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1.1 Introduction

The Boltzmann equation provides an accurate description of the behavior of a rar-
efied gas. Unfortunately, it is very hard to numerically exploit all its capabilities
and all the physical information it contains.

This is essentially related to the structure of the collision term, a five-fold in-
tegral which is very expensive to compute. Furthermore, this term needs to be
evaluated with great precision, because all the mechanical properties characterizing
particle collisions, e.g. conservation of mass, momentum, and energy, are included
in it. A lack of conservation, even very small, may lead to serious consequences on
the integration of the equation. For this reason the deduction of intrinsically con-
servative models results particularly important. On the other hand, as addressed
in the chapter by Cercignani, in deducing discretized models one should avoid the
appearence of spurious collision invariants, which is characteristic of many discrete
velocity models and discretization procedures.

For this reason, in some numerical schemes proposed in the literature to integrate
the Boltzmann equation the solution is suitably corrected at each time step in
order to preserve mass, momentum and energy (see for instance [1, 2]). In the
last decade some attention has been paid to the identification of discretization
procedures that lead to models possessing most of the properties characteristic of the
Boltzmann equation, namely, conservation of mass, momentum, and energy, validity
of an H-theorem, and stationary states described by a Gaussian distribution. Most
of the papers [3-10] deal with a discretization of the velocity space in a uniform
cubic lattice, as described more in detail in other chapters of this volume. Another
approach consists in uniformly discretizing the energy space, corresponding to a
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discretization of the velocity space in an ensemble of spheres.

The idea of a polar discretization, already present in [11-13] has been devel-
oped in [14] where the definition of a suitable discretization of particles speeds and
the introduction of a suitable interpolation procedure allows to deduce a model in
which the collision operator is a sum of integrals over finite domains. These are
the cartesian products of a unit circle and the portion of the unit sphere between
two parallels symmetric with respect to the equatorial plane perpendicular to the
velocity of the field particle. One can then exploit the fact that integration over
spherical domains can be performed with good precision and small computational
effort. The resulting kinetic model preserves all the mentioned physical properties.

The same characteristics are enjoyed by the model deduced in [15] where particle
velocities are defined through their energy and velocity direction, the range of al-
lowed energies is subdivided in intervals of equal width, and a stepwise interpolation
is introduced. The main point addressed in this paper is the identification of the
parameters involved in the discretization. This is based on the criterion that the
spurious terms, which are present in the Euler equations related to the discretized
models, are as small as requested by the application. The model has then been gen-
eralized by Koller and Schiirrer [16—-18] to handle gas mixtures, inelastic collisions,
chemical reactions and photon excitation (see also the chapters by the Authors in
this volume.)

In this chapter a particular attention is paid to the formulation in terms of energy
and velocity direction, and to the consequences of each step of the discretization
procedure. In particular the discretization procedure is divided in two main steps:
1) the definition of a limited subset of the velocity space containing all allowed
velocities (Section 3); 2) its discretization (Section 4). In Section 5 it is shown that:

e The model preserves mass, momentum and energy;

e The modelling procedure is constructive, so that it is possible to obtain
estimates on the “distance” between the discretized collision operator and
the continuous Boltzmann operator, i.e. consistency of the quadrature rule.

e There exists an H-functional describing trend towards an equilibrium de-
scribed by a Gaussian distribution.

e The fluid dynamic limit related to the discretized kinetic model tends
rapidly towards the usual Euler equations with an isotropic pressure ten-
sor, and vanishing heat flux when the number of allowed energies grows
to infinity and the discretization interval for the particle energies becomes

Ry.

For the sake of completeness, Section 6 gives the details of the collision dynam-
ics in terms of energy and velocity direction. Finally, in Section 7 we draw our
conclusions giving some hints for possible developments.
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1.2 Splitting and Energy Formulation
In kinetic theory, the behaviour of a neutral, rarefied gas is usually described

through the evolution of a distribution function, f : [0,7] x R3 x R® — IR,
which satisfies the Boltzmann equation

of

T —aproun. (1)
where

A(f) ==v - Vxf | (1.2)

is a linear differential operator and

Q1) = [ [ otraalftex vt x v = %) x v dgdv.
’ (1.3)

is a nonlinear integral operator. In (1.3) o(y,g) is the differential cross section,
which depends on the interaction potential, v = g-g’ is related to the angle between
the pre and the post collisional plane, and g is the modulus of the relative velocity
g of colliding particles

d
g Y vo—vi=|v. =V (1.4)

The rule for collision between two particles is expressed by

R
Vi=vt(gonn=s+3g
2 2
(1.5)
R ¢
r_ . an = o
v, =v.—(g-n)n 5 2g ,
where
R v+ve=v +vl | (1.6)

and n and g’ are unit vectors that span S,. In particular, g’ represents the direction
of the relative velocity after collision. In this chapter hatted quantities refer to unit
vectors and tilded ones to dimensionless quantities.

In the entire chapter, particles are considered as characterized by their energy
per unit mass, e = v?/2 (simply named energy for sake of brevity), and by their
velocity direction . It is then useful to introduce the following quantities

E < ete.=¢e +e., (1.7)

S o 0, =2/ QL (1.8)



February 17, 2002 14:24 WorldScientific/ws lula

4 Conservative Discretization of the Boltzmann Equation and the Semicontinuous Model

g=V2(E-5 . RE RI=\2E+9), (1.9)

which, together with R are invariant during collision.

The description of the collision dynamics using the energy formulation is given
for sake of completeness in Section 6.

The two operators in Eq.(1.1) present problems of different type to be addressed
properly for a correct numerical evaluation. For this reason the so-called “splitting
algorithm” | first applied by Temam [19] in the study of several evolution problems,
like the Broadwell model, results very useful. This method, when applied to the
Boltzmann equation, consists in decoupling the collision contributions from the free
streaming ones, and looking for iterative solutions of the following problems

t=0)=f1t=0)=fo, (1.10)
k
for k>0 . (1.11)

FE@e) = fE ()

afk .
T— ot

for k> 0. (1.12)
FE@e) = fE(tkg)

The convergence of the algorithm has been proven by Desvillettes and Mischler
[20], under the same assumptions used by R.J. DiPerna and P.L. Lions [21] for their
existence results for the Boltzmann equation.

