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The main aim of the paper is to embed the experimental results recently obtained studying the

detachment force of single adhesion bonds in a multiphase model developed in the framework of

mixture theory. In order to do that the microscopic information is upscaled to the macroscopic
level to describe the dependence of some crucial terms appearing in the PDE model on the sub-

cellular dynamics involving, for instance, the density of bonds on the membrane, the probability

of bond rupture and the rate of bond formation. In fact, adhesion phenomena in°uence both the

interaction forces among the constituents of the mixtures and the constitutive equation for the
stress of the cellular components. Studying the former terms a relationship between interaction

forces and relative velocity is found. The dynamics presents a behavior resembling the transition

from epithelial to mesenchymal cells or from mesenchymal to ameboid motion, though the
chemical cues triggering such transitions are not considered here. The latter terms are dealt with

using the concept of evolving natural con¯gurations consisting in decomposing in a multi-

plicative way the deformation gradient of the cellular constituent distinguishing the contri-

butions due to growth, to cell rearrangement and to elastic deformation. This allows the
description of situations in which if in some points the ensemble of cells is subject to a stress

above a threshold, then locally some bonds may break and some others may form, giving rise to

an internal reorganization of the tissue that allows to relax exceedingly high stresses.

Keywords: Multiphase modeling; cell motion; adhesion.

AMS Subject Classi¯cation: 22E46, 53C35, 57S20

1. Introduction

Starting from the paper,20 in the last few years several multiphase models have been

developed and applied with success to describe tumor growth. As reviewed in Refs. 3,

7, 16, 30, 39, 52 and 61 most of the models use °uid-like constitutive equations for the

cellular constituent. However, this is only an approximation, because tumors and
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multicellular spheroids, as most tissues, are more complex, showing solid-like prop-

erties associated with the adhesive characteristics of cells. Only recently some

attention has been paid to such adhesive interactions between cells and between cells

and extracellular matrix (ECM)10,11,23,31,40,66 and how these mechanisms in°uence

the behavior of cell aggregates and therefore the detachment of metastases. All the

models above, including the one presented here, work at a tissue level, though the

experiments studying adhesions are done at a molecular scale. In fact, what is usually

measured is the strength of single or clustered adhesion bonds formed by a cell (see,

for instance, Refs. 14, 21, 48 and 59). The typical experiment is done using an atomic

force microscopy cantilever with a tip that can be possibly functionalized with proper

adhesion molecules to check the speci¯c interaction of the cell adhesion molecules

with those placed on the tip of the cantilever. After putting the tip in contact with

the cell for some time, either the cantilever or the plate with the cell is pulled away at

a constant speed, typically in the range 0.2�5�m/s. If the tip of the cantilever does

not attach to the cell, when the cell is moved away, the cantilever does not de°ect.

This behavior is experimentally obtained, for instance, by the addition of an antibody

attaching to the external domain of the adhesion molecule,14 or by interferring with

the links between the adhesion molecules and the cell cytoskeleton,21 or by disrupting

the actin cytoskeleton.59 On the other hand, adhesion gives rise to the de°ection

of the cantilever that can be related to the stretching force exerted by the cell. Of

course, with time the distance between the cell and the cantilever increases,

increasing the de°ection angle and the stretching force. It is then observed that after

some time one or more adhesive bonds break causing a characteristic jump in the

de°ection of the cantilever that tends to return to its undeformed con¯guration. In

this way it is possible to evaluate the maximum force exerted by an adhesion bond

before breaking.

Baumgartner et al.14 found that the mean strength of the adhesion bonds is in the

range 35�55 pN giving a distribution function of the critical unbinding force like the

one shown in Fig. 1(a).

Similar results were obtained by Canetta et al.,21 and Sun et al.59 (see Fig. 1(b)).

In particular, Sun et al.59 did not functionalize the microsphere and allowed a longer

resting period on the cell surface, ranging from 2 to 30 s. Again, pulling away the

cantilever at a constant speed in the range 3�5�m/s caused the rupture of one or

more adhesive bonds. They used di®erent cell types (Chinese hamster ovary cells

CHO, endothelial cells and human brain tumor cells), all showing a mean adhesive

strength of a single bond slightly below 30 pN (see Fig. 1(b)).

Panorchan et al.48 attach to the cantilever a cadherin-expressing cell, similar to

the cell attached to the substratum. The time of contact is short, in order to have the

formation of a very limited number of adhesion bonds. The rupture force is found to

increase with the loading rate and it is much smaller when N-cadherin bonds are

involved (up to 40 pN) rather than E-cadherin bonds (up to 73 pN for a loading rate

of 1000 pN/s and 157 pN for a loading rate of 10,000 pN/s).
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In order to utilize these data in a multiphase (PDE) model like the one used in this

paper, one needs to upscale the results of the above experiments to the macroscopic

scale. Speci¯cally, one needs to describe how the attachment/detachment behavior of

the ensemble of adhesion sites linking the cells with the surrounding ECM in°uences

the constitutive equation related to the interaction force between the cellular and the

extracellular constituent present in the multiphase model. When describing the

behavior of the actin cytoskeleton, Ölz and Schmeiser 47,46,56 faced a similar problem

because they needed to relate the link between the adhesion of the single actin

¯laments to the behavior of the whole cytoskeleton. Using some of their ideas we here

(a)

(b)

Fig. 1. (Color online) Distribution function of the force of unbinding events (a) when a single bond is

acting (red) and when more adhesion bonds are clustering (blue) (data from Ref. 14) and (b) for di®erent

types of cells (data from Ref. 59).
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solve the problem in a multiphase framework. According to the characteristics of the

data measured at the microscopic level on the detachment force of single adhesion

bonds, which are found to depend on the type of cells, we deduce di®erent

relationships for the interaction force, which might correspond to the di®erent

migration behaviors of the cell population. First, we distinguish between a Darcy's-

like contribution related to the tortuosity and the porosity of the ECM and a con-

tribution due to the adhesion of cells on the ECM. An analytical relation is found

relating the terms in the macroscopic model to microscopic quantities like the

probability of bond rupture, the density of adhesive molecules on the membrane, the

rate of bond formation, the possible continuous renewal of bonds due to spontaneous

internalization and externalization, and the strength of the single bonds. The

dynamics generated by such laws presents similarities with the transition from epi-

thelial to mesenchymal cells or from mesenchymal to ameboid motion, and vice versa,

though the chemical cues triggering such transitions, which at least as a ¯rst

approximation in°uence the just mentioned microscopic parameters, are out of the

scope of this paper.

Another term in multiphase models in which adhesion mechanisms among cells

play a relevant role is the stress tensor of the cellular constituent. In particular,

roughly speaking if the ensemble of cells is subject to a moderate stress everywhere,

then the cells and the adhesion bonds will slightly deform but will not break. If

instead in some points the ensemble of cells is subject to a su±ciently high stress, then

locally some bonds may break and some others may form, giving rise to an internal

reorganization of the tissue that allows the relaxation of exceedingly high stresses. In

particular, such mechanisms of cell attachment/detachment can be relevant during

growth, when duplicating cells displace their neighbors to make room for themselves

and eventually for their daughter cells, or when the tumor mass compresses the

surrounding tissues. In order to put this observation in a mathematical form, we

developed a constitutive model based on the concept of multiple (or evolving) natural

con¯gurations introduced by Rajagopal and coworkers and applied to biological

tissues in Refs. 12, 32, 33, 42 and 54, and in particular to tumor growth problems in

Refs. 1 and 2 (see also Ref. 63 for a review). In Ref. 4 a constitutive model was

introduced characterized by the presence of a yield-like condition distinguishing the

situation in which the ensemble of cells deforms without undergoing internal reor-

ganization by the one characterized by plastic-like deformations.

