
February 17, 2002 14:24 WorldScienti�c/ws lulaChapter 1Conservative Discretization of theBoltzmann Equation and theSemicontinuous ModelL. Preziosi and L. RondoniDip. Matematica - Politecnico di Torino - Italypreziosi@polito.it rondoni@calvino.polito.it1.1 IntroductionThe Boltzmann equation provides an accurate description of the behavior of a rar-e�ed gas. Unfortunately, it is very hard to numerically exploit all its capabilitiesand all the physical information it contains.This is essentially related to the structure of the collision term, a �ve-fold in-tegral which is very expensive to compute. Furthermore, this term needs to beevaluated with great precision, because all the mechanical properties characterizingparticle collisions, e.g. conservation of mass, momentum, and energy, are includedin it. A lack of conservation, even very small, may lead to serious consequences onthe integration of the equation. For this reason the deduction of intrinsically con-servative models results particularly important. On the other hand, as addressedin the chapter by Cercignani, in deducing discretized models one should avoid theappearence of spurious collision invariants, which is characteristic of many discretevelocity models and discretization procedures.For this reason, in some numerical schemes proposed in the literature to integratethe Boltzmann equation the solution is suitably corrected at each time step inorder to preserve mass, momentum and energy (see for instance [1, 2]). In thelast decade some attention has been paid to the identi�cation of discretizationprocedures that lead to models possessing most of the properties characteristic of theBoltzmann equation, namely, conservation of mass, momentum, and energy, validityof an H-theorem, and stationary states described by a Gaussian distribution. Mostof the papers [3{10] deal with a discretization of the velocity space in a uniformcubic lattice, as described more in detail in other chapters of this volume. Anotherapproach consists in uniformly discretizing the energy space, corresponding to a1



February 17, 2002 14:24 WorldScienti�c/ws lula2 Conservative Discretization of the Boltzmann Equation and the Semicontinuous Modeldiscretization of the velocity space in an ensemble of spheres.The idea of a polar discretization, already present in [11{13] has been devel-oped in [14] where the de�nition of a suitable discretization of particles speeds andthe introduction of a suitable interpolation procedure allows to deduce a model inwhich the collision operator is a sum of integrals over �nite domains. These arethe cartesian products of a unit circle and the portion of the unit sphere betweentwo parallels symmetric with respect to the equatorial plane perpendicular to thevelocity of the �eld particle. One can then exploit the fact that integration overspherical domains can be performed with good precision and small computationale�ort. The resulting kinetic model preserves all the mentioned physical properties.The same characteristics are enjoyed by the model deduced in [15] where particlevelocities are de�ned through their energy and velocity direction, the range of al-lowed energies is subdivided in intervals of equal width, and a stepwise interpolationis introduced. The main point addressed in this paper is the identi�cation of theparameters involved in the discretization. This is based on the criterion that thespurious terms, which are present in the Euler equations related to the discretizedmodels, are as small as requested by the application. The model has then been gen-eralized by Koller and Sch�urrer [16{18] to handle gas mixtures, inelastic collisions,chemical reactions and photon excitation (see also the chapters by the Authors inthis volume.)In this chapter a particular attention is paid to the formulation in terms of energyand velocity direction, and to the consequences of each step of the discretizationprocedure. In particular the discretization procedure is divided in two main steps:1) the de�nition of a limited subset of the velocity space containing all allowedvelocities (Section 3); 2) its discretization (Section 4). In Section 5 it is shown that:� The model preserves mass, momentum and energy;� The modelling procedure is constructive, so that it is possible to obtainestimates on the \distance" between the discretized collision operator andthe continuous Boltzmann operator, i.e. consistency of the quadrature rule.� There exists an H-functional describing trend towards an equilibrium de-scribed by a Gaussian distribution.� The 
uid dynamic limit related to the discretized kinetic model tendsrapidly towards the usual Euler equations with an isotropic pressure ten-sor, and vanishing heat 
ux when the number of allowed energies growsto in�nity and the discretization interval for the particle energies becomesIR+.For the sake of completeness, Section 6 gives the details of the collision dynam-ics in terms of energy and velocity direction. Finally, in Section 7 we draw ourconclusions giving some hints for possible developments.