Theorem 1.1 Under assumptions 1 and 2, giwen below, the sequences f, and
f converge up to extraction of subsequences to the same nonnegative limit f €

L([0,T]; LY(IR? x IR3)) weak-x, and this limit satisfies

Q* (/)

157 < Ly ([0, T) x R x IR?) (1.13)
and
9 _ Q)

in the sense of distributions.
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Assumption 1.1 The function B = o(-,-)g is in L}, . (IR? x S5), and depends only

loc
on g and v. Moreover, the function

Alg) 2/ B(g,v)dg' , (1.15)

2

satisfies, for all R > 0,

1

W/BRAHg—I—VDdV—)O, as g — oo, (1.16)

where BE = {v € IR? : [v| < R}.

Assumption 1.2 The function fy is such that

/ fo(x, v) {1+ |x|* + |v]* + | log fo(x, v)|} dxdv < oo . (1.17)
R®

In the following we will focus on the collision step for the splitting algorithm,
Eqgs.(1.12), mainly for two reasons. On the one hand this step is rather heavy,
from a computational viewpoint, because it involves the evaluation of a five-fold
integral. On the other hand, the evaluation has to be done with great care and
accuracy because the mechanical properties characterizing particle collisions, e.g.
conservation of mass, momentum, and energy, are included in it. OQur main concern
will in fact be the link with the conservation equations, classically deduced from
the moments of the Boltzmann equation

dp

5 TV (U) =0,
0
a(pU)+V~(H+pU®U):O , (1.18)
0 1 5 1 5
= E+zpU° | +V - g+ DU+ (E4+-pU”° | U| =0,
ot 2 2
where
p=m| f(v)dv=m de/ dﬂ\/%f(e,ﬂ) , (1.19)
R3 R, 2
1s the mass density,
u=" vf(v)dv - de/ dQQeﬂf(e,ﬂ) , (1.20)
P JR? P JR, 2

is the drift velocity, U is its modulus, and U= U/U its direction

& = %/B v — U f(v)dv = = de/ dQ |V2eQ — U|*V2e fle, ), (1.21)

2 Jn,



February 17, 2002 14:24 WorldScientific/ws lula

6 Conservative Discretization of the Boltzmann Equation and the Semicontinuous Model

is the internal energy,

II = m Ra(v—U)@(v—U)f(v)dv

— m de/ a0 (V2e - U) @ (Vae - U) Vae f(e, ) , (1.22)

1s the pressure tensor, and

q = %Ralv—Ulz(v—U)f(V)dv
- % R+de/2dﬂ ‘@Q—U‘(@Q—U)@ﬂe,ﬂ), (1.23)

is the heat flux.
The Maxwellian equilibrium, considered as a function of energy and velocity
direction, can be written as

f(t,x,e,ﬂ) :Aexp[\/EfJIAI—C'e] , (1.24)

where the Maxwellian parameters A, B and C are related to the macroscopic ob-
servables through

3/2 2 2
_ L (3 _3U _ L3t =3
A_m<47r8) exp[ 45] , B_2 3 and 0_25’ (1.25)

An important dimensionless parameter is the following:
def B 3pU?
r = — =
2C 28

which measures the ratio between kinetic and internal energy. It is also important

(1.26)

to notice explicitly that if the dimensionless parameters

E:,/?U and C=CU? (1.27)

B=C=r (1.28)

are introduced, one has

and the Maxwellian distribution can be written as

Ft,x,€9) = Aexp [r (gug_i)] _r (3—p)3/2eXp [_i (gﬂ_ﬂ_)z

2 m \ 47€ 2
(1.29)
where
2
e = \/_e. (1.30)
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The above definition of € is preferred to others characterized by a proportionality
between € and e (e.g. € = 2e/U?) simply because of the simplifications in the
following formula (in particular the presence of square roots is minimized).
Referring to [14] for further details, one can compute the macroscopic quantities
(1.19-1.23) at Maxwellian equilibrium given as in (1.24) in terms of energy and
velocity direction and, in particular, write the pressure tensor and the heat flux as

O=1IT+7.20Q), q=IM—7)U, (1.31)
where

/ e—C(e+e’)[(Be +2)ss’ — V' Bees' — BVee ec'] de de’
R2

e = , (1.32)

/ e_c(e"'el)(\/ Bec—s)s' dede
R2

+

vV B@(@ — 6/)6 Cle eI)CS/ de d(i’/
R?
+

2 VR e~ ““(VBec—s)de

B-1

€g = 5 , (1.33)

and the following abbreviations have been used

s =sinh vV Be ¢ = coshV Be
s’ =sinh vV Be' | ¢ =coshVBe' .

The Euler equations can then be written in the following form

Jp B
SV =0,

a(pU)+V~[(1—|—67T)pU®U]+VH:O, (1.34)

ot
0 1o Lo
—\E+spU7 |+ V- [(L+ )T+ E+ spU* | Up =0,
ot 2 2
where
/ e—C(e+e’)[(Be + 2)ss’ — VvV Becs' — BVee ec'] de de’
R2
L m i , (1.35)
/ e~ “*(VBec—s)de
Ey

The integrals in (1.32, 1.33, 1.35) can be computed analitically, and give 5, =
exr = €4 = 0, corresponding to an isotropic pressure tensor, a vanishing heat flux,
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Fig. 1.1 The domain Sg,.

and no extra terms in the Euler equations (1.34), as it must be. Obviously, that is
not the case in numerical calculations, as explained in the next sections.

1.3 Working in a Finite Energy Interval

In this section we discuss the effect of working with a finite energy interval. The
discretization procedure will be addressed in the following section.

The very first step of any discretization procedure consists in defining a limited
subset of the velocity space containing the allowed velocities. As a consequence
of this step, the two spurious terms in the momentum and energy Euler equations
(1.34) related to the Boltzmann equation (one extra pressure tensor, in the form of
a Reynolds stress term, and one extra heat flux term, in the form of a pressure) do
not vanish any longer.

The presence of these terms may be directly related to the introduction of the
“boundary” in the velocity space which corresponds to an approximation of the
original equations, which breaks the Galilean invariance characteristic both of the
continuous Boltzmann equation, and of the related Euler equations. To clarify this
statement, one can consider the viewpoint of the particle which sees (or feels) this
artificial boundary as a reference point. Therefore, one cannot expect that the Euler
equations related to any discretization scheme have an isotropic pressure tensor and
a vanishing heat flux.

In this section we give a criterion to identify an interval IF = [ey,, epr) such that
the probability for a particle to have energy outside [E' can be neglected.

The restriction of the energy range to a finite interval bears consequences for
Eq.(1.8), because it leads to a restriction either on the outgoing energy ¢, or on
the angle between the incoming directions Q- Q,, if the outgoing energies are fixed.
This is a well known fact:

e Given the incoming energies e, e, and the angle between the incoming
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directions €2 - €2, the outgoing energies are confined inside the interval
(1.36)

symmetrically with respect to its extrema.