In Ref. 50 it was proved that the model proposed in Ref. 4 was able to describe

both the shear experiments performed by Iordan et al.35 and the compression

experiments performed by Forgacs and coworkers.25,26,65

Here, coherently with the concept of load threshold of the adhesion bonds, we

merge the above results with the treatment of the attachment between cells and

ECM.

The plan of the paper is the following. After this introduction and an introductory

section on some aspects related to kinematics, Sec. 3 deals with the interaction force

between di®erent constituents for which adhesion plays a relevant role. This in
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particular occurs for cells and ECM. In Sec. 4 some examples of macroscopic inter-

action laws are deduced analytically, starting from available microscopic data and

characteristics. The section pays a particular attention to the relationship between

the properties of the distribution function of the force giving rise to unbinding events

and the properties of the interaction force of the multiphase model. Section 6

describes how to introduce cell�cell adhesion and detachment properties in the

constitutive equation for the stress tensor, describing how this is related to the

internal reorganization of cells. After presenting some preliminary results in Sec. 5, a

¯nal section brie°y points out some possible developments.

2. Kinematics

As is well known, tumors and biological tissues in general are made of several

mechanically interacting constituents: cells of di®erent type, ECMcomponents, blood,

lymphatic vessels, and extracellular liquid.With this in mind, consider two continuum

bodies B� and B� of the mixture and their motion maps �� and �� de¯ned as

��ð�; �Þ : B� ! B�
� � A; � 2 ½0;TÞ; ð2:1Þ

where B�
� is the con¯guration of the �-body manifold at time � , embedded in the a±ne

spaceA, with tangent bundleTA. The de¯nition of�� is obviously similar. In the same

way, in the following when introducing the de¯nition for the constituent �, a similar

de¯nition holds also for the constituent �.

In order to avoid confusion between particles belonging to each constituent we

refer to material points X � 2 B� as �-points, while calling the motion that they

undertake �-motion. We consider the mixture manifold as the Cartesian product of

the two-body manifold considered B�;B�. Any ¯eld f de¯ned on such a mixture is a

mapping

f : ðX� 2 B�;X� 2 B�; t 2 ½0;TÞÞ 7! f ðX�;X�; tÞ 2 imðf Þ:
Other descriptions, such as the Eulerian one in the current con¯guration at the

current time t can be obtained straightforwardly using the motions de¯ned in (2.1)

(see Refs. 17, 18 and 64).

We de¯ne the velocity of a constituent � as

v�ðX�; tÞ :¼ @

@t
��

� �
ðX�; tÞ 2 T��ðX�;tÞA: ð2:2Þ

Another useful quantity that can be de¯ned, provided some regularity of the

�-motion, is the �-deformation gradient

F�ðX�; tÞ :¼ Grad���ðX�; tÞ 2 LinðTX�B�;T��ðX�;tÞAÞ; ð2:3Þ

indicating with Grad� the di®erentiation with respect to X�. The tensor F� maps

the set of all vectors tangent to B� in X� (say, in TX�B�) onto T��ðX�;tÞA. Since
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some smoothness is assumed for ��, a three-dimensional region of the reference

con¯guration cannot collapse under the �-motion: loosely speaking, no cracks or

compenetration are allowed.

We are going to describe a special type of mixture, in which the ¯elds are allowed

to depend on the point of the bodies that were superposed somewhere in time, for

instance, because of the formation of some adhesive bonds. This mixture is a slight

generalization of the one presented in Ref. 49. As sketched in Fig. 2, let then

��ðX�; t � aÞ ¼ ��ðX�; t � aÞ ¼ �, we will state for every ¯eld f that

f ðX�;X�; tÞ ¼ ~f ð�; tÞ: ð2:4Þ

It is also useful to introduce the quantity

r��ðX�;X�; tÞ :¼ ��ðX�; tÞ � ��ðX�; tÞ: ð2:5Þ
Referring to Fig. 2, since the body points X� and X� were superposed at time t � a,

we remark that

X� ¼ ���1ð�; t � aÞ ¼ ���1ð��ðX�; t � aÞ; t � aÞ: ð2:6Þ

The vector ¯eld r�� can then be written as

r��ðX�;X�; tÞ ¼ ��ðX�; tÞ � ��ð���1ð��ðX�; t � aÞ; t � aÞ; tÞ: ð2:7Þ
In this special kind of mixture, discussed in greater detail in the constitutive theory,

any ¯eld can be described uniquely by prescribing the �-point X� and the time

lapse a measuring the time passed from the superposition. It means that, instead

of a product of two-body manifolds, we can refer to the four-dimensional

manifold B� � ½0; tÞ. This kind of mixture requires, roughly speaking, an additional

scalar coordinate to fully specify a ¯eld (in contrast with all previous theories,

see Refs. 17�19, 49 and 64). So, by a ¯eld f on the mixture, we shall intend the

Fig. 2. Superposition of material points of di®erent bodies.
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mapping

f : ðX� 2 B�; a 2 ½0; tÞ; t 2 ½0;TÞÞ 7! f ðX�; a; tÞ 2 imðf Þ: ð2:8Þ
We point out that the material derivative, using this type of description, is well

de¯ned as

_f ðX�; a; tÞ :¼ lim
h!0

f ðX�; a þ h; t þ hÞ � f ðX�; a; tÞ
h

� @f

@t
ðX�; a; tÞ þ @f

@a
ðX�; a; tÞ; ð2:9Þ

which holds constant the time of superposition t � a. For ¯elds declared to be

independent from a: _f ðX�; tÞ � @
@t f ðX�; tÞ.

It is interesting for future developments to compare here the typical age of a bond

A with the characteristic time T related to cell motion, which can be related to the

cell size L and the characteristic velocity of cell motion V through T ¼ L=V . T is

then the time needed by a cell to move across a cell length that using physiological

values is at least of the order of few minutes. On the other hand, due to the fast

tra±cking of adhesion molecules coming back and forth from the membrane A is of

the order of few seconds (see, for instance, Refs. 14, 62 and 67). This behavior, which

from the biological viewpoint is understood to lead to cell plasticity, from the

mathematical viewpoint leads to the existence of a small parameter � ¼ A=T , which

allows one to study the limit � � 1 that in dimensional terms corresponds to what we

will denote with the dimensional limit a ! 0.

De¯ning x :¼ ��ðX�; tÞ, for small a one has

��ðX�; t � aÞ ’ x� a
@

@t
��ðX�; tÞ; a ! 0: ð2:10Þ

Next we consider

���1
x� a

@

@t
��ðX�; tÞ; t � a

� �
’ ���1ðx; tÞ � a

@

@t
ð���1Þðx; tÞ � a gradð���1Þðx; tÞ½v�ðX�; tÞ�

¼ ���1ðx; tÞ þ aF��1ðx; tÞ½v�ð���1ðx; tÞ; tÞ�
�aF��1ðx; tÞ½v�ðX�; tÞ�; a ! 0; ð2:11Þ

where grad means the di®erentiation with respect to the ¯rst argument of ���1
(i.e.

x) and we used the facts that

@

@t
���1ðx; tÞ ¼ �F��1

v�ð���1ðx; tÞ; tÞ� �
; ð2:12Þ

and

grad���1ðx; tÞ ¼ F��1ðx; tÞ: ð2:13Þ
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Using (2.10) and (2.11), we can approximate (2.7) as

r�� ’ x� �� ���1ðx; tÞ þ aF��1ðx; tÞ @
@�

��ð���1ðx; tÞ; �Þ
����
�¼t

�
�aF��1ðx; tÞ @

@t
��ðX�; tÞ; t

�
’ �aGrad��ð���1ðx; tÞ; tÞ F��1ðx; tÞ þ @

@�
��ð���1ðx; tÞ; �Þ

����
�¼t

��
� @

@t
��ðX�; tÞ

�	
; a ! 0;

and, since Grad��ð���1ðx; tÞ; tÞ ¼ F�ðx; tÞ

r��ðx; tÞ ’ �a
@

@�
�� ���1ðx; tÞ; �
 �����

�¼t

� @

@t
��ðX�; tÞ

� �
’ aðv�ðx; tÞ � v�ðx; tÞÞ; a ! 0; ð2:14Þ

where the Eulerian description of velocities is used. In other words, (2.14) means