February 17, 2002 14:24 WorldScienti�c/ws lulaSplitting and Energy Formulation 31.2 Splitting and Energy FormulationIn kinetic theory, the behaviour of a neutral, rare�ed gas is usually describedthrough the evolution of a distribution function, f : [0; T ] � IR3 � IR3 ! IR+,which satis�es the Boltzmann equation@f@t = A(f) +Q(f; f) ; (1.1)where A(f) = �v � rxf ; (1.2)is a linear di�erential operator andQ(f; f) = ZIR3 ZS2 �(
; g)g[f(t;x;v0)f(t;x;v0�)� f(t;x;v)f(t;x;v�)] dĝ0 dv� ;(1.3)is a nonlinear integral operator. In (1.3) �(
; g) is the di�erential cross section,which depends on the interaction potential, 
 = ĝ � ĝ0 is related to the angle betweenthe pre and the post collisional plane, and g is the modulus of the relative velocityg of colliding particles g def= jv� � vj = jv0� � v0j : (1.4)The rule for collision between two particles is expressed by8>>><>>>: v0 = v + (g � n̂)n̂ =R2 +g2 ĝ0 ;v0� = v� � (g � n̂)n̂ =R2 �g2 ĝ0 ; (1.5)where R def= v + v� = v0 + v0� ; (1.6)and n̂ and ĝ0 are unit vectors that span S2. In particular, ĝ0 represents the directionof the relative velocity after collision. In this chapter hatted quantities refer to unitvectors and tilded ones to dimensionless quantities.In the entire chapter, particles are considered as characterized by their energyper unit mass, e = v2=2 (simply named energy for sake of brevity), and by theirvelocity direction 
̂. It is then useful to introduce the following quantitiesE def= e + e� = e0 + e0� ; (1.7)S def= 2pee�
̂ � 
̂� = 2pe0e0�
̂0 � 
̂0� ; (1.8)



February 17, 2002 14:24 WorldScienti�c/ws lula4 Conservative Discretization of the Boltzmann Equation and the Semicontinuous Modelg =p2(E � S) ; R def= jRj =p2(E + S) ; (1.9)which, together with R, are invariant during collision.The description of the collision dynamics using the energy formulation is givenfor sake of completeness in Section 6.The two operators in Eq.(1.1) present problems of di�erent type to be addressedproperly for a correct numerical evaluation. For this reason the so-called \splittingalgorithm", �rst applied by Temam [19] in the study of several evolution problems,like the Broadwell model, results very useful. This method, when applied to theBoltzmann equation, consists in decoupling the collision contributions from the freestreaming ones, and looking for iterative solutions of the following problemsf0n(t = 0) = �f0n(t = 0) = f0 ; (1.10)8>><>>: @fkn@t = Afkn ;fkn(tk) = �fk�1n (tk) ; for k > 0 : (1.11)8>><>>: @ �fkn@t = Q �fkn ;�fkn(tk) = fkn(tk+1) ; for k > 0 : (1.12)The convergence of the algorithm has been proven by Desvillettes and Mischler[20], under the same assumptions used by R.J. DiPerna and P.L. Lions [21] for theirexistence results for the Boltzmann equation.Theorem 1.1 Under assumptions 1 and 2, given below, the sequences fn and�fn converge up to extraction of subsequences to the same nonnegative limit f 2L1([0; T ];L1(IR3 � IR3)) weak-�, and this limit satis�esQ�(f)1 + f 2 L1loc([0; T ]� IR3 � IR3) ; (1.13)and � @@t + v � rx� log(1 + f) = Q(f)1 + f ; (1.14)in the sense of distributions.



February 17, 2002 14:24 WorldScienti�c/ws lulaSplitting and Energy Formulation 5Assumption 1.1 The function B = �(�; �)g is in L1loc(IR3�S2), and depends onlyon g and 
. Moreover, the functionA(g) = ZS2 B(g; 
)dĝ0 ; (1.15)satis�es, for all R > 0,11 + g2 ZBRv A(jg + vj)dv! 0 ; as g !1 ; (1.16)where BRv = fv 2 IR3 : jvj < Rg.Assumption 1.2 The function f0 is such thatZIR6 f0(x;v)�1 + jxj2 + jvj2 + j logf0(x;v)j	dxdv <1 : (1.17)In the following we will focus on the collision step for the splitting algorithm,Eqs.(1.12), mainly for two reasons. On the one hand this step is rather heavy,from a computational viewpoint, because it involves the evaluation of a �ve-foldintegral. On the other hand, the evaluation has to be done with great care andaccuracy because the mechanical properties characterizing particle collisions, e.g.conservation of mass, momentum, and energy, are included in it. Our main concernwill in fact be the link with the conservation equations, classically deduced fromthe moments of the Boltzmann equation8>>>>>>>>><>>>>>>>>>: @�@t +r � (�U) = 0 ;@@t (�U) +r � (� + �U 
U) = 0 ;@@t �E + 12�U2�+r � �q+�U+�E + 12�U2�U� = 0 ; (1.18)where � = mZIR3f(v) dv =m ZIR+ de ZS2 d
̂p2ef(e; 
̂) ; (1.19)is the mass density,U = m� ZIR3vf(v) dv =m� ZIR+ de ZS2 d
̂ 2e
̂ f(e; 
̂) ; (1.20)is the drift velocity, U is its modulus, and bU = U=U its directionE = m2 ZIR3 jv �Uj2 f(v) dv = m2 ZIR+ de ZS2 d
̂ jp2e
̂ �Uj2p2e f(e; 
̂) ; (1.21)



February 17, 2002 14:24 WorldScienti�c/ws lula6 Conservative Discretization of the Boltzmann Equation and the Semicontinuous Modelis the internal energy,� = mZIR3 (v �U)
 (v �U) f(v) dv= m ZIR+ de ZS2 d
̂ �p2e
̂�U�
 �p2e
̂�U�p2e f(e; 
̂) ; (1.22)is the pressure tensor, andq = m2 ZIR3 jv �Uj2 (v �U) f(v) dv= m2 ZIR+ de ZS2 d
̂ ���p2e
̂ �U��� �p2e
̂�U�p2e f(e; 
̂) ; (1.23)is the heat 
ux.The Maxwellian equilibrium, considered as a function of energy and velocitydirection, can be written asf(t;x; e; 
̂) = A exp[pBe Û � 