For the construction of our model, it is useful to look at the same restriction from
a different point of view.

e Given the incoming energies ¢ and e,, and an outgoing energy e’ smaller

than the largest energy the particle can possibly reach, F = e 4+ e, (€} is
then determined by the conservation of energy, e, = E — ¢'), there is a
limited range for the angle between the pre-collisional velocity directions

which yields the post-collisional energy e’. This can be expressed as:

11
(@02 < ==
ee,
It 1s then useful to define the domain
R o el
Sg = {Q* (92 Q*)z < —*} , (1.37)
ee,

which represents either the entire surface of the unit sphere Sy, if ¢’el > ee,
or, taking € as polar axis, the part between two parallels symmetric with
respect to the equator, as shown in Fig. 1.

In order to understand the consequences of working in a finite energy interval,
let us start with the basic steps of the derivation of the Boltzmann equation. The
change during the time interval [¢,1 + dt] of the number of molecules in the element
dx dv around (x,v) due to collision is

Jdvdtdx = dvdt dx x
/ U(Wag)g[f(ta X, V/)f(ta X, Vi) - f(ta X, V)f(t’ X, V*)] dg/ dv* (138)
R3xS,

Therefore computing the change due to collisions during the time interval [¢, ¢ + dt]
of the number of molecules in the volume element dx around x, having velocity
direction in the element d€2 around € and energy in I C JF, one has

/IN%de = /I@de/R Mde*/ sy, x
< [ a8 ot l vV - FVER) WIS (139

2

In our approach, it is useful to consider the output velocities not as functions of
g’ as in (1.5), but as functions of an output energy e’ and of the angle ¥ between
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Fig. 1.2 Collision dynamics. Dashed arrows are in the plane of the figure which represents the
pre-collisional plane. Full arrows refer to the post-collisional quantities which are in the plane
which intersects the plane of the figure along R and forms with it an angle 9.

the planes containing the pre- and post-collisional velocities, as described in (1.86)
and (1.87) of Section 1.6, so that we can discretize the outgoing energy e’. This also
means that in the scattering cross section, v will be considered as a known function
of ¢’ and ¥ through Eq.(1.88), given in Section 1.6.

Referring to Fig. 2 (and using Eq.(1.85) of Section 1.6), one can change variable
in the surface integral over g’ expressing dg’ as

4
dg' =sin¢' dy' dd = — de’ d¢ 1.40
g =sing' dp R e , ( )
so that (1.39) can be rewritten as

/J@de: /de/ de*/ dS, x
1 1 R, 5

£ ) ) (1.41)
<[ e [T B (V) - FVE) ()

where D, is defined in (1.36) and depends on e, e, and on Q- Q..

In view of the velocity discretization, it is convenient to exchange the integrations
over Q. and over ¢’ in order to group together the integrals over all the energy
variables. In order to do that one has switch from the the post-collisional energies
IDe:, to the pre-collisional velocity directions Sg. This allows us to rewrite Eq.(1.41)
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as

ete, N .
/J\/Qede:/de/ de*/ J(e ex, e, Q) de | (1.42)
I I R, 0

where

27
- Cae ) 8. /eer o
J(e,ex, €', Q) d:f/ dﬂ*/ dﬁ*a(@,e*,el,ﬂ~ﬂ*,ﬁ)x
So  Jo R(e,e., 2 8) A

X[f(e', (e, ex, ', Q, 0, 0)) F(el, (e, en, e 2,0, 0)) — fle, Q) flex, Q)]
(1.43)
If one only considers collisions with energies in the interval IF = [ey, epr), one
can deduce a kinetic model of the same form as in (1.1) but with the collision
operator replaceded by

Qrf) = [ de. [ eenc i, (1.44)

where IE' = IEN[0, e+e,]. For this kinetic model, the conservation equations (1.18)
still hold, and the Maxwellians can still be written as in (1.24), but the relations
among the Maxwellian parameters and the macroscopic observables, computed over
the finite domain I x Ss, is not as simple as in (1.25).

The Euler equations can then be written in the form (1.34) with 7., ¢ and ¢,
given by formulae similar to (1.32), (1.33) and (1.35), in which IRy is replaced by
1. However, this replacement is not painless because these terms do not vanish
any longer and give rise to spurious terms in the Euler equations.

In order to see that, take e,, = 0 first, and proceed in terms of the dimensionless
variables introduced in (1.26) and (1.30). A lenghty calculation gives

AN (Ear) — EErr) My (Ear))]

n=(0,€p) = Do (o) D (ear) , (1.45)
en(0,60) = HNE(Cr) 7_)2(€(’(€iw))Mﬂ(gM)] ’ (1.46)
£ (0,201) = 2N, () — EEn) My (Eur)] (1.47)

D2(em) ’
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where €pr = 2ep /U

Ne(E&) = 26_7%2[(7“ + 2)sinh® 1€ — (# + 1)r€sinh & cosh 7& — #2&?]
Mq(&) = e_T?/Z[(r + 3+ r?&%)sinh € — (r + 3)récosh ré] |
Ny(&) = 26_’%2{[7“2 +4r — 2 — (r + 2)r?&] sinh? €
—(r? 4 3r — 4)re’sinh ré cosh ré — (r + 2)re?}
My(e) = e_rg2/2[r(r + 5) — #?&%](sinh 7€ — r&cosh ) |
Dr(e) = g‘(@) — 2e= 2 ginh € ,
Dy(e) = r&(e) — 26‘T§2/2[(r — 1)sinh ré 4 récosh re] ,

and Erf(-) is the error function. The zero in the argument of 7., ., and g
in (1.46-1.47) is due to our choice &, = v/2e,/U = 0 as the lowest end of the
dimensionless interval [0, €7).