@r��

@a
ðx; 0; tÞ ¼ v�ðx; tÞ � v�ðx; tÞ: ð2:15Þ

3. Interaction Force between Constituents

Referring to Refs. 3 and 30 for more details, the general structure of multiphase

models consists in a set of mass and momentum balance equations for the constitu-

ents. The former can be written as

@��

@t
þ divð��v�Þ ¼ ��; ð3:1Þ

where �� is the volume ratio of the constituent, and �� is its growth/death term. On

the other hand, considering that inertia is negligible in the description of growth

phenomena, the latter can be written as

divð��T�Þ þm� ¼ 0; ð3:2Þ
where T� is the Cauchy partial stress tensor, and m� is the interaction force, also

named momentum supply. In this section we will focus on this last term. Having

neglected inertia, the contribution of the momentum supply given by mass exchange

can be neglected as well.51 This means thatm� only measures the forces acting on the

�-constituent due to its interactions with the other constituents of the mixture. The

interaction force then is intrinsically de¯ned on the whole mixture manifold, while

other quantities, like stress tensors and densities, are de¯ned only on the single body

and no meaningful extension exists out of this manifold. Also balance equations are

de¯ned on the body per se but the presence of interaction forces constitutes a link

among the bodies.
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The general model that can be rather complicated was simpli¯ed in Ref. 53 to

more manageable models under two basic assumptions: the ¯rst one consists in

assuming that the components of the ECM and possibly of the vasculature form such

an intricate network that they all move together so that the same deformation and

velocity describe their evolution (actually, in many cases the ECM is assumed to be

rigid). The second one consists in the observation that the interaction forces

between the liquid and the other constituents are of the same order as the pressure

gradient and much smaller than, for instance, the internal stresses of the solid

constituents or the adhesion forces acting between cells and ECM. This allows one

to simplify (3.2) as X
�

m�� ¼ �divð��T
0
�Þ; ð3:3Þ

where in the summation the contribution due to the interaction with the liquid is

missing and T 0
� is the excess stress tensor.

For sake of clarity, the reader may think of the indices � and � as those

referring, respectively, to the cell population and to the ECM, though the argument

has a wider generality and can be, for instance, applied to cells of di®erent type.

When dealing with cell�ECM interactions, we distinguish in m�� two types of

contributions: the former is related to the tortuosity of the ECM and therefore to

the fact that the cells have to move in an intricate network of ¯bers. Hence, even in

absence of adhesive interactions the ensemble of cells moves in a porous-like

medium so that the interaction force can be modeled by the classical term leading

to Darcy's law

m��
D ðx; tÞ ¼ �M ðv�ðx; tÞ � v�ðx; tÞÞ; ð3:4Þ

where the spatial description of the ¯elds is used, since Darcy's law is a local type

interaction between points superposed in the current con¯guration. The latter is

related to the adhesion between the constituents. Therefore, even if cells were in a

straight channel in the ECM and the force were aligned to it, the ensemble of cells

would still experience a traction force m��
ad due to the adhesive interaction with the

ECM.

Entering into more detail, we call the microscopic force the force F�
micðX�;X�; tÞ

acting on X� 2 B� because of the adhesive interaction with X� 2 B�. The total

momentum exchanged in X� with the manifold B� due to adhesion forces is

m��
ad ðX�; tÞ :¼

Z
B �

F��
micðX�;Y; tÞ dY 2 T

�
��ðX�;tÞA: ð3:5Þ

Using the hypothesis in (2.4) we have the nice formula

m��
ad ðX�; tÞ ¼

Z þ1

0

F��
micðX�; a; tÞ�ðdaÞ: ð3:6Þ
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We point out that, for us, the measure �ðdaÞ or dY are to be a priori given. An

example will be exploited in the following section.

It is worth stating a balance equation for the momentum exchange term that

re°ects the fact that we want Newton's second law satis¯ed even in the mixture

manifold and not only on the single bodies (m�� is external for a body and internal

for the mixture as a whole). The simplest law we are able to think of is (see Ref. 49)

F��
micðX�;X�; tÞ þ F��

micðX�;X�; tÞ ¼ 0; 8X� 2 B�; X� 2 B�: ð3:7Þ
We take as basic ¯elds only the motions ��, �� as de¯ned in (2.1) since we want to

keep the discussion at a minimum level of complexity. Then, to take adhesion into

account, we introduce the scalar internal variable f ��ðX�;X�; tÞ related to the

probability of forming an adhesion bond between X� and X�.

Using the ¯eld hypothesis (2.4) we can write f �� � f ��ðX�; a; tÞ, where a is called

age of the bond, so that the number density of bonds formed at time t is

N ��ðX�; tÞ ¼
Z þ1

0

f ��ðX�; a; tÞda: ð3:8Þ

This internal variable has its own balance equation suggested by population

dynamics theory34 or kinetic theory15

_f
��

:¼ @f ��

@t
þ @f ��

@a
¼ �	��; ð3:9Þ

where 	�� has the role of describing detachment processes.

The internal variable f �� is also used to specify the measure �ðdaÞ that is taken
to be absolutely continuous and proportional to the bond density �ðdaÞ ¼
f ��ðX�; a; tÞda.

We now discuss the constitutive maps for the microscopic force F��
mic and the

detachment rate 	�� while constitutive maps for the stress tensor T 0
� will be dis-

cussed in Sec. 5. A constitutive ¯eld c � cðX�;X�; tÞ will be here provided with a

constitutive mapping ĉ such that

cðX�;X�; tÞ ¼ ĉð��; ��Þ; ð3:10Þ
where for sake of simplicity we consider the homogeneous situation.

Following Ref. 49 we assume that the microscopic force depends on the position,

age of the bonds, and time through r��, i.e.

F��
micðX�; a; tÞ ¼ bF��

micðr��ðX�; a; tÞÞ: ð3:11Þ

The constitutive relation for 	�� follows from the physical intuition that a bond

breaks up depending on the magnitude of the microscopic force exerted on it and on

its age

	��ðX�; a; tÞ ¼ 	̂ ��ðF ��
micðX�; a; tÞ; f ��ða; tÞ; aÞ; ð3:12Þ
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where F ��
mic ¼ jF��

micj. Actually, it is also reasonable to assume a linear relationship

with f ��, so that

	��ðX�; a; tÞ ¼ 
��ðF ��
micðX�; a; tÞ; aÞf ��ða; tÞ

¼ 
��ð bF ��

micðr��ðX�; a; tÞÞ; aÞf ða; tÞ: ð3:13Þ
In the next section we will explain how to deduce 
�� from some experimental data.

As an example we can state a simple linear isotropic map

F��
micðX�; a; tÞ ¼ �k ��

micr
��ðX�; a; tÞ; ð3:14Þ

where k ��
mic is the elastic constant of the microscopic bond. From (3.6) we have

m��
ad ðX�; tÞ ¼ �k ��

mic

Z þ1

0

r��ðX�; a; tÞf ��ðX�; a; tÞda: ð3:15Þ

To compare with previous mixture theories, for a moment we leave aside the

population dynamics subtleties and rule out an example giving us Darcy's law, as

written in (3.4). To ¯nd this famous constitutive map, it is su±cient to set

�ðdaÞ ¼ C1�a¼0 � C2�
0
a¼0,

a and the other maps as before. Referring to (2.14), what

can be found is

m��
ad ðx; tÞ ¼ �k ��

mic

Z þ1

0

r��ðX�; a; tÞ�ðdaÞ

¼ �k ��
micC2

@r��

@a
ðX�; 0; tÞ

¼ �k ��
micC2ðv�ðx; tÞ � v�ðx; tÞÞ; ð3:16Þ

where 1/k ��
mic assumes the meaning of a permeability.

