of a body. In elasti
ity the stress is a fun
tion of deformation, so that thedeformation history is immaterial and the stress depends only on the 
urrent value of deformation.Soil behavior is not elasti
 and, in order to a

ount for its me
hani
al history, a general formulationshould provide the stress in
rement in terms of some non-integrable fun
tion of the deformationin
rement dT = f(d�): (5.5)If we 
onsider a material without internal time s
ale (i.e. a rate independent behavior), Eq.(5.5)
an also be represented as a rate equation _T = f( _�): (5.6)This is the usual approa
h in plasti
ity and hypoplasti
ity. Trusdell (1965) introdu
ed for the
onstitutive relationships the general form _T = f(T; D ): (5.7)If the fun
tion f is linear in T and D , the behaviour is 
alled hypoelasti
: Eq. (5.7) 
an produ
ea nonlinear response, but it is inappropriate to des
ribe plasti
 behavior. In order to over
omethese limits (see Kolymbas, 1991), the fun
tion f is requested to be non{linear in D . In parti
ular,when f is �rst order homogeneous in D it des
ribes a rate independent behavior. Homogeneity inT is also a prerequisite in order to des
ribe proportional stress paths in 
ase of proportional strainpath. The above requirements 
onstitute rules for the mathemati
al fun
tion (5.7).12



5.1 Finite elasti
ityWhen we apply the prin
iples of determinism and lo
al a
tion in �nite elasti
ity, the most general
onstitutive equation is of the form T = f(F); (5.8)where the response fun
tion f is a non-linear tensor-valued fun
tion of the single tensor F . Bynoting that in a 
hange of frame the deformation gradient F transforms like a ve
tor, the responsefun
tion must satisfy the following identity, required by the obje
tivity prin
iplef(QF) = Qf(F)Q T : (5.9)Therefore, the frame-indi�eren
e prin
iple requires that the dependen
e on F have the form ofan arbitrary fun
tion with additional dependen
e on Q as shown by Eq. (5.9). It 
an in additionbe proved that in terms of the se
ond Piola-Kir
hho� stress tensor, the response fun
tion dependsonly on one of the strain tensors (i.e., U or C or E ) and not on rotations. The requirements offrame indi�eren
e is relaxed if it is introdu
ed the assumption that the motion involves a small
ontribution of rotation in a polar de
omposition of the deformation tensor, as it is 
ommonlydone in the 
lassi
al small displa
ement elasti
ity.5.2 Rate equationsWhen the 
onstitutive equation in
ludes the material time derivative of the stress tensor _T, theprin
iple of obje
tivity is not straightforwardly satis�ed for any arbitrary motion. The diÆ
ultyis that the material time derivative _T is not frame-indi�erent, even though T is frame invariant.A possible remedy is to use the 
o-rotational stress rate tensorT̂ =: _T� W T+ TW ; (5.10)where W is the spin tensor, provided that all the other variables are frame-indi�erent (as it is, forexample, the rate of deformation tensor D ).5.3 Finite non-linear 
onsolidationA theoreti
al formulation and a numeri
al solution method for the 
onsolidation of an elasto-plasti
 soil with �nite deformation has been given by Carter et al. (1979), with 
onstitutive rateequations satisfying the obje
tivity prin
iple. Here again the general 
on
lusion is resumed thatthe need to a

ount for large deformation as well as non linear soil behavior arises for soft materialsand when the imposed load is large if 
ompared with the soil sti�ness. Both these 
ases are ofinterest in Soil Me
hani
s, when dealing with soft 
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