The terms in (1.46-1.47) do not vanish, hence the pressure tensor is not isotropic,
and the heat flux does not vanish either. However, the two spurious terms thus
introduced in the Euler equation go exponentially to zero, as €y grows. The intro-
duction of a lower bound, say €, > 0, gives further contributions to the spurious
terms which go to zero as 521/2, when €, tends to zero. In this case 7, e and ¢,
can be written as

Nr(Em, ear) = B B (1.48)
2{ Nz (Epr) + Ne(€m) — [E(@nr) — E(Em)][Mr(Epr) + Mz (€n)] + NL(Em, €aa)}
[DW(gM) — Dy (gm)][

S
P
™
=
|
S|+
<
2

en(Fm,enr) = ) ) (1.49)
2{Nx(€nr) + Nx(€m) — [E(€nr) — E(Em )M (Enr) + Ma(€m)] + N7 (€m, Ear) }
[Dq(gM) _Dq(gm)]z

eq(Em,En) = ) ) (1.50)
2{Ng(€ar) + No(Em) — [E(Enr) — E(Em)][Mg(Enr) + Mg (Em)] + Ng(€m, Enr)}
[Dq(gM) - Dq(gm)]z

where
N (Em,em) = e_r(g?n+g?\4)/2{—4(r + 2) sinh ré,, sinh rejy

+(r 4+ )r[(€m + €nr) sinh (€, + €ar) — (Engr — €y ) sinh r(Exr — €]
+r2[(€m + gM)z coshr(€y — ém) — (€ — gm)z cosh r(€xy + €m)]} ,
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and
o~ o~ — ~2 ~2 . o~ . o~
./\/é(em, M) =e rlemten)/2 {—=4(r? + 4r — 2) sinh 7€, sinh ré

+4(r + 2)r2€m€M cosh re,, cosh reyy + (r2 +3r—4)r
X[(€m + €pr) sinh r(€py 4+ €ar) — (Ear — €m) sinh r(€yr — €m)]
+r3[(€m + gM)z coshr(€ayr — €m) — (€ — gm)z coshr(€y +€m)]} -

These quantities characterize the magnitude of the spurious terms introduced
by the restriction of the velocity space to a sphere or a hollow sphere, and they
provide us with a tool to control such terms. On these grounds, one may adopt the
following procedure to select e, and ey;:

1. Identify the range of internal energy and drift velocity characteristic of the
flow to be described (and therefore the range of dimensionless parameter
7);

2. Set a desired accuracy € to limit the spurious terms e, (or 7,) and ¢,
appearing in the Euler equations (1.34) or in the definition of heat flux and
pressure tensor, and define g, and Zjs such that g, = 3 + &, < E (say,
Ty = Em = E/3);

3. Set €xr so that e; (or ) and ¢4 in Eqs.(1.46-1.47) have absolute value
smaller than Zys. For instance, for a given r Eq.(1.47) gives ¢ = £4(0, €ar),
which (locally) defines €3y = €%,(0,4). Therefore we can set

T =2 (Fa) Y max {87, (0,2x) 8%, (0,20)) ; (1.51)

4. Having set €y according to (1.51), consider €,, so that e, (or 7,) and ¢,
in Eqgs.(1.48-1.50) have absolute value smaller than g, = g,, + £3;. For in-
stance, Eq.(1.50) determines the values of €,, which yield ¢, (€, ear (Ear)) =
Em +EuM, that is €, = €2 (Z, +Fam, Zar). Therefore, if computationally con-
venient, one can set

e = (B, Evr)  min (T, (B + 2, En) S (B +Ear B}
(1.52)

This procedure is used to plot Figure 3 and to give Tables 1 and 2. In particular,
Figure 3 gives €, and ¢, as a function of €y at different », Table 1 gives ey (g)
and Table 2 €, (g, g) at fixed values of r and overall accuracy .

It should be noticed that for physical reasons e,, should be chosen smaller than
U?/2 and ey larger than U?/2, i.e. €, < 1 and €y > 1 (recall that e, = U%é2 /2
and ey = U?€2,/2). In Table 2 there are, however, some values of r and  for which
the contribution associated with any €, < 1 is always less than /3.

Furthermore, except for the very special cases where ¢, is close to changing sign
(say, |eq] < 107°), £, is always an order of magnitude smaller than ,. Therefore,
€, and €y are essentially determined by €2 and ¢%,. As a consequence, if the
magnitude of the spurious term in the energy equation of (1.34) is not a concern,
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g=10"" £=10"" g=10"7 g=10""
v =31070 Ey =11072 Ey = 11073 Ey = £107¢
r=10 2.025 2.265 2.457 2.622
r=1 4.603 5.326 5.908 6.410
r=0.1 13.53 15.72 17.49 19.03

Table 1.1 Values of epp (r,EM = %) defined in (1.51) at different values of the ewpected macro-

. _ 3pU? _
scopic parameter r = 5=, and overall accuracy .

z=10"" =102 z=10"3 z=10""
gy, = %10_1 gy = %10_2 gy = %10_3 gy = %10_4
r=10 0.406 0.208 0.103 0.0482
r=1 1.136 0.230 0.104 0.0466
r=0.1 2.606 0.684 0.303 0.136

Table 1.2 Values of € (r,8m = E,EM =z defined in (1.52) at different values of the expected
3 3

. _ 3pU2
macroscopic parameter r = 2F 7

given in Table 1. Values above 1 correspond to those cases in which the contribution g, deriving
by introducing any non vanishing physically admissible €y < 1 is always smaller than required.

and of the overall accuracy  (8p = Em+ep = %E) and with €

and one only wants the magnitude of the spurious term in the momentum equation
to be smaller than a certain o > 0, even larger values of €, and smaller values of
ey can be used. Roughly, one can use the values of €,, and @3 reported in Tables
1 and 2, which correspond to 10« instead of a. For instance, the choice r = 10,
Zar = 2.265 gives rise to a spurious term in the momentum equation of order 1073
instead of 1072,

1.4 Energy Discretization and Kinetic Model

Once the interval IF = [e,,, epr) has been identified, so that the probability for a
particle to have energy outside I is negligible, we adopt a discretization procedure
which divides JF in n + 1 subintervals II; of equal width A:

Ii=lem +idem+(E+1)A) ,  i=0,...,n, (1.53)
with
€M — €m
A= —— . 1.54
o (1.54)

Denoting the mid-point energy of the interval I

1
e; = em + (i—i— 5) A (1.55)
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Fig. 1.3 Plots of e; and of £4 as a function of s at different values of the expected macroscopic
3pU2

parameter r = . The two plots give an indication of the value of the parameter e to be

chosen, in the discretization, so that the induced magnitude of the spurious terms is small enough.

it 1s trivial to check that the following holds:

Proposition 1.1  The discretization has the following properties

o Vi, j h st. estej—ep €, 3 k=i+j—he[0,n] st. e;+e;—ep = e,
o Ifey, =CA (EIN, then Vi,j st. e;+e; <eny, eite; =sup i 4e.

It need to be mentioned that the condition e,, = £A does not represent a real re-
striction on the choice of IF/, since IF can be easily adjusted to satisfy this condition.
Remark 1.1  The proposition assures that:

a) For any couple of input energies belonging to the discretization, if one of
the output energies also belongs to the discretization, then either the other
output energy belongs to the discretization, or it is outside I, but, as
already stated, the occurrence of this last case has negligible probability.
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b) If e, = {A, then either [e,,,e; + e;) contains F, or it is exactly equal to
the union of 7 + j 4+ £ 4 1 subintervals
i+t
lemreitei)= | In. (1.56)

This is useful to properly handle the collision operator.