Notice that, from (2.7) and (2.4), r��ðX�; 0; tÞ ¼ 0. This type of measure �ðdaÞ
re°ects the fact that only the ¯rst-order neighborhood with respect to the current

con¯guration x ¼ ��ðX�; tÞ is relevant for momentum exchange.

4. The Quasi-Stationary Limit

The aim of this section is to relate the microscopic measurement with the macro-

scopic constitutive laws de¯ning the interaction force m��
ad . To simplify the notation

we drop in this section the index ��. A way to upscale the information obtained at

the sub-cellular level is suggested by Ölz and Schmeiser who solved in Refs. 46, 47

and 56 a similar problem when dealing with the actin cytoskeleton.

To do that, we need ¯rst to join Eq. (3.9) with a proper boundary condition. We

could take the rate of bond formation to be constant, but as will be shown at the end

of the section, this would give rise in some cases to unreasonable results. A better

boundary condition should take into account the fact that the cell can expose on the

aThe distribution �a¼0 is de¯ned for all continuous ¯eld f : a 2 ½0;TÞ 7! f ðaÞ in such a way that

�a¼0½f � ¼ f ð0Þ; similarly � 0a¼0½f � ¼ �f 0ð0Þ.
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membrane a maximum number of adhesion bonds, so that the number density Nmax

of active bonds per unit volume is in a ¯rst approximation proportional to the volume

ratio occupied by the cells, or better to the ratio of cell contact area per unit volume.

We can then assume that the formation of new bonds is proportional to the bonds

that can still be formed, i.e. recalling (3.8),

f ða ¼ 0; tÞ ¼ �ðNmax � N ��ðtÞÞ ¼ � Nmax �
Z þ1

0

f ða; tÞda
� �

: ð4:1Þ

Using the scaling introduced in Sec. 2, we can rewrite in dimensionless form the

problem constituted by (3.9), with 	 given by (3.13), and (4.1) as

�
@ ~f

@~t
þ @ ~f

@~a
¼ �~
ð ~FmicÞ ~f ;

~f ð~a ¼ 0; ~tÞ ¼ ~� 1�
Z þ1

0

~f ð~a; ~tÞ d~a
� �

;

8>>><>>>: ð4:2Þ

where f is scaled with Nmax=A, ~
 ¼ A
 and ~� ¼ A�.

In the limit � ! 0 the problem reduces to its quasi-stationary version, dropping

the time derivative in the di®erential equation and with time taking then the role of a

parameter in the boundary condition.

As we prefer to work with dimensional variables, we go back to the dimensional

quasi-stationary problem that writes

@f

@a
ða; tÞ ¼ �
ðFmicða; tÞÞf ða; tÞ;

f ða ¼ 0; tÞ ¼ � Nmax �
Z þ1

0

f ða; tÞda
� �

:

8>>><>>>: ð4:3Þ

For any 
, the di®erential equation in (4.3) can be solved giving

f ða; tÞ ¼ C ðtÞ exp �
Z a

0


ðFmicð�; tÞÞd�
� �

; ð4:4Þ

where CðtÞ can be determined through the boundary condition obtaining

CðtÞ ¼ �Nmax

1þ �

Z þ1

0

exp �
Z ~a

0


ðFmicð�; tÞÞd�
� �

d~a

: ð4:5Þ

Hence, dropping the dependence on t, for sake of simplicity,

f ðaÞ ¼
�Nmax exp �

Z a

0


ðFmicð�ÞÞd�
� �

1þ �

Z þ1

0

exp �
Z ~a

0


ðFmicð�ÞÞd�
� �

d~a

; ð4:6Þ
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and, from (3.6),

m��
ad ¼

�Nmax

Z þ1

0

FmicðaÞ exp �
Z a

0


ðFmicð�ÞÞd�
� �

da

1þ �

Z þ1

0

exp �
Z a

0


ðFmicð�ÞÞd�
� �

da

: ð4:7Þ

If we take Fmic ¼ �kmicr
��, by an argument similar to the one above, it can be

shown that in the limit A � T , (i.e. � ! 0)

Fmic ¼ kmicaðv� � v�Þ;
and therefore

m��
ad ¼ kmic�Nmaxðv� � v�Þ

Z þ1

0

a exp �
Z a

0


ðkmicvrel�Þd�
� �

da

1þ �

Z þ1

0

exp �
Z a

0


ðkmicvrel�Þd�
� �

da

; ð4:8Þ

where vrel ¼ jv� � v�j. Referring to the modulus of the microscopic force rather than

the age of the bond, we can then write

jm��
ad j ¼

Nmax

Z þ1

0

FeðFÞdF

W þ
Z þ1

0

eðFÞdF
; ð4:9Þ

where W ¼ kmicvrel=� and

eðFÞ ¼ exp � 1

kmicvrel

Z F

0


ð�Þd�
� �

: ð4:10Þ

Equations (4.8) or (4.9) represent the general dependence of the macroscopic

interaction force from the microscopic characteristics of the adhesion bonds, in

particular, from the density of bonds on the membrane, the contact area between

cells and ECM per unit volume, the rate of bond formation, the bond rigidity, and the

detachment rate. In this respect, it can be regarded as a multiscale link between

models operating at di®erent scales.

Example 1. If there is a continuous constant renewal of bonds, i.e. 
 ¼ 
0 constant,

then

f ðaÞ ¼ �
0Nmax

� þ 
0
e�
0a; ð4:11Þ

and

m��
ad ¼ �kmic

�Nmax


0ð� þ 
0Þ
ðv� � v�Þ: ð4:12Þ
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One then ¯nds the classical drag law asserting that in addition to m��
D also the

adhesive interaction force is proportional to the relative velocity, i.e. a Darcy's-like

relationship. So, it does not add any new e®ect to m��
D and the two terms can merge

in a single one.

Example 2. If the bonds start breaking only after the microscopic force Fmic

overcomes a threshold F0, and is then constant, i.e.


ðFmicÞ ¼ 
0HðFmic � F0Þ; ð4:13Þ
where H is the Heaviside function, then

jm��
ad j

Nmax

¼ F̂
2
0 þF̂ 0F0 þ 1

2 F
2
0

W þF̂ 0 þ F0

; ð4:14Þ

where

F̂ 0 ¼
kmicvrel

0

: ð4:15Þ

For small velocities jm��
ad j tends to F0Nmax=2 while for large velocities it goes back

to the modulus of (4.12) that if the rates of bond formation and association are equal,

as plausible, simplify to kmicNmaxvrel=ð2�Þ. This behavior, shown in Fig. 3(a), is

compatible with the one proposed in Ref. 53 where it is argued that if cells are not

pulled strong enough, they move together with the ECM. If the force overcomes the

threshold F0Nmax=2, they detach from the ECM.

In spite of the simplicity of (4.12) and (4.14), however, it is more proper to obtain


 from assumptions or experimental data on the bond-breaking distribution bðFmicÞ
(e.g. those in Fig. 1). In order to do that we distinguish in 
 two contributions: One,
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Fig. 3. Macroscopic adhesion laws for di®erent cell�ECM microscopic interaction laws. In (a) jm��
ad j=

NmaxF0 versusW=F0 as given by Eq. (4.14) (Example 2). In (b), referring to the CHO cells data in Ref. 59,
jm��

ad j=Nmaxmb (bottom) and jm��j=Nmaxmb (top) related to Example 3 and Eq. (4.24) are plotted versus

W=mb when M=mb ¼ 0:2.
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similar to the ones in the two examples above, related to the internal renewal of

adhesion molecules, the other (
r) related to the force-induced detachment, e.g.