̂ �Ce] ; (1.24)where the Maxwellian parameters A, B and C are related to the macroscopic ob-servables throughA = �m � 3�4�E�3=2 exp ��3�U24E � ; B = 12 �3�UE �2 and C = 3�2E ; (1.25)An important dimensionless parameter is the following:r def= B2C = 3�U22E ; (1.26)which measures the ratio between kinetic and internal energy. It is also importantto notice explicitly that if the dimensionless parameterseB =rB2 U and eC = CU2 (1.27)are introduced, one has eB = eC = r (1.28)and the Maxwellian distribution can be written asf(t;x; ee; 
̂) = A exp �r�ee Û � 
̂�ee22 �� = �m � 3�4�E�3=2 exp �� r2 �ee
̂ � Û�2� ;(1.29)where ee = p2eU : (1.30)



February 17, 2002 14:24 WorldScienti�c/ws lulaSplitting and Energy Formulation 7The above de�nition of ee is preferred to others characterized by a proportionalitybetween ee and e (e.g. ee = 2e=U2) simply because of the simpli�cations in thefollowing formula (in particular the presence of square roots is minimized).Referring to [14] for further details, one can compute the macroscopic quantities(1.19{1.23) at Maxwellian equilibrium given as in (1.24) in terms of energy andvelocity direction and, in particular, write the pressure tensor and the heat 
ux as� = �(I + ��
̂
 
̂) ; q = �("q � ��)U ; (1.31)where �� = ZIR2+ e�C(e+e0)[(Be + 2)ss0 �pBe cs0 � Bpee0 cc0] de de0ZIR2+ e�C(e+e0)(pBe c� s)s0 de de0 ; (1.32)"q = ZIR2+pBe(e � e0)e�C(e+e0)cs0 de de02"ZIR+ e�Ce(pBe c� s) de#2 B � 1 ; (1.33)and the following abbreviations have been useds = sinhpBe ; c = coshpBe ;s0 = sinhpBe0 ; c0 = coshpBe0 :The Euler equations can then be written in the following form8>>>>>>>>><>>>>>>>>>: @�@t +r � (�U) = 0 ;@@t (�U) +r � [(1 + "�)�U 
U] +r� = 0 ;@@t �E + 12�U2�+r ���(1 + "q)� + E + 12�U2�U� = 0 ; (1.34)where "� = ZIR2+ e�C(e+e0)[(Be + 2)ss0 �pBe cs0 � Bpee0 cc0] de de0"ZIR+ e�Ce(pBe c� s) de#2 : (1.35)The integrals in (1.32, 1.33, 1.35) can be computed analitically, and give �� ="� = "q = 0, corresponding to an isotropic pressure tensor, a vanishing heat 
ux,
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Fig. 1.1 The domain S
̂.and no extra terms in the Euler equations (1.34), as it must be. Obviously, that isnot the case in numerical calculations, as explained in the next sections.1.3 Working in a Finite Energy IntervalIn this section we discuss the e�ect of working with a �nite energy interval. Thediscretization procedure will be addressed in the following section.The very �rst step of any discretization procedure consists in de�ning a limitedsubset of the velocity space containing the allowed velocities. As a consequenceof this step, the two spurious terms in the momentum and energy Euler equations(1.34) related to the Boltzmann equation (one extra pressure tensor, in the form ofa Reynolds stress term, and one extra heat 
ux term, in the form of a pressure) donot vanish any longer.The presence of these terms may be directly related to the introduction of the\boundary" in the velocity space which corresponds to an approximation of theoriginal equations, which breaks the Galilean invariance characteristic both of thecontinuous Boltzmann equation, and of the related Euler equations. To clarify thisstatement, one can consider the viewpoint of the particle which sees (or feels) thisarti�cial boundary as a reference point. Therefore, one cannot expect that the Eulerequations related to any discretization scheme have an isotropic pressure tensor anda vanishing heat 
ux.In this section we give a criterion to identify an interval IE = [em; eM ) such thatthe probability for a particle to have energy outside IE can be neglected.The restriction of the energy range to a �nite interval bears consequences forEq.(1.8), because it leads to a restriction either on the outgoing energy e0, or onthe angle between the incoming directions 
̂ � 
̂�, if the outgoing energies are �xed.This is a well known fact:� Given the incoming energies e, e� and the angle between the incoming
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̂ � 
̂�, the outgoing energies are con�ned inside the intervalIDe0 = �E2 � gR4 ; E2 + gR4 � ; (1.36)symmetrically with respect to its extrema.For the construction of our model, it is useful to look at the same restriction froma di�erent point of view.� Given the incoming energies e and e�, and an outgoing energy e0 smallerthan the largest energy the particle can possibly reach, E = e + e� (e0� isthen determined by the conservation of energy, e0� = E � e0), there is alimited range for the angle between the pre-collisional velocity directionswhich yields the post-collisional energy e0. This can be expressed as:(
̂ � 
̂�)2 � e0e0�ee� :It is then useful to de�ne the domainS
̂ = �
̂� : (
̂ � 
̂�)2 � e0e0�ee� � ; (1.37)which represents either the entire surface of the unit sphere S2, if e0e0� � ee�or, taking 
̂ as polar axis, the part between two parallels symmetric withrespect to the equator, as shown in Fig. 1.In order to understand the consequences of working in a �nite energy interval,let us start with the basic steps of the derivation of the Boltzmann equation. Thechange during the time interval [t; t+ dt] of the number of molecules in the elementdx dv around (x;v) due to collision isJ dv dt dx = dv dt dx�ZIR3�S2 �(
; g)g[f(t;x;v0)f(t;x;v0�)� f(t;x;v)f(t;x;v�)] dĝ0 dv� (1.38)Therefore computing the change due to collisions during the time interval [t; t+ dt]of the number of molecules in the volume element dx around x, having velocitydirection in the element d