The following step consists in considering any function of velocity as a function
of energy and velocity direction, and in approximating its energy dependence in I/
by a stepwise interpolation defined on the partition ;. This means that we take

F(v)=F(e, Q) ~ ZXi(e)Fi(ﬂ) , (1.57)

where FZ(Q) = (e, Q) and y;(e) is the characteristic function of the interval I;.
It is useful to note that

/ ( ) de = Adij (1.58)

z

where d;; 1s the Kronecker delta. Hence, one can approximate the integral of a
function defined in F as

/ deN/ZX] Fde_AZ (1.59)
E
with
/ F(e)de = AF; . (1.60)
I;
The quadrature rule (1.59) is nothing else but the mid-point rule which gives an
error that goes to zero as A%

If we approximate the energy dependence of the Boltzmann one-particle distri-
bution function using the stepwise interpolation, we can write (1.42) as

n ente; N N
/ J\V2e de ~ Z / Xh(e)de/ Xj(e*)de*/ J(en,ej, ¢, ) de’, (1.61)
I, b0 i R, 0

where we have chosen I = [;. Using (1.58, 1.59) we have

h

e+ o R
/J\/Qede Z/Xh / Xj(e*)de*/ J(en,ej e, Q) de
I, e

,JO "

:AZZ/ f(ei,ej,e/,ﬂ)de/,
7=0 Em

(1.62)

lula
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where e = min{e; + €;,en} and e; = min{e; + €;,en}.

Recalling Remark 1.1, and because of Proposition 1.1, the interval of integration
over ¢’ either results equal to JF, or is the union of 7+ j + £+ 1 subintervals of the
partition, that is

ey =sup | hy =min{i+j+£4,n} . (1.63)
Discretizing also €’ in the same fashion, gives

/J\/_de NAZZ/ ZXh deJ(eZ,e],eh,ﬂ)
I

€m  p=0

:ASZn:Zf(ei,ej,eh,ﬂ) .

7=0h=0

(1.64)

For consistency, one has to neglect the collisions with e, = ¢; 4+ ¢; — ej, outside
I, This allows us to write the sum over the index h related to an output particle
in a more symmetrical way

/ JV2ede ~s A3 E E j(ei,ej,eh,ﬂ) . (1.65)
I i=0  hk=0
htk=itj

Using the same procedure on the left hand side and equating gives

of; &
aj; =4A? z_: V/2¢; (1.66)

27 ghk(ﬂﬂ* )
dv 0 V) e
h;O / / (es,e5,en) R”(QQ ) (fhf*k ff])

h+k i+j

where

= fz(ﬂ) F(V2e:82)

f*]—f]@*) A (\/_s;z
fh_fh(ﬂzk( Aﬂ )) (\/TQ (62’6]’6h’ A * ))
i = Fu (2,9, 0) = F(VIoR D fer. 5, e, 2, 2,1)

and where O'Z»k, R, Q ik and Q h’? are respectively the differential cross section
(see also (1.88)), the colhslon momentum and the post-collisional directions, which

will be given in (1.87) for e = e;, e. = ¢;, ¢/ = e, and e = ey

Remark 1.2  The integrand in (1.66) presents a denominator which vanishes in
the case of head-on collisions, e; = e;, 1= -, ie. for R=0. Thus, we have to
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check whether the integrand has a singularity, in that circumstance. Referring to
Fig. 2 and choosing 2 as polar axis in the integration over Sg,, one has that

VI dQ. _ sinBdgdr :Singcosgdﬁdl“:singdﬁdr,

Ril@ 00 \firaa) o Ee

where T' is the longitude and g8 the colatitude (cos 8 = Q- ﬂ*), because ¢; = e;.
Therefore there i1s no singularity as 3 goes to .

1.5 Conservation and Euler Equations for the Discretized Model

Before deducing the conservation equations and the Euler equations for the dis-
cretized model (1.66) it is useful to introduce the following preliminary definitions

Definition 1.1  Given a regular function of energy and velocity direction ¢(e, £2),
its restriction to the sequence of energies e; defines the vector function

B(Q) = (Do(),...,B,())  with  ;(2) =¢(e;, Q) , i=0,....n.
We say that ® is a collisional invariant if
<@, 3>% Zx/Qei/ O,(Q) () d2 =0,  Vfi >0, (1.67)
=0 2
where J = (Jy, ..., Jy) is the collision operator defined by the right hand side of

Eq.(1.66).

According to the discussion of Section 4, the following can be proved:

Theorem 1.2  The following statements are equivalent:

a) ® is a collisional invariant;
b) @Z(Q) = ad+\/e_ibd~ﬂ—cdei, i=0,...,n, 8 €3y for all values of ag, by
and ¢q independent of i and Q.

PROOF: The proof consists in proving the equivalence of both b) and a) to the
following intermediate statement
c) Vi, j,hk=0,...,n and VY, Q. Q' Q. €sy, such that

e +e;j =ep+eg and \/e_iﬂ—i—\/e_jﬂ* :\/ehﬂl—l—\/@fli
= Q) + B(Q) = u(Q) + Bx ()
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According to (1.66) Eq.(1.67) can be written as
<®,J>=
n 27 A A
(€0, .
JINEDY / cw/ dQ dSy, 1/—‘”( A )(fhf*k fifei)| @i(2)
§.5.h k=0 S2xSgq Rij($2- )
Bbk=itj

where Sg =S¢y (€4, €5, €p).
The integration domain Sy X Sg, the summation and the term in the square
brackets are invariants with respect to the exchanges

\/EQH\/QQ*, \/6hQ/H\/6kQ;
Then, separating the gain from the loss contributions, 1.e. writing
<P, J>=<®,G>—-<®,L>,

one obtains

27
<&, L>=4A2 Z / cw/ ds2 ds2,
S

i,j,h k=0 2x3q
RW¥hZit) (1.68)
G0 .
e R [

27
<®,G>=4A" Z / cw/ dQ dS,
S

i.j,h k=0 xS
hth=itj (1.69)

UU(Q Q*’ﬁ) / A/ A A
X[mmﬁz( ) Ji (82 ) {@2(9)4‘@3(9*) ;

The second step is to make the substitutions
i—h,jok, @ —=Q and Q. — Q.

in Eq.(1.69). Then, recalling that in [14] it was proved that for fixed incoming
energies e; and e;, and outgoing energies e, and e compatible with conservation
of energy, and for a fixed angle ¥ between the pre- and post-collisional plane, the
Jacobian of the transformation (Q’, Q;) — (Q, Q*)given by the conservation of
momentum is

o (nn)

a(ﬂ,ﬂ*) - Vener

This allows us to transform the integral over (Ql, Q,) € Sy X Sg into an integral
over (£2,,) € Sy X Sg, so that we can write
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n 27
<®,I>=4A" Y / cw/ dQ dS,
0 S

i,4,h,k=0 2XSg
k=it
x l feie; % AL @) + 0u(0L) - Bi(2) — 05(2.)