ðFmicðaÞÞ ¼ 
0HðFmicðaÞ � F0Þ þ 
rðFmicðaÞÞ: ð4:16Þ
This last contribution is related to the breaking distribution b by


rðFmicðaÞÞ ¼
bðFmicðaÞÞ
BðFmicÞ

¼ � 1

BðFmicðaÞÞ
dB

da
ðFmicðaÞÞ; ð4:17Þ

or, because of the linear dependence of Fmic from a,


rðFmicÞ ¼ � kmicvrel
BðFmicÞ

dB

dFmic

ðFmicÞ; for Fmic < FM ; ð4:18Þ

where FM is the supremum of the support of b, that is compact, and

BðFmicÞ ¼
Z FM

Fmic

bð�Þd�; ð4:19Þ

is the survival function. Of course, di®erent breaking distributions would give rise to

di®erent macroscopic forces. However, we can state some general properties that can

easily be proved.

Property 1. (on B) Since the function bðFÞ is positive with compact support

in ½Fm;FM �, then BðFÞ is constant for F < Fm, decreases in ðFm;FM Þ, vanishes at

F ¼ FM , and has an in°ection point corresponding to the maximum of bðFÞ. In
addition,

if for F ’ FM ; bðFÞ ’ CM ðFM � FÞ�M ) BðFÞ ’ CM

�M þ 1
ðFM � FÞ�Mþ1:

Integration by parts gives that the mean value of bðFÞ is

mb ¼ Fm þ
Z FM

Fm

BðFÞ
BðFmÞ

dF ; ð4:20Þ

and the standard deviation � is given by

�2 ¼ F 2
m þ 2

Z FM

Fm

F
BðFÞ
BðFmÞ

dF �m 2
b : ð4:21Þ

From the data by Baumgartner et al.,14 Panorchan et al.48 and Sun et al.59

reported in Fig. 1, we can argue that Fm is about 10 pN, with a slightly larger value in

Ref. 48 and a lower value (approximately 4 pN) for the Chinese hampster ovary cells

used in Ref. 59. Regarding FM from the graphs in Ref. 14 it is clear that it is about

200 pN and for the endothelial cells in Ref. 59 it is about 70 pN. The other graphs

reported there and in Ref. 48 do not reach zero, so it is hard to evaluate FM .

Property 2 (on 
r). The above property on B implies that the function 
rðFÞ
vanishes for F 	 Fm and blows up at FM and is not integrable there.
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Therefore, for F 2 ½Fm;FM �,Z F

0


rð�Þd� ¼
Z F

Fm


rð�Þd� ¼ �kmicvrel ln
BðFÞ
BðFmÞ

: ð4:22Þ

Example 3. If 
 ¼ 
r , corresponding to neglecting the continuous renewal of bonds

which, for instance, may characterize epithelial cells, we have the strong

simpli¯cation

eðFÞ ¼ BðFÞ
BðFmÞ

: ð4:23Þ

Obviously, eðFÞ ¼ 1 for F < Fm, and eðFM Þ ¼ 0. We can then extend eðFÞ and BðFÞ
assuming that they vanish for F > FM . Hence, from (4.9), (4.20), and (4.21),

jm��
ad j

Nmax

¼
F 2

m

2 þ
Z FM

Fm

F BðFÞ
BðFmÞ dF

W þ Fm þ
Z FM

Fm

BðFÞ
BðFmÞ dF

¼ �2 þm 2
b

2ðW þmbÞ
; ð4:24Þ

which decreases from b0 ¼ ð1þ �2

m 2
b

Þ mb

2 to zero as the relative velocity increases. This

is due to the fact that the high velocity breaks more bonds than the ones that are

formed at a rate �. There is, however, a threshold stress determining cell detachment.

We remark that mb and � are properties of the bond-breaking distribution function

that are usually measured. For instance, in Ref. 59 mb ¼ 28; 29; 29 pN and

� ¼ 10; 9; 10 pN, respectively, for Chinese hamster ovary cells, a malignant human

brain tumor cell line, and human endothelial cells (EA hy926). Higher values can be

deduced from the data in Ref. 14, which gives mb 
 73 pN and � 
 38 pN.

Referring to Fig. 3(b), it should be noticed that when m��
ad and m��

D are added to

get

m�� ¼ �Nmax

�2 þm 2
b

2ðW þmbÞ
v� � v�

vrel
�M ðv� � v�Þ; ð4:25Þ

which might have a minimum for

vrel ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�2 þm 2

b Þ�
2kmicM

s
� �mb

kmic

; if
2�M

kmicNmax

< 1þ �2

m 2
b

:

After that jm��j grows to in¯nity because jm��
D j becomes dominant (otherwise it is

always increasing). In this case, starting from rest, when the interaction force over-

comes the threshold value b0, cells detach to crawl with a velocity given by the right

branch, which we will denote Darcy-dominated branch. If now the interaction force

decreases below the minimum, then the cells attach again, giving rise to a behavior

that is characteristic of bistable systems.

We now consider that in addition to a force-driven detachment, there is a con-

tinuous renewal of the bonds. We will assume there this is triggered when F > F0 and
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use (4.16). We then have

eðFÞ ¼ BðFÞ
BðFmÞ

exp � ðF � F0Þþ
F̂0

� �
; ð4:26Þ

where hþ stands for the positive part of h, and

jm��
ad j

Nmax

¼

Z Fm

0

F exp � ðF�F0Þþ
F̂0

h i
dF þ

Z FM

Fm

F exp � ðF�F0Þþ
F̂0

h i
BðFÞ
BðFmÞ dF

W þ
Z Fm

0

exp � ðF�F0Þþ
F̂0

h i
dF þ

Z FM

Fm

exp � ðF�F0Þþ
F̂0

h i
BðFÞ
BðFmÞ dF

: ð4:27Þ

Example 4. If the bonds always renew, i.e. F0 ¼ 0, which might resemble cells in a

mesenchymal state, one has the behaviors shown in Fig. 4(a) that is based on the

experimental results reported in Refs. 14, 48 and 59. Considering the discussion in

Example 3, adding the Darcy's-like contribution, that is dominant for large velocities,

we again have a total interaction force characterized by a cubic-like curve, as the one

shown in Fig. 5. In a descriptive way, we might call the increasing branch on the left

the mesenchymal-like branch and the one on the right the ameboid-like branch,

because the former is characterized by smaller velocities and is adhesion-dominated

while the latter is characterized by larger velocities and is related to the di±culties in

moving in the network of ¯bers. So if the stress acting on the cells is too high they

might jump to the ameboid-like or Darcy branch and when it decreases again below
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Fig. 4. Macroscopic adhesion laws for the microscopic detachment rates given in Ref. 14 (top), in Ref. 48
(bottom), and in Ref. 59 (the three almost identical in the middle) as given by (4.27). In (a) F0 ¼ 0 and in

(b) F0 ¼ Fm=2.
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the minimum in the graph they will jump to the adhesion-dominated or mesenchymal-

like branch. We have then a transition that resembles an ameboid�mesenchymal

transition. We, however, need to advise the reader that the above description is a

strong simpli¯cation, because there are chemical mechanisms that are not considered

here, while they are at the basis of the ameboid�mesenchymal transition (see, for

instance, Refs. 37, 44, 57 and 58).