̂ around 
̂ and energy in II � IE, one hasZII Jp2e de = ZII p2e de ZIR+ p2e� de� ZS2 d
̂� �� ZS2 dĝ0�(
; g)g[f(v0)f(v0�)� f(p2e
̂)f(p2e�
̂�)] (1.39)In our approach, it is useful to consider the output velocities not as functions ofĝ0 as in (1.5), but as functions of an output energy e0 and of the angle # between
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Fig. 1.2 Collision dynamics. Dashed arrows are in the plane of the �gure which represents thepre-collisional plane. Full arrows refer to the post-collisional quantities which are in the planewhich intersects the plane of the �gure along R and forms with it an angle #.the planes containing the pre- and post-collisional velocities, as described in (1.86)and (1.87) of Section 1.6, so that we can discretize the outgoing energy e0. This alsomeans that in the scattering cross section, 
 will be considered as a known functionof e0 and # through Eq.(1.88), given in Section 1.6.Referring to Fig. 2 (and using Eq.(1.85) of Section 1.6), one can change variablein the surface integral over ĝ0 expressing dĝ0 asdĝ0 = sin'0 d'0 d# = 4gR de0 d# ; (1.40)so that (1.39) can be rewritten asZII Jp2e de = ZII de ZIR+ de� ZS2 d
̂��� ZIDe0 de0 Z 2�0 d#8pee�R �(
; g)[f(v0)f(v0�)� f(p2e
̂)f(p2e�
̂�)] (1.41)where IDe0 is de�ned in (1.36) and depends on e, e� and on 
̂ � 
̂�.In view of the velocity discretization, it is convenient to exchange the integrationsover 
̂� and over e0 in order to group together the integrals over all the energyvariables. In order to do that one has switch from the the post-collisional energiesIDe0 , to the pre-collisional velocity directions S
̂. This allows us to rewrite Eq.(1.41)
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̂) de0 ; (1.42)wherebJ(e; e�; e0; 
̂) def= ZS
̂ d
̂� Z 2�0 d# 8pee�R(e; e�; 
̂ � 
̂�)�(e; e�; e0; 
̂ � 
̂�; #)��[f(e0; 
̂0(e; e�; e0; 
̂; 
̂�; #))f(e0�; 
̂0�(e; e�; e0; 
̂; 
̂�; #))� f(e; 
̂)f(e� ; 
̂�)] ;(1.43)If one only considers collisions with energies in the interval IE = [em; eM ), onecan deduce a kinetic model of the same form as in (1.1) but with the collisionoperator replaceded byQb(f; f) = ZIE de� ZIE0 bJ(e; e�; e0; 
̂) de0 ; (1.44)where IE0 = IE\ [0; e+e�]. For this kinetic model, the conservation equations (1.18)still hold, and the Maxwellians can still be written as in (1.24), but the relationsamong the Maxwellian parameters and the macroscopic observables, computed overthe �nite domain IE � S2, is not as simple as in (1.25).The Euler equations can then be written in the form (1.34) with ��; "� and "qgiven by formulae similar to (1.32), (1.33) and (1.35), in which IR+ is replaced byIE. However, this replacement is not painless because these terms do not vanishany longer and give rise to spurious terms in the Euler equations.In order to see that, take em = 0 �rst, and proceed in terms of the dimensionlessvariables introduced in (1.26) and (1.30): A lenghty calculation gives��(0; eeM ) = 2[N�(eeM ) � eE(eeM )M�(eeM )]D�(eeM )Dq(eeM ) ; (1.45)"�(0;eeM) = 2[N�(eeM )� eE(eeM )M�(eeM )]D2q(eeM ) ; (1.46)"q(0;eeM) = 2[Nq(eeM )� eE(eeM )Mq(eeM )]D2q(eeM ) ; (1.47)



February 17, 2002 14:24 WorldScienti�c/ws lula12 Conservative Discretization of the Boltzmann Equation and the Semicontinuous Modelwhere eeM = p2eM=UN�(ee) = 2e�ree2 [(r + 2) sinh2 ree� (r + 1)ree sinh ree cosh ree � r2ee2] ;M�(ee) = e�ree2=2[(r + 3 + r2ee2) sinh ree � (r + 3)ree cosh ree] ;Nq(ee) = 2e�ree2f[r2 + 4r � 2� (r + 2)r2ee2] sinh2 ree�(r2 + 3r � 4)ree sinh ree cosh ree� (r + 2)r2ee2g ;Mq(ee) = e�ree2=2[r(r + 5)� r2ee2](sinh ree� ree cosh ree) ;D�(ee) = eE(ee)� 2e�ree2=2 sinh ree ;Dq(ee) = r eE(ee)� 2e�ree2=2[(r� 1) sinh ree+ ree cosh ree] ;eE(ee) =r�r2 er=2 �Erf �rr2(1 + ee)�� Erf �rr2(1� ee)��= p2rer=2 Z pr2 (1+ee)p r2 (1�ee) e�w2dw ;and Erf( � ) is the error function. The zero in the argument of �� ; "� , and "qin (1.46{1.47) is due to our choice eem = p2em=U = 0 as the lowest end of thedimensionless interval [0;eeM).The terms in (1.46{1.47) do not vanish, hence the pressure tensor is not isotropic,and the heat 
ux does not vanish either. However, the two spurious terms thusintroduced in the Euler equation go exponentially to zero, as eeM grows. The intro-duction of a lower bound, say eem > 0, gives further contributions to the spuriousterms which go to zero as ee3=2m , when eem tends to zero. In this case ��, "� and "qcan be written as��(eem;eeM) = (1.48)2fN�(eeM ) +N�(eem)� [eE(eeM ) � eE(eem)][M�(eeM ) +M�(eem)] +N 0�(eem; eeM )g[D�(eeM ) �D�(eem)][Dq(eeM )� Dq(eem)]"�(eem; eeM ) = (1.49)2fN�(eeM ) +N�(eem)� [eE(eeM ) � eE(eem)][M�(eeM ) +M�(eem)] +N 0�(eem; eeM )g[Dq(eeM ) �Dq(eem)]2"q(eem;eeM) = (1.50)2fNq(eeM ) +Nq(eem) � [eE(eeM ) � eE(eem)][Mq(eeM ) +Mq(eem)] +N 0q(eem;eeM)g[Dq(eeM ) �Dq(eem)]2whereN 0�(eem; eeM ) = e�r(ee2m+ee2M )=2f�4(r + 2) sinh reem sinh reeM+(r + 1)r[(eem + eeM ) sinh r(eem + eeM )� (eeM � eem) sinh r(eeM � eem)]+r2[(eem + eeM )2 cosh r(eeM � eem)� (eeM � eem)2 cosh r(eeM + eem)]g ;