Because the O'Z»k are positive in the domain of integration for all admissible collisions,
we obtain:

<®,J>=0 — Dy () + O (QL) — i (2) —0;(2.) =0,
which 1s the desired equivalence.

We denote respectively by M, and M, the linear spaces of the vector

functions i(ﬂ) = (Pp(£2),..., P, (2)) verifying the conditions b) and c).

It is evident from the definitions of b) and ¢) that M, C M., that is the model
preserves mass, momentum and energy. We need to prove that M. C My meaning
that there are no spurious invariants.

In order to do that we express M, (and consequently My) as the direct sum
M = ME B M., so that:

P EM.—F=8"+T  where * € M*, ¥ € M.,
with

dr=— [ @;(02)dQ (1.70)

/\I!Z»(fz)dﬂz , (1.71)

forall:=0,...,n.
Consequently, one has M, = M; & Mj where

(I)*EMZ < @?:ad—cdei 1=0,...,
T(Q) e M, = U= a6Q-by=/GLQ)  i=0,...,n.

n,

The proof of the implication M., C M, is similar to the proof concerning the
planar semicontinuous model given in [11] (pag.119-120) for two velocity moduli
only, and extended in [12] (pag. 74-76) to any number of velocity moduli. Following

the line of argument given there one can prove that for any ¥ () verifying (1.71)
and the following condition
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) Vi,j,h,k = 0,...,n and VQ,Q, Q Q €s,NII s.t.

e;+e; = epte and \/Eﬂ—i—\/aﬂ*zx/ehﬂ/—l—\/ekﬂi
= B;(Q) + () = By () + Dy (82))

where II is any collisional plane one has
U= L) i=0,....n. (1.72)

This means that the linear space M/, defined by ¢’) is such that M., C M;.
Keeping into account the arbitrarity of the collisional plane II and that ¢) = ¢/)
(that is, M, C M.,) it necessarily follows that M/, C M.

It remains to verify that M} C M}. Keeping into account that the elements of
M are independent of £, from c) it follows that

®" € M; = 7 + @7 = &} + D}, where i+j=h+k. (1.73)

Equation (1.73) yields n — 1 linearly independent relations between the n + 1

components of ®*. There exist then ag4, ¢y € IR such that

Yi=0,...,n D = ayg — cqe; ,

that is, M} C M}, which ends the proof of the equivalence of b) and c). &

Remark 1.3 This theorem not only guarantees the conservation of mass, momen-
tum and energy for the discretized model (1.66), but also excludes the existence of
spurious collisional invariants with no physical meaning.

The space M of collisional invariants is then spanned by the basis

\IJ(O)(Q) =(1,...,1) corresponding to conservation of mass
TO(Q) = (Veo, ..., /En) - &,

\IJ(Z)(Q) = ( €0,y .., \/a) Q- ey corresponding to conservation of momentum
TE(Q) = (\feg,...,/en) Q- &,

\11(4)(ﬂ) = (egy...,€n) corresponding to conservation of energy

The following theorem can then be proved following classical methods

Theorem 1.3  The kinetic model (1.66) has the following properties:

lula
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e [t preserves mass, momentum and enerqy, defined by

pr=mAS Ve | fi($)d0,
i=0 Sz
2mA

Pd

U, =

Z/ Q0 ($) d2, (1.74)
ni:O 2
f= T YoV | VIR - UP (@) d

=0 2

e In the non-homogeneous case it yields the usual conservation equations

Opa

“rd A, U) =

pn +V - (paUq) =0,

0

a(ded) + V- (Hd 4+ paUgq ® Ud) =0, (1.75)
) T I

G 5d+§ded +V-lags+ ;U + 5d+§ded Uy| =0,

where

m, = mAZn:x/Qei/ (V26,2 —U) @ (V26,2 — U) £;(2) dQ2
=0 S2
AL . . L
Qg = mTZ*/er/s 1\/26, € — U*(y/2¢; 9 — U) f;(2) dS2
j=0 :

(1.76)

o The Mazwellian equilibrium state 1s defined by the following equivalent con-

ditions
a) (log fo,...,log f) belongs to the space of collisional invariants;
b) f; = Aqexp[y/Bae; By - Q@ — Caei] Aa >0

c) JIE, £]1=0 where t = (fo,..., fn);

e In the spatially homogeneous case the Boltzmann H-functional
H= Z\/Qei/ fi(S2) log £:(92) dS2 (1.77)
i=0 Sz

s such that % < 0 where the equality sign holds if and only if the system
15 1 the Maxwellian equilibrium state.

It can be noticed that the macroscopic quantities defined in (1.74) and (1.76)
related to the discretization are the approximations, through our approximation
procedure, of the corresponding quantities obtained from the continuous Boltzmann
equation.
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The relation between the Maxwellian parameters and the definition of the macro-
scopic observables pg, Uy and &g can be obtained substituting in Eq.(1.74) the
Maxwellian distribution densities. This leads to:

2 n
pa = AmmAGA [ — Z e~%a® ginh \/Bye; |
Bd =0

paUq = M Ze—Cde, (\/ Byge; cosh v/ Bge; — sinh v/ Bdei) ,

Bd =0
U,=By,

1 [2 &
Eq+ —dej =4drmAzA [ — Z e;e” Y% sinh \/ Bge; |
2 Ba i

(1.78)

where the hats denote unit vectors. As for discrete models, the map
F : (pda Uda ﬂda gd) — (Ada Bda Bda Cd)

represented by (1.78) is one-to-one, even though, differently from the continuous
case, the inversion cannot be in general performed in terms of elementary functions.
Here the subscript d stresses precisely the fact that the macroscopic observables are
computed from the discretized model, and that the Maxwellian parameters are not
those of Eq.(1.25) but are related to such a discretized kinetic model.