Example 5. When 0 6¼ F0 < Fm, i.e. the threshold for spontaneous renewal is lower

than that leading to bond rupture, the behavior of (4.27) is similar to the one

Fig. 5. Sketch of the interaction forces when F0 ¼ 0 (bottom curve) and F0 6¼ 0 (upper curves). The right-

pointed arrow indicates a transition that resembles the one between mesenchymal and ameboid motion.
The left-pointed arrow, the reverse transition. The dot indicates a transition from rest to a mesenchymal-

type motion.
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Fig. 4. (Continued)
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discussed in Example 2, presenting an initial increase from a non-null value that

might be described as an epithelial�mesenchymal transition from rest to a slowly

moving state. Again we would have a mesenchymal-like (or adhesion-dominated)

branch and an ameboid-like (or Darcy-dominated) branch, as in the previous example

and shown in Fig. 5. According to whether the local minimum is above or below the

threshold value for low velocities, when decreasing the velocity from the ameboid-like

branch the cell will go to the mesenchymal-like branch or to the rest branch.

Summarizing, in our opinion, the key features characterizing the link between the

properties of the cell�ECM detachment rate and the properties of the macroscopic

interaction force are the following.

. The absence of a minimal force needed to trigger cell detachment, e.g. F0 ¼ 0, leads

to an interaction force initially proportional to the relative velocity between cells

and ECM;

. The presence of a threshold to start breaking the adhesion bonds, e.g. F0 6¼ 0, leads

to a threshold characterizing the interaction force;

. The existence of a maximum force that can be sustained by the bonds, e.g. FM ,

leads for high forces to a regime that is dominated by a contribution proportional

to the relative velocity of cell with respect to the ECM similar to Darcy's law.

As a ¯nal remark, as anticipated at the beginning of this section, we notice that if the

rate of formation of bonds were simply constant, i.e. in the absence of the integral in the

boundary condition (4.1), the above procedure would yield a force blowing up for small

velocities because of the absence of the second term in the denominator, for instance of

(4.7), and then of the last two terms in (4.14). This biologically corresponds to the fact

that if the cell barely moves, bonds always form but never break. So, in the limit an

in¯nite number of bonds form, corresponding to an in¯nite force. This is of course

unphysical and justi¯es thepresenceof a saturation term in theboundary condition (4.1).

5. Growth, Cell Reorganization and Stress Tensor

In order to complete the mathematical model, coherently with the arguments used in

the previous section and with the results obtained, we now want to transfer the

adhesion and detachment mechanisms also to the identi¯cation of proper constitutive

equations for the stress for the cellular constituent. This requires one to treat cell

aggregates as solids and to introduce a threshold value distinguishing the situation in

which cells stay attached from the one in which they reorganize, by breaking the

bonds and crawling on each other.

As discussed in Refs. 1, 2, 4 and 50, a big theoretical di±culty is encountered in

describing tumors and tissues as solid masses because the cells forming them dupli-

cate and die. Even in the absence of growth and death in response to deformation

generating unbearable stresses, the ensemble of cells undergoes an internal reor-

ganization, so that the natural con¯guration always changes.
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That is why the concept of an evolving natural con¯guration introduced by

Rajagopal and coworkers can be of help. Actually, the basic idea of this formalism,

also present in plasticity theory, started being applied in a biomechanical context to

describe growth in Refs. 38, 55 and 60. In the recent past, Humphrey and Rajagopal

applied this concept to describe the growth and remodeling of several tis-

sues.12,32,33,42,54 Ambrosi and Mollica1,2 used a purely elastic one-component model to

evaluate residual stress formation in a growing multicellular spheroid. This approach

was developed in Refs. 4 and 5 working in a multiphase framework and taking also

internal reorganization and ECM deformation into account. This gave rise to an

elasto-visco-plastic description for the cell population and an elastic description for the

ECM.

In this section we follow Ref. 4 distinguishing in the deformation gradient of the

tumor component Fc the contributions due to pure growth, to cell reorganization and

to elastic deformation by a multiplicative decomposition, as shown in Fig. 6.

This splitting is suggested also by the biological observation that the three

phenomena occur at di®erent time scales: cell growth and duplication and cell death

take many hours up to days, internal reorganization takes several minutes, and

typical relaxation times related to viscoelastic phenomena are of the order of seconds.

Therefore, it is possible to separate the contributions due to growth, due to cell

reorganization and due to deformation (without growth and remodeling) not only to

model each of them individually from the theoretical point of view, but also to test

each of them from the experimental point of view.

The deformation gradient of the cellular conglomerate Fc 2 LinðTBc;TB c
t Þ is

de¯ned as in (2.3) substituting � with c. An imaginary intermediate con¯guration

can be introduced assuming that a point of the body can relieve its state of stress

while relaxing the continuity requirement, i.e. the integrity of the body. It then

relaxes to a stress-free con¯guration. The atlas of these pointwise con¯gurations

Fig. 6. Multiple natural con¯guration.
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forms what we de¯ne the natural con¯guration with respect to B c
t and denote by K c

n.

Referring to Fig. 6, we identify this deformation without growth with the tensor Fn,

which then describes how the body is deforming locally while going from the natural

con¯guration K c
n to B c

t , in formulas

K c
n :¼ F�1

n ½TB c
t �: ð5:1Þ

The particle in the con¯guration K c
n has possibly undergone growth and plastic

deformation. One can then again consider the map from B c
0 to K c

n as composed of two

parts: the ¯rst one related to growth/death processes (therefore to mass variations in

the volume element), the second one due to internal reorganization, which implies

rearranging of the adhesion links among the cells, without a change of mass in the

volume element. Denoting by K c
p the \grown con¯guration", i.e. the intermediate

con¯guration of the body between B c
0 andK c

n, we will assume that for any given point

the volume ratio in K c
p is the same as in the natural con¯guration K c

n and in the

original reference con¯guration B c
0, i.e. �p ¼ �cðt ¼ 0Þ ¼ �n. The tensors mapping

from a con¯guration to another are de¯ned as

K c
p :¼ Gc½TB c

0�; K c
n :¼ Fp½K c

p�: ð5:2Þ
According to the three-step process outlined above, the deformation gradient is

split as

Fc ¼ FnFpGc: ð5:3Þ
For sake of simplicity we also take growth to be isotropic Gc ¼ g1, so that Jg ¼
detGc ¼ g 3 and Fc ¼ gFnFp.

In Ref. 4 it was shown that

_J g

Jg
¼ 3

_g

g
¼ �c

�c

; ð5:4Þ

where the dots indicate the time derivative following the cell population. This

relation links the evolution of g, i.e. of the ¯rst step of the splitting, to the death/

growth term �c appearing on the right-hand side of the mass balance equation (3.1)

for the cellular constituent.

We now need to determine an evolution equation for the second step of the

splitting concerning Fp. This will be done through an equation determining

Lp ¼ _FpF
�1
p ; or Dp ¼

1

2
ðLp þ LT

p Þ: ð5:5Þ

Deriving F with respect to time, we have

_F ¼ _gg�1Fþ g _FnFp þ gFn
_Fp ¼ ð _gg�11þ Ln þ FnLpF

�1
n ÞF; ð5:6Þ

where Ln ¼ _FnF
�1
n that, through the usual de¯nition of L ¼ _FF�1 can be rewritten

as

Ln ¼ L� _gg�11� FnLpF
�1
n : ð5:7Þ
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On the other hand, deriving the left Cauchy�Green tensor related to the recoverable

part of the deformation

Bn ¼ FnF
T
n ; ð5:8Þ

with respect to time, one has

_Bn ¼ LnBn þBnL
T
n

¼ LBn þBnL
T � 2 _gg�1Bn � 2FnDpF

T
n : ð5:9Þ

Finally, if the de¯nition of upper convected Maxwell derivative,

DM

Dt
¼ _M� LM�MLT; ð5:10Þ

is introduced

DBn

Dt
¼ �2 _gg�1Bn � 2FnDpF

T
n : ð5:11Þ

We want now to include elasto-visco-plastic e®ects in the mechanics of cell

aggregates. We do that on the basis of the following observations:

(1) when and where the cell populations is subject to a moderate amount of stress,

then the body behaves elastically;

(2) when and where the stress overcomes a threshold yield stress, then the body

undergoes visco-plastic deformations.