February 17, 2002 14:24 WorldScienti�c/ws lulaWorking in a Finite Energy Interval 13andN 0q(eem; eeM ) = e�r(ee2m+ee2M )=2 � f�4(r2 + 4r � 2) sinh reem sinh reeM+4(r + 2)r2eemeeM cosh reem cosh reeM + (r2 + 3r � 4)r�[(eem + eeM ) sinh r(eem + eeM ) � (eeM � eem) sinh r(eeM � eem)]+r3[(eem + eeM )2 cosh r(eeM � eem)� (eeM � eem)2 cosh r(eeM + eem)]g :These quantities characterize the magnitude of the spurious terms introducedby the restriction of the velocity space to a sphere or a hollow sphere, and theyprovide us with a tool to control such terms. On these grounds, one may adopt thefollowing procedure to select em and eM :1. Identify the range of internal energy and drift velocity characteristic of the
ow to be described (and therefore the range of dimensionless parameterr);2. Set a desired accuracy " to limit the spurious terms "� (or ��) and "qappearing in the Euler equations (1.34) or in the de�nition of heat 
ux andpressure tensor, and de�ne "m and "M such that "b = "M + "m < " (say,"M = "m = "=3);3. Set eeM so that "� (or ��) and "q in Eqs.(1.46{1.47) have absolute valuesmaller than "M . For instance, for a given r Eq.(1.47) gives "q = "q(0; eeM),which (locally) de�nes eeM = eeqM (0; "q). Therefore we can seteeM = eM ("M ) def= maxfee�M (0; "M ) ; eeqM (0; "M )g ; (1.51)4. Having set eeM according to (1.51), consider eem so that "� (or ��) and "qin Eqs.(1.48{1.50) have absolute value smaller than "b = "m + "M . For in-stance, Eq.(1.50) determines the values of eem which yield "q(eem; eM ("M )) ="m+"M , that is eem = eeqm("m+"M ; "M ). Therefore, if computationally con-venient, one can seteem = em ("m; "M) def= minfee�m ("m + "M ; "M) ; eeqm ("m + "M ; "M )g :(1.52)This procedure is used to plot Figure 3 and to give Tables 1 and 2. In particular,Figure 3 gives "� and "q as a function of eeM at di�erent r, Table 1 gives eM � "3�and Table 2 em � "3 ; "3� at �xed values of r and overall accuracy ":It should be noticed that for physical reasons em should be chosen smaller thanU2=2 and eM larger than U2=2, i.e. eem < 1 and eeM > 1 (recall that em = U2~e2m=2and eM = U2~e2M=2). In Table 2 there are, however, some values of r and " for whichthe contribution associated with any eem < 1 is always less than "=3.Furthermore, except for the very special cases where "q is close to changing sign(say, j"qj < 10�6), "� is always an order of magnitude smaller than "q. Therefore,em and eM are essentially determined by eeqm and eeqM . As a consequence, if themagnitude of the spurious term in the energy equation of (1.34) is not a concern,



February 17, 2002 14:24 WorldScienti�c/ws lula14 Conservative Discretization of the Boltzmann Equation and the Semicontinuous Model" = 10�1 " = 10�2 " = 10�3 " = 10�4"M = 1310�1 "M = 1310�2 "M = 1310�3 "M = 1310�4r=10 2.025 2.265 2.457 2.622r=1 4.603 5.326 5.908 6.410r=0.1 13.53 15.72 17.49 19.03Table 1.1 Values of eM �r; "M = "3 � de�ned in (1.51) at di�erent values of the expected macro-scopic parameter r = 3�U22E , and overall accuracy "." = 10�1 " = 10�2 " = 10�3 " = 10�4"b = 2310�1 "b = 2310�2 "b = 2310�3 "b = 2310�4r=10 0.406 0.208 0.103 0.0482r=1 1.136 0.230 0.104 0.0466r=0.1 2.606 0.684 0.303 0.136Table 1.2 Values of em �r; "m = "3 ; "M = "3 � de�ned in (1.52) at di�erent values of the expectedmacroscopic parameter r = 3�U22E , and of the overall accuracy " ("b = "m+"M = 23 ") and with eMgiven in Table 1. Values above 1 correspond to those cases in which the contribution "b derivingby introducing any non vanishing physically admissible em < 1 is always smaller than required.and one only wants the magnitude of the spurious term in the momentum equationto be smaller than a certain � > 0, even larger values of eem and smaller values ofeeM can be used. Roughly, one can use the values of em and eM reported in Tables1 and 2, which correspond to 10� instead of �. For instance, the choice r = 10,eM = 2:265 gives rise to a spurious term in the momentum equation of order 10�3instead of 10�2.1.4 Energy Discretization and Kinetic ModelOnce the interval IE = [em; eM ) has been identi�ed, so that the probability for aparticle to have energy outside IE is negligible, we adopt a discretization procedurewhich divides IE in n+ 1 subintervals IIi of equal width �:IIi = [em + i�; em + (i + 1)�) ; i = 0; : : : ; n ; (1.53)with � = eM � emn+ 1 : (1.54)Denoting the mid-point energy of the interval IIei = em +�i+ 12�� : (1.55)
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Fig. 1.3 Plots of "� and of "q as a function of eeM at di�erent values of the expected macroscopicparameter r = 3�U22E . The two plots give an indication of the value of the parameter eeM to bechosen, in the discretization, so that the inducedmagnitude of the spurious terms is small enough.it is trivial to check that the following holds:Proposition 1.1 The discretization has the following properties� 8i; j; h s:t: ei+ej�eh 2 IE; 9 k = i+j�h 2 [0; n] s:t: ei+ej�eh = ek;� If em = `� ` 2IN , then 8i; j s:t: ei+ej � eM ; ei+ej = sup IIi+j+`.It need to be mentioned that the condition em = `� does not represent a real re-striction on the choice of IE, since IE can be easily adjusted to satisfy this condition.Remark 1.1 The proposition assures that:a) For any couple of input energies belonging to the discretization, if one ofthe output energies also belongs to the discretization, then either the otheroutput energy belongs to the discretization, or it is outside IE, but, asalready stated, the occurrence of this last case has negligible probability.