In particular, given By and Cy, the quantities Uy and £4/pq are expressed by

n

Z e—Cdel(\/Bdei cosh \/Bye; — sinh \/%)

Ua = Bid = m :
Z e~ 4% ginh \/%
n i=0 (1.79)
2 Z e;e”%4% ginh \/%
24 43 = =0
pe Ze‘cde’sinh\/%
i=0

If the dimensionless values Ed = «/%Ud, and éd = C’de are introduced, for
any given 7 they are determined by the system

Z 6_5‘15?/2[56552' cosh Edéi — (Ed + 1) sinh Ed(gz] =0
i=0
(1.80)

n

S -l (e . 5) sinh Byé; = 0
T

i=0

lula
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However, for not too small values of n, we have Ed RS éd /s r, as 1s the case for
continuous models. Moreover, using the values obtained from(1.80), or setting By =
Cyq = r, makes a very little difference -or no difference at all- in the identification
of the discretization parameter n through the procedure described below.

If one writes the Euler equations related to the kinetic model (1.66), equations
similar to (1.34) are found, where the macroscopic observables are replaced by their
discretized version, and where ¢, and ¢, are expressed by

n

Z e_cd(e’-l_ej)[(Bdei + Q)SZ'Sj — Bd«/eiej CiCj — \/ Bdei CZ'Sj]
el = L= . (1.81)

[Z e_cde’(\/ Bge; ¢; — Sl)]

i=0

n

S0 emCeletd (e — o) e eis
7,7=0

53 = - 5 BavBg—1, (1.82)
2 [Z e_cde’(\/ Bge; ¢; — Sl)]

i=0

where ¢; = cosh/Bge; and s; = sinh /Bge;.

With respect to the spurious terms ¢, and ¢4 encountered in Section 3, when
limiting the range of allowed energies, ¢4 and 63 present a new contribution related
to the discretization of the interval [F in n + 1 subintervals and to the introduction
of the mid-point rule which brings an error of order A?. Actually, the constant
of proportionality could be explicitly written down, but it is useless, since what
matters is the overall magnitude of the spurious terms, which is expressed by (1.81)
and (1.82), rather than some information on the last discretization step.

Once gp and Z,, have been chosen, together with the desired accuracy g, for
this discretization, and the discretization interval has been identified by the values
ey and €, given by (1.51) and (1.52), respectively, one can set n (which will be
of order 1/4/%,) so that the overall discretization terms defined in Eqs.(1.81) and
(1.82) are both smaller than € = gy + Z,,, + &, that is

-~ o~ d _
Ed(em,eM,n) e/ max{|e?], |6f1l|} <E.
The results of such a procedure are reported in Table 3 where the value of n deter-

mined for different values of r and accuracy € with gyy =&, =&, = % is reported.

The number of discrete energies needed to keep the spurious terms below a
moderate magnitude is quite small, but rapidly grows if greater accuracy is required.
In Table 4, the same thing is repeated with the values of €3 given in Table 1, and
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g=10"Y £=10"? £=10"% z=10""
r=10 2 14 52 238
r=1 7 10 250 1451
r=0.1 5 9 263 1531

Table 1.3 Values of n at different values of r, such that the spurious terms defined in (1.81)

and (1.82) are definitely smaller than the given accuracy . The values of €y and €, are those
obtained in Tables 1 and 2, corresponding to gy = &y, = & = % In those cases in which any

value of €, < 0.5 gave a contribution smaller that /3 the value g,, = 0.5 has been fixed.

=107 £=10"2 £=10"3 =z=10""
r=10 5 17 70 344
r=1 5 9 391 2208
r=0.1 5 9 411 2330

Table 1.4 Values of n at different values of r, such that the spurious terms defined in (1.81) and
(1.82) are definitely smaller than the given accuracy £. The values of s are those obtained in
Table 1, while €, is always set to zero.

with €, = 0. In this way the effects of the presence of a non-vanishing ¢,, are
evidenced. In our opinion, to take €, # 0 is worthwhile only for very small
while the faster decay of the contribution related to the choice of €, makes the
possibility of setting £, > Ex might be of interest.

The values reported in Tables 3 and 4 are computed starting from large values of
n, which, of course, yield an overall magnitude of the spurious terms £ ~s 2, +Z s,
and reporting the value for which the value Z is achieved. However, it should be
noticed that the terms due to the three steps of the discretization often do not have
the same sign. Therefore, for given €, and €y, it is possible to find much smaller
values of n for which the overall magnitude e practically vanishes. This behavior
is evidentiated in Fig. 4 where the cusps in the log scales locate the change of sign.
Tipically, €? is negative for very large values of n. Decreasing n, €4 becomes positive
first, and then negative again at very small values of n. In this last case, because
of the poor resolution, the change of sign may generate in the log-scale plot an
abrupt change of slope. An example of smaller values of n yielding a given overall
magnitude of ¢ is reported in Table 5. The difference is particularly relevant for
smaller values of the spurious terms.

We conclude that very few discrete energies are needed to keep the magnitude of
the spurious terms moderately low (£ ~ 1072). Furthermore, even fewer energies are
needed to control the spurious term in the momentum equation, since its magnitude
is one order smaller, e.g. €, =0, €3 = 16 and n = 9 would give € ~v 1073,
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0.1F
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0.0001 i
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n

Fig. 1.4 Plot of ¢ as a function of n for em = 0, eayr = 17.49, and r = 0.1. The non regular
minima correspond to change of sign in ?. Notice the asymptotic behaviour towards the value
gy =Ep = %10_3 determined when R is substituted with [0,17.49].

g=10"" =102 g=10"3 g=10"%

r=10 || (0,2.1,5) (0.39,2.3,7) (0.3,2.46,15) (0.21, 2.63, 33)
r=1 || (0,4.7,5) (0.1,5.4,9) (0.35,5.92,22) (0.27, 6.45, 72)
r=0.1 || (0, 14, 5) (0, 16, 9) (0.71,17.5,13) (0.5, 19.1, 208)

Table 1.5 Ezamples of values of (€m,€n,n) with n smaller than the value reported in Table 4
and which yield the desired overall magnitude of the spurious terms.

From the application viewpoint, it seems that the method is more efficient for
higher values of v, 1.e. when the kinetic energy i1s much larger than the internal
energy. Some flexibility can be obtained by adjusting the various contributions to
the overall error # (e.g. changing €37). However,already from Table 1 it can be
seen that the extrema of the energy interval weakly depend on slight changes of £y
and €. In addition, changing slightly the energy interval influences the numerical
complexity only through the possible increase in the number n of energy levels. The
important thing is to keep this number low. For this reason, it seems better to allow
a larger error contribution to the error directly related to the discretization than to
the one related to the identification of the energy interval.
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1.6 Energy Formulation of the Collision Dynamics

To conclude the description of our model, we must express the collision dynamics
in terms of the particles’ energy per unit mass e, and velocity direction. For the
sake of simplicity, we drop the index referring to the energy discretization.