Given the resistance of a single bond, the threshold of the onset of plastic defor-

mations is proportional to the area of the cell membranes in contact, which depends

on the number of cells per unit volume. We call yield stress this threshold value �ð�Þ
and compare it with a frame invariant measure f of the stress of the cellular con-

stituent �cTc.

On this basis, the following elastic-type constitutive equation can be suggested in

the elastic regime

Tc ¼ T̂cðBnÞ; if f ð�cTcÞ 	 �ð�Þ; ð5:12Þ

where, following Ref. 13, we take as a measure of the stress the maximum shear stress

magnitude

f ð�cTcÞ ¼ max
jnj¼1

j�c½Tcn� ðn �TcnÞn�j: ð5:13Þ

It can be proved (see, for instance, Ref. 43) that f is given by half of the di®erence

between the maximum and the minimum eigenvalue of �cTc.

Following Ref. 4, above the yield stress the tension in excess originates from cell

unbinding at the microscopic scale and then cell rearrangement at the macroscopic

scale. Such a pictorial description is put into formal terms by the following
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constitutive equation that is a modi¯ed and corrected version of the one proposed in

Ref. 4:

1� �ð�cÞ
f ð�T 0

cÞ
� �

�
� �

ð�cF
T
nT

0
cF

�T
n Þ ¼ 2	ð�cÞLp if f ð�cT

0
cÞ > �ð�cÞ; ð5:14Þ

where T 0
c ¼ Tc � 1

3 ðtrTcÞ1 operates on the current con¯guration and for compat-

ibility we mapped Dp into the same con¯guration using Fn. We can merge the above

equation to the condition that there is no evolution for shear stresses smaller than the

yield stress by writing

F�T
n LpF

T
n ¼ 1

2~	
1� 1

~f ðT 0
cÞ

" #
þ
T 0

c; ð5:15Þ

where ½��þ stands for the positive part of the argument, ~	 ¼ 	ð�cÞ=�c, and ~f ðT 0
cÞ ¼

½f ð�cT
0
cÞ=�ð�cÞ��.

Following Ref. 24, it is worth stating how the quantities introduced above

transform under a change of frame. Denoting with a star (*) the value of a ¯eld after a

Euclidean change of frame, one has

F�
n ¼ QFn;

G�
c ¼ Gc;

F�
p ¼ Fp;

for all Q orthogonal tensors.

Thanks to the previous relations

ðF�T
n LpF

T
n Þ� ¼ QF�T

n LpF
T
nQ;

being Tc objective, one has the objectivity of (5.15).

If we take the following elastic-type constitutive equation

T 0
c ¼ � Bn �

1

3
ðtrBnÞ1

� �
; ð5:16Þ

then, Fp evolves according to

_Fp ¼
g�1



1� 1

� ~f ðBn � 1
3 ðtrBnÞ1Þ

" #
�
þ Cn �

1

3
ðtrCnÞ1

� �
Fp; ð5:17Þ

where 
 ¼ ~	
� is called the cell reorganization time and Cn ¼ FT

nFn.

Equation (5.17) can be explained phenomenologically in the following way:

assuming for a moment that there is no growth, if the body undergoes a deformation

corresponding to a measure of the stress below the yield stress, then Fp does not

change, i.e. the intermediate con¯guration does not evolve and all the energy is

elastically stored. If the measure of tension f takes a value larger than the yield stress,

then the reference con¯guration changes to release the stress in excess, until the yield
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surface de¯ned by f is reached again. The ratio 
 ¼ ~	
� gives an indication of the

characteristic time needed to relax the internal stress through the reorganization of

cells and to reach the yield surface.

We want now to eliminate Dp from the constitutive equation for the stress. The

¯rst step to do that consists in deriving (5.16) to write

_T
0
c ¼ � LBn þBnL

T � 2 _gg�1Bn � 2FnDpF
T
n

�
� 1

3
trðLBn þBnL

T � 2 _gg�1Bn � 2FnDpF
T
n Þ1

�
:

We can then use (5.15) to get

_T
0
c þ

�

~	
1� 1

~f ðT 0
cÞ

" #
þ

T 0
cBn þBnT

0
c �

1

3
trðT 0

cBn þBnT
0
cÞ1

� �

¼ �½LBn þBnL
T � 2 _gg�1Bn �

1

3
trðLBn þBnL

T � 2 _gg�1BnÞ1�;

which can be written in terms of upper convective derivative as

DT 0
c

Dt
þ 1



1� 1

~f ðT 0
cÞ

" #
þ

T 0
cBn þBnT

0
c �

2

3
trðT 0

cBnÞ1
� �

¼ 2

3
�½trðBnÞD� trðBnDÞ1� _gg�1ð3Bn � ðtrBnÞ1Þ�: ð5:18Þ

Note that the Maxwell derivative of an objective tensor is itself objective.

The above constitutive equation can be simpli¯ed considerably assuming that the

deformations from the natural con¯guration are small throughout the evolution of

the system and that g ¼ 1, corresponding to no growth. The small deformation

assumption applies depending on the value of the yield stress: it has to be small

enough so that the condition jBn � 1� 3j � 1 is always satis¯ed during the motion.

The experiments by Iordan et al.35 give an indication of the order of magnitude of the

yield stress, which depends on the volume ratio and is below 1Pa (for �c ¼ 0:6, the

maximum volume ratio tested). The advantage of this hypothesis is that for small

elastic strain one can use linear elasticity. For larger stresses, the natural con¯gur-

ation evolves. In the limit of small deformations,

LBn þBnL
T 
 2D; and T 0

cBn 
 BnT
0
c 
 T 0

c; ð5:19Þ
and therefore (5.18) simpli¯es to

_T
0
c þ

1



1� 1

~f ðT 0
cÞ

" #
þ
T 0

c ¼ 2� D� 1

3
ðtrDÞ1

� �
; ð5:20Þ

where the trace ofD is related to the growth term through the mass balance equation.

We observe that in (5.20), the term containing the yield stress plays the role of a

stress relaxation term that switches on as soon as the stress is above the yield value.
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Otherwise, for ~f ðT 0
cÞ < 1, (5.20) can be integrated to give back an elastic-like con-

stitutive equation.

The limit 
 much larger than the characteristic time of the process of interest, in

principle would lead to the models used for instance in Refs. 6, 8, 9 and 36. However, in

this case the procedure is incompatible with the small deformation assumption because

the stress relaxes very slowly and so large stresses and deformation can build up.

On the other hand, rewriting (5.20) as


 _T
0
c þ 1� 1

~f T 0
cð Þ

" #
þ
T 0

c ¼ 2	 D� 1

3
ðtrDÞ1

� �
; ð5:21Þ

makes it easy to realize that for processes with characteristic times larger than 
 and

stresses much larger than � (i.e. ~f � 1) the model behaves like the viscous models

used in Refs. 27�29.