February 17, 2002 14:24 WorldScienti�c/ws lula16 Conservative Discretization of the Boltzmann Equation and the Semicontinuous Modelb) If em = `�, then either [em; ei + ej) contains IE, or it is exactly equal tothe union of i + j + `+ 1 subintervals[em; ei + ej) = i+j+`[h=0 IIh : (1.56)This is useful to properly handle the collision operator.The following step consists in considering any function of velocity as a functionof energy and velocity direction, and in approximating its energy dependence in IEby a stepwise interpolation de�ned on the partition IIi. This means that we takeF (v) = F (e; 
̂) � nXi=0 �i(e)Fi(
̂) ; (1.57)where Fi(
̂) = F (ei; 
̂) and �i(e) is the characteristic function of the interval IIi.It is useful to note that ZIIi �j(e) de = ��ij ; (1.58)where �ij is the Kronecker delta. Hence, one can approximate the integral of afunction de�ned in IE asZIE F (e) de � ZIE nXj=0�j(e)Fj de = � nXj=0Fj ; (1.59)with ZIIj F (e) de = �Fj : (1.60)The quadrature rule (1.59) is nothing else but the mid-point rule which gives anerror that goes to zero as �2.If we approximate the energy dependence of the Boltzmann one-particle distri-bution function using the stepwise interpolation, we can write (1.42) asZIIi Jp2e de � nXh;j=0ZIIi �h(e) deZIR+�j(e�) de� Z eh+ej0 bJ(eh; ej; e0; 
̂) de0; (1.61)where we have chosen II = IIi: Using (1.58, 1.59) we haveZIIi Jp2e de � nXh;j=0ZIIi �h(e) deZIR+�j(e�) de� Z eh+em bJ(eh; ej ; e0; 
̂) de0= �2 nXj=0 Z e+em bJ(ei; ej; e0; 
̂) de0 ; (1.62)



February 17, 2002 14:24 WorldScienti�c/ws lulaEnergy Discretization and Kinetic Model 17where eh+ = minfeh + ej ; eMg and e+ = minfei + ej; eMg.Recalling Remark 1.1, and because of Proposition 1.1, the interval of integrationover e0 either results equal to IE, or is the union of i+ j + `+ 1 subintervals of thepartition, that is e+ = sup IIh+ ; h+ = minfi+ j + `; ng : (1.63)Discretizing also e0 in the same fashion, givesZIIi Jp2e de � �2 nXj=0 Z e+em nXh=0�h(e0) de0 bJ(ei; ej; eh; 
̂)= �3 nXj=0 h+Xh=0 bJ(ei; ej; eh; 
̂) : (1.64)For consistency, one has to neglect the collisions with ek = ei + ej � eh outsideIE. This allows us to write the sum over the index h related to an output particlein a more symmetrical wayZIIi Jp2e de � �3 nXj=0 nXh;k=0h+k=i+j bJ(ei; ej ; eh; 
̂) : (1.65)Using the same procedure on the left hand side and equating gives@fi@t =4�2 nXj=0p2ej (1.66)� nXh;k=0h+k=i+j Z 2�0 d# ZS
̂(ei;ej ;eh) d
̂� �hkij (
̂ � 
̂�; #)Rij(
̂ � 
̂�) (f 0hf 0�k � fif�j) ;where fi = fi(
̂) = f(p2ei
̂) ;f�j = fj(
̂�) = f(p2ej
̂�) ;f 0h = fh(
̂0hkij (
̂; 
̂�; #)) = f(p2eh
̂0(ei; ej; eh; 
̂; 
̂�; #)) ;f 0�k = fk(
̂0hk�ij (
̂; 
̂�; #)) = f(p2ek
̂0�(ei; ej; eh; 
̂; 
̂�; #)) ;and where �hkij , Rij, 
̂0hkij and 
̂0hk�ij are respectively the di�erential cross section(see also (1.88)), the collision momentum, and the post-collisional directions, whichwill be given in (1.87) for e = ei, e� = ej , e0 = eh and e0� = ek.Remark 1.2 The integrand in (1.66) presents a denominator which vanishes inthe case of head-on collisions, ei = ej, 
̂ = �
̂�, i.e. for R = 0. Thus, we have to
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̂ as polar axis in the integration over S
̂, one has thatp2ei d
̂�Rii(
̂ � 
̂�) = sin � d� d�q2(1 + 
̂ � 
̂�) = sin �2 cos �2q1+cos�2 d� d� = sin �2 d� d� ;where � is the longitude and � the colatitude (cos � = 
̂ � 
̂�), because ei = ej.Therefore there is no singularity as � goes to �.1.5 Conservation and Euler Equations for the Discretized ModelBefore deducing the conservation equations and the Euler equations for the dis-cretized model (1.66) it is useful to introduce the following preliminary de�nitionsDe�nition 1.1 Given a regular function of energy and velocity direction �(e; 
̂),its restriction to the sequence of energies ei de�nes the vector function�(
̂) = (�0(
̂); : : : ;�n(
̂)) with �i(
̂) = �(ei; 
̂) ; i = 0; : : : ; n :We say that � is a collisional invariant if< � ; J >def= nXi=0p2ei ZS2 �i(
̂)Ji(
̂) d
̂ = 0 ; 8fi � 0; (1.67)where J = (J0; : : : ; Jn) is the collision operator de�ned by the right hand side ofEq.(1.66).According to the discussion of Section 4, the following can be proved:Theorem 1.2 The following statements are equivalent:a) � is a collisional invariant;b) �i(
̂) = ad+pei bd �
̂�cdei, i = 0; : : : ; n, 
̂ 2 S2 for all values of ad ; bdand cd independent of i and 
̂.PROOF: The proof consists in proving the equivalence of both b) and a) to thefollowing intermediate statementc) 8i; j; h; k = 0; : : : ; n and 8
̂; 
̂�; 
̂0; 
̂0� 2 S2 such thatei + ej = eh + ek and pei
̂+pej
̂� = peh
̂0 +pek
̂0�=) �i(
̂) + �j(
̂�) = �h(
̂0) + �k(
̂0�)
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̂ d
̂ d
̂� "peiej �ij(
̂ � 
̂�; #)Rij(
̂ � 
̂�) (f 0hf 0�k � fif�j)#�i(
̂ ) ;where S
̂ = S
̂(ei; ej; eh).The integration domain S2 � S
̂, the summation and the term in the squarebrackets are invariants with respect to the exchangespei
̂ !pej
̂� ; peh
̂0  !pek
̂0� :Then, separating the gain from the loss contributions, i.e. writing< � ; J >=< � ; G > � < � ; L > ;one obtains< � ; L >= 4�2 nXi;j;h;k=0h+k=i+j Z 2�0 d# ZS2�S
̂ d
̂ d
̂��"peiej �ij(
̂ � 
̂�; #)Rij(
̂ � 
̂�) fi(
̂)fj(
̂ �)# h�i(
̂ ) + �j(
̂ �)i ; (1.68)< � ; G >= 4�2 nXi;j;h;k=0h+k=i+j Z 2�0 d# ZS2�S
̂ d
̂ d
̂��"peiej �ij(
̂ � 
̂�; #)Rij(
̂ � 
̂�) fh(
̂0)fk(
̂0 �)# h�i(
̂ ) + �j(
̂ �)i ; (1.69)The second step is to make the substitutionsi! h ; j ! k ; 
̂ ! 
̂0 ; and 
̂� ! 
̂0� ;in Eq.(1.69). Then, recalling that in [14] it was proved that for �xed incomingenergies ei and ej, and outgoing energies eh and ek compatible with conservationof energy, and for a �xed angle # between the pre- and post-collisional plane, theJacobian of the transformation �
̂0; 
̂0�� ! �
̂; 
̂��given by the conservation ofmomentum is @ �
̂0; 
̂0��@ �
̂; 
̂�� =r eiejehek :This allows us to transform the integral over (
̂ 0; 
̂ 0�) 2 S2 � S
̂ into an integralover (
̂ ; 
̂ �) 2 S2 � S
̂, so that we can write
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̂ d
̂ d
̂��"peiej �ij(
̂ � 
̂�; #)Rij(
̂ � 
̂�) fi(
̂)fj(
̂ �)# h�h(
̂0 ) + �k(
̂0� ) ��i(
̂ )��j(
̂ �)iBecause the �hkij are positive in the domain of integration for all admissible collisions,we obtain:< � ; J >= 0 () �h(
̂0 ) + �k(
̂0� ) ��i(
̂ )��j(
̂ �) = 0 ;which is the desired equivalence.c), b) We denote respectively by Mb and Mc the linear spaces of the vectorfunctions e�(
̂) = (�0(
̂); : : : ;�n(
̂)) verifying the conditions b) and c).It is evident from the de�nitions of b) and c) thatMb �Mc, that is the modelpreserves mass, momentum and energy. We need to prove thatMc �Mb meaningthat there are no spurious invariants.In order to do that we express Mc (and consequently Mb) as the direct sumMc =M�c �M0c, so that:e�(
̂) 2Mc =) � = �� +	 where �� 2 M�c ; 	 2 M0c ;with ��i= 14� ZS2 �i(
̂) d
̂ ; (1.70)ZS2 	i(
̂) d
̂ = 0 ; (1.71)for all i = 0; : : : ; n.Consequently, one hasMb =M�b �M0b where�� 2 M�b () ��i = ad � cdei i = 0; : : : ; n ;	(
̂) 2M0b () 	�i = pei
̂ � bd = peiL(
̂) i = 0; : : : ; n :The proof of the implicationM0c � M0b is similar to the proof concerning theplanar semicontinuous model given in [11] (pag.119{120) for two velocity modulionly, and extended in [12] (pag. 74{76) to any number of velocity moduli. Followingthe line of argument given there one can prove that for any 	(
̂) verifying (1.71)and the following condition
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̂; 
̂�; 
̂0; 
̂0� 2 S2 \� s:t:ei + ej = eh + ek and pei
̂+pej
̂� = peh
̂0 +pek
̂0�=) �i(
̂) + �j(
̂�) = �h(
̂0) + �k(
̂0�)where � is any collisional plane one has	�i = pei L(
̂) i = 0; : : : ; n : (1.72)This means that the linear space M0c0 de�ned by c0) is such that M0c0 � M0b.Keeping into account the arbitrarity of the collisional plane � and that c) ) c0)(that is,M0c �M0c0) it necessarily follows thatM0c �M0b.It remains to verify thatM�c �M�b . Keeping into account that the elements ofM�c are independent of 
̂, from c) it follows that�� 2M�c =) ��i +��j = ��h +��k where i+ j = h+ k : (1.73)Equation (1.73) yields n � 1 linearly independent relations between the n + 1components of ��. There exist then ad; cd 2 IR such that8i = 0; : : : ; n ��i = ad � cdei ;that is,M�c �M�b , which ends the proof of the equivalence of b) and c). |Remark 1.3 This theorem not only guarantees the conservation of mass, momen-tum and energy for the discretized model (1.66), but also excludes the existence ofspurious collisional invariants with no physical meaning.The spaceM of collisional invariants is then spanned by the basis8>>>>><>>>>>: 	(0)(
̂) = (1; : : : ; 1) corresponding to conservation of mass	(1)(
̂) = �pe0; : : : ;pen� 
̂ � êx	(2)(
̂) = �pe0; : : : ;pen� 
̂ � êy	(3)(
̂) = �pe0; : : : ;pen� 
̂ � êz 9>=>; corresponding to conservation of momentum	(4)(
̂) = (e0; : : : ; en) corresponding to conservation of energyThe following theorem can then be proved following classical methodsTheorem 1.3 The kinetic model (1.66) has the following properties:
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̂) d
̂ ;Ud = 2m��d nXi=0 eiZS2 
̂fi(
̂) d
̂ ;Ed = m�2 nXi=0p2eiZS2 jp2ei
̂ �Uj2fi(
̂) d
̂ ; (1.74)� In the non-homogeneous case it yields the usual conservation equations8>>>>>>>>><>>>>>>>>>: @�d@t +r � (�dUd) = 0 ;@@t (�dUd) +r � (�d + �dUd 
Ud) = 0 ;@@t �Ed + 12�dU2d�+r � �qd +�dUd + �Ed + 12�dU2d�Ud� = 0 ; (1.75)where�d = m� nXi=0p2eiZS2 (p2ei
̂ �U)
 (p2ei
̂�U)fi(
̂) d
̂ ;qd = m�2 nXj=0p2ejZS2 jp2ej
̂�Uj2(p2ej
̂ �U)fj(
̂) d
̂ ; (1.76)� The Maxwellian equilibrium state is de�ned by the following equivalent con-ditionsa) (logf0; : : : ; logfn) belongs to the space of collisional invariants;b) fi = Ad exp[pBdei B̂d � 
̂� Cdei] ; Ad > 0 ;c) J[f ; f ] = 0 where f = (f0; : : : ; fn);� In the spatially homogeneous case the Boltzmann H{functionalH = nXi=0p2eiZS2fi(
̂) log fi(
̂) d
̂ ; (1.77)is such that dHdt � 0 where the equality sign holds if and only if the systemis in the Maxwellian equilibrium state.It can be noticed that the macroscopic quantities de�ned in (1.74) and (1.76)related to the discretization are the approximations, through our approximationprocedure, of the corresponding quantities obtained from the continuous Boltzmannequation.



February 17, 2002 14:24 WorldScienti�c/ws lulaConservation and Euler Equations for the Discretized Model 23The relation between the Maxwellian parameters and the de�nition of the macro-scopic observables �d, Ud and Ed can be obtained substituting in Eq.(1.74) theMaxwellian distribution densities. This leads to:�d = 4�mAd�r 2Bd nXi=0 e�Cdei sinhpBdei ;�dUd = 8�mAd�Bd nXi=0 e�Cdei �pBdei coshpBdei � sinhpBdei� ;Ûd = B̂d ;Ed + 12�dU2d = 4�mAd�r 2Bd nXi=0 eie�Cdei sinhpBdei ; (1.78)where the hats denote unit vectors. As for discrete models, the mapF : (�d; Ud; Ûd; Ed) �! (Ad; Bd; B̂d; Cd)represented by (1.78) is one-to-one, even though, di�erently from the continuouscase, the inversion cannot be in general performed in terms of elementary functions.Here the subscript d stresses precisely the fact that the macroscopic observables arecomputed from the discretized model, and that the Maxwellian parameters are notthose of Eq.(1.25) but are related to such a discretized kinetic model.In particular, given Bd and Cd, the quantities Ud and Ed=�d are expressed byUd =r 2Bd nXi=0 e�Cdei(pBdei coshpBdei � sinhpBdei)nXi=0 e�Cdei sinhpBdei ;2Ed�d + U2d = 2 nXi=0 eie�Cdei sinhpBdeinXi=0 e�Cdei sinhpBdei : (1.79)If the dimensionless values eBd = qBd2 Ud, and eCd = CdU2d are introduced, forany given r they are determined by the system8>>>>>><>>>>>>: nXi=0 e�eCd~e2i=2[ eBd~ei cosh eBd~ei � ( eBd + 1) sinh eBd~ei] = 0nXi=0 e�eCd~e2i=2�~ei � 1� 3r� sinh eBd~ei = 0 (1.80)



February 17, 2002 14:24 WorldScienti�c/ws lula24 Conservative Discretization of the Boltzmann Equation and the Semicontinuous ModelHowever, for not too small values of n, we have eBd � eCd � r, as is the case forcontinuous models. Moreover, using the values obtained from(1.80), or setting eBd =eCd = r, makes a very little di�erence -or no di�erence at all- in the identi�cationof the discretization parameter n through the procedure described below.If one writes the Euler equations related to the kinetic model (1.66), equationssimilar to (1.34) are found, where the macroscopic observables are replaced by