The pre- and post-collisional energies denoted respectively by (e, e.) and (¢', €,
are related through energy conservation (1.7), while the pre- and post-collisional
directions, denoted respectively by (fl, fl*) and (Q’, ﬂ;), are related through the
conservation of momentum, and are given, up to a scattering angle, by

@ = (V4 e+ VE-SE)
2Ve'
@ = (Vi e - VE-Sg)
2./€l
where g’ € Sg, and S is defined in (1.8).

To clarify the relation between the incoming and the outgoing velocity direction,

refer to Figure 2 and decompose the direction of the pre- and post-collisional relative

velocities g and g’ as

= cos pR +sin geg , (1.83)

>

= cosp'R+sinp'ey

where the unit vectors eég and é, are orthogonal to R = R/R and belong respec-
tively to the plane containing the pre- and post-collisional directions.

The expression of the angles ¢ € [0, 7] and ¢’ € [0, 7] in (1.83) formed by g and
R and by g’ and R respectively is given by

R 2(ex —e) E— 2e¢ 4ee, — S?

cosp = g-R= R = NI = sinp= o7 g (1.84)
o5 2 =€ 2¢/ — B , dete! — S2
CcOS Sp/ = g/ . = (6 6*) = c — sin QD/ = 66*7 (185)

gR VE?2 - 52 B2 52

while the unit vector &%, can, for instance, be defined by

2e + S)\/2e, 2 —(2e, + S)V/2e9 Qx Q. B .
(2 + 5)v2e (2e. + 5)vze cosﬂ—I—AxiAsmﬁ if Q £ +0,;
R/4dee, — 5? | x Q.|
& = wcosﬁ—l— AX? sind  if Q = Q. £ ey
| x &, | x ey,
ol CLELT)LL OSSR LILL RN RV I S
122 x ey |2 xey|

(1.86)
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The angle ¥ € [0, 27) appearing in (1.86) is the angle formed by the pre- and post-
collisional plane and is not determined by the conservation laws. In conclusion, the
outgoing velocity directions can be written as

N dele! — S2
¢ e
[

(1.87)

. \/46/6;—52A 26 —I—S

From Eq.(1.5) and Figure 2, it is evident that, as g’ runs over Sy, the post-
collisional velocities v/ and v, span the surface of the sphere centered in R/2 with
diameter equal to the modulus of the relative velocity g. Furthermore, for any g’
the post-collisional velocities point at two antipodal points. More in detail, if the
polar axis of the unit sphere is set along R, one of the post-collisional velocities
runs, with varying ¢, over a given northern parallel and the other over the relative
southern parallel (at the antipodes). The other angle defining g’, the colatitude ¢/,
determines through (1.85) the energy of the outgoing particle.

As i1s well known, the scattering cross section is a function of the modulus of
the relative velocity and of the deflection angle o € [0, ] formed by the pre- and
post-collisional relative velocities, which can be written as

y=cosa=g- g =cospcosy +sinpsing cosd = (1.88)

1 ' / 5 A 9 e'el, S A e
m{(e*—e)(e —6*)+4ee*¢[1—(ﬂ~ﬂ*) ] [ee* — (2 9) ]cosﬁ}.

Note that + is an even function of Q- ﬂ* and of ¥, and observe that

'y(e*,e,e;,ﬂ* ~Q,79) 'y(e,e*,e/,ﬂ . Q*,ﬂ) , (1.89)
NN

(e el e, Q. —V) = 'y(e,e*,e/,ﬂ~ﬂ*,79) ,

which means that the deflection angle is symmetric under the exchange of the roles
of the field and test particles. These properties were used in the proof of Theorem
1.2.

1.7 Concluding remarks

This chapter has presented a kinetic model based on a discretization procedure
of the Bolzmann equation written in the energy formulation, in which particles
take a discrete number of equidistributed energies, and which has the property to
automatically preserve mass, momentum, and energy without giving rise to spurious
collision invariants.
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One of the advantages of the discretization of the velocity space in a particular
sequence of spherical shells is that for given pre-collisional energies; conservation
of energy is satisfied naturally. Then, conservation of momentum for fixed pre-
collisional velocities and post-collisional energies restricts the post-collisional veloc-
ities to given (symmetric) parallels of the sphere with polar axis along the collision
momentum R, with center in R/2, and with diameter equal to the modulus of the
relative velocity.

In place of the five-fold collision integral over an infinite domain, the discretized
model is characterized by a collision term which consists of a sum of integrals over
finite domains, namely the cartesian product of a unit circle and the portion of the
unit sphere between two parallels symmetric with respect to the equatorial plane
perpendicular to the velocity of the field particle, it is known [22] that the quadrature
rules for periodic functions or for functions over spheres have a faster convergence.
Therefore the collision step of the splitting algorithm can be performed with good
precision and small computational effort.

Deriving the model via a controllable approximation procedure makes it possible
to obtain estimates on the “distance” between the discretized collision operator and
the continuous Boltzmann equation, i.e. consistency of the quadrature rule. Finally,
the fluid dynamic limit related to the discretized Boltzmann equation tends rapidly
towards the usual Fuler equations with an isotropic pressure tensor and vanishing
heat flux, when the number of energies tends to infinity and the discretization
interval tends to IRy. Actually, the evaluation of the magnitude of the spurious
terms yields itself a procedure to set the discretized energies.

This procedure could be developed refining the interpolation step described in
Section 4. In fact, in the model described in this chapter the distribution function
is approximated by a piecewise constant function leading to a quadrature rule with
a rate of convergence of the order of 1/n?. This is a rather rough approximation
that can be improved using for instance, basic interpolants that span more than
one energy interval.

A possibility is to use cubic splines y;(e) with support also in the neighbouring
intervals, i.e. in f;_1 U Il; U [l;11. The structure of the model would still be similar
to (1.66) with two extra summations related to the integration of x;(e) over the
intervals F;4+7. The numerical complessity would then remain the same, but the
fact that the distribution function would be approximated with a cubic spline (i.e.
a piecewise C? function rather than a piecewise constant function) would lead to a
faster rate of convergence and therefore to the possibility of using fewer nodes to
achieve the same accuracy. However, the exact form of the discretized collision
operator depends on how the interpolation at the extrema of the finite energy
interval is performed. As stress throughout the chapter this step has to be done
with care, in order to preserve the conservation laws and the other properties that
characterize the Boltzmann equation.
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