6. Results

As a preliminary example, we consider a tumor growing in a region delimited by a thick

extracellular membrane that, however, presents a hole in the middle. Another region

with a dense ECM is in the top-left region. We assume that the ECM is rigid, non-

homogeneouswith a given�mðxÞ¯lling 50%of the spacewithin themembrane and 20%

of the space elsewhere.We also assume that the tumor has all the nutrients necessary to

grow but that cells are inhibited by contact when the stress acting on them is too high,

with a di®erence in sensitivity between tumor and host cells as in Ref. 22. Speci¯cally,

compared to normal cells, tumor cells stop duplication (after stress relaxation) at

�c ¼ 0:6 rather than at �c ¼ 0:5. The region �T ðtÞ occupied by the tumor is identi¯ed

in the following equation by the function ��T
ðx; tÞ. Due to the presence of a moving

interface dividing the two domains we used a level-set method.22,23,39,45,40,66

With the idea of focusing on the cell-ECM interaction we start with the simplest

model that contains the main adhesion features described in Sec. 4 and related to the

experiments through the relation (4.25). For this reason we consider negligible the

contribution due to T 0
c and assume that the stress is simply given by the isotropic

part �ð�cÞ ¼ Eð�c � �0Þ=ð1� �cÞ, so that the model can be written as

@�c

@t
þr � ð�cvcÞ ¼ ½�Hð�0 þ���T

ðx; tÞ � �cÞ � ���c;

�r�ð�cÞ ¼ Nmaxð�mÞ
�2 þm 2

b

2ðmb þ kmicvc
� Þvc

þMð�mÞ
" #

vc;

8>>>><>>>>: ð6:1Þ

where � is the growth rate, � is the death rate, H is the Heaviside function, so that

growth activates when the cell volume ratio is below �0 for normal cells and �0 þ�

for tumor cells.

As put in evidence in the equations above, both M and Nmax depend on the

volume ratio occupied by the ECM. Since in the example we want to focus on, the
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environment is strongly heterogeneous we need to specify this dependence. The

former coe±cient is related to the fact that, roughly speaking, less space is available

for the cells to move. For M we then take Kozeny�Carman relationship M ¼
M0ð�2

mð1� �̂mÞ3=�̂2
mð1� �mÞ3Þ where M0 is the resistivity at the assumed physio-

logical volume ratio of ECM �̂m ¼ 0:2. The latter is mainly related to the fact that

the contact area between cell membranes and ECM ¯bers increases with the density

of ¯bers. We take this relationship to be linear Nmax ¼ N0�m, though it might be

more complicated than that.

It is convenient to rewrite the system in dimensionless variables, introducing the

typical time scale T ¼ 1
� and choosing the typical length scale L ¼

ffiffiffiffiffiffiffi
E

M0�

q
@�c

@~t
þ ~r � ð�cvcÞ ¼ ½Hð�0 þ���T

� �cÞ � ~���c;

� ð1� �0Þ
ð1� �cÞ2

~r�c ¼ ~N 0

�m

ð1þ ~k ~vcÞ~vc
þ �2

mð1� �̂mÞ3
�̂
2
mð1� �mÞ3

" #
~vc;

8>>>><>>>>: ð6:2Þ

where tildes denote dimensionless variables and

~� ¼ �

�
; ~N 0 ¼

N0mb

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
EM0�

p 1þ �2

m 2
b

� �
; ~k ¼ k

�mb

ffiffiffiffiffiffiffi
E�

M0

s

We impose no °ux boundary conditions on the x-axis and on the y-axis, till the

membrane. On the remaining part of the y-axis and on the other two sides of the

rectangular domain ½0; 16� � ½0; 10� the stress-free volume ratio �c ¼ �0 ¼ 0:5 is

imposed. Initially, the tumor is put in a small region near the bottom-left corner with

a volume ratio �c ¼ �0 ¼ 0:5 as the host tissue. The simulation shown in Fig. 7 is

performed setting ~� ¼ 0:2, ~N 0 ¼ 1:75, and ~k ¼ 0:5.

(a) (b)

Fig. 7. Tumor growing in presence of an ECM membrane. (a) Volume ratio at t ¼ 50 days. (b) Inter-

action force at t ¼ 50 days. (c) Volume ratio at t ¼ 100 days. (d) Interaction force at t ¼ 100 days. In (a)�
(d) the line is the tumor border. (e) Closeup of a region near the tumor border at t ¼ 125 days. The line

delimitates the region with relative motion between cells and ECM.
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In Figs. 7(a) and 7(c) the volume ratio of the tumor is higher than the surrounding

tissue because they are less sensitive to contact inhibition. The volume ratios in the

bulks of the tissue and of the tumor are nearly constant. It changes near the border of

the tumor where the surrounding tissue is compressed by the growing mass. The front

seems to present a sort of instability as that characterizing some of the simulations in

Ref. 41. When the tumor growing from the bottom-left corner reaches the membrane,

it is hard for the cells to cross it because of the increased number of the adhesion

bonds (Nmax is taken to be proportional to �mðxÞ) and the decreased permeability

(satisfying a Kozeny�Karman relationship). It is then easier for the tumor to grow

toward the right (see Fig. 7(a)) with the central region that become contact inhibited

with an interaction force below that necessary to trigger motility. In fact, as shown in

Fig. 7(b), the region with cells that are moving relative to the ECM is close to the

border of the tumor. This is also the region where cells duplicate the most. When the

hole is reached the tumor moves across it surrounding the membrane also on its other

side (see Figs. 7(c) and 7(d)). Finally, in Fig. 7(e) we plot a blowup of the interfacial

force. The contour line corresponds to the threshold triggering motion, so that the

(c) (d)

(e)

Fig. 7. (Continued )
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cells inside this region detach from the ECM. Looking carefully one can notice that

outside this region there are small zones with non-vanishing interfacial forces, but not

strong enough to trigger detachment.

7. Discussion and Possible Developments

In this paper we have shown how the information obtained performing experiments

at the sub-cellular scale on the detachment forces of single adhesion bonds can be

upscaled and be used in a macroscopic model. For instance, an easy formula (4.14)

linking the adhesive interaction force present in the multiphase model with the mean

and standard deviation of the bond-breaking probability, the microscopic elastic

constant, the bond renewal rate, and the maximum number density of adhesive

sites is found. An unexpected by-product of the study of cell�ECM interaction is

the deduction of some laws that qualitatively lead to behaviors like the epithe-

lial�mesenchymal transition and the mesenchymal�ameboid transition. We are well

aware that the comparison can only be qualitative because our description is purely

mechanical, neglecting all the chemical phenomena triggering such transitions (see,

for instance, Refs. 37, 44, 57 and 58) and that, for instance, from the viewpoint

presented here can at least change the parameters. However, in our opinion such

constitutive laws for the interaction force present in the multiphase model is by itself

very interesting also from the mathematical point of view. In fact, they are likely to

give rise to bistable behaviors and to the presence of hysteresis cycles. However, such

characteristics were here only argued and not proved mathematically. Also from the

numerical point of view, the use of such non-monotonic laws is not trivial and need

some care. In a future work we will describe how to do that applying the model to the

behavior of multicellular aggregates under compression and shear condition.

Other developments can be obtained taking into account several phenomena not

considered here and that can in°uence cell�cell adhesion and cell�ECM adhesion.

For instance, it is known that in a tumor mass there are several clones characterized

by di®erent adhesive behaviors and motilities, that hypoxia can induce changes in

adhesion and trigger cell motility, and there are actually several chemical factors

in°uencing the transition of cells to a mesenchymal state.

Coming to the deduction of the constitutive equation for the stress, coherently

with what was done for the interfacial forces, we explained how the same attach-

ment/detachment processes may generate internal cell reorganization when and

where the stress is larger than the value that can be sustained by the adhesion bonds.

This was done using the concept of evolving natural con¯gurations that might be also

very useful to describe ECM remodeling. This phenomenon involves on one side the

production of matrix degrading enzymes breaking the possibly stretched ECM ¯bers

and on the other side the concomitant reconstruction of ECM mainly by ¯broblasts

depositing unstretched ¯bers. So, also in this case the material and the corresponding

natural con¯gurations are continuously evolving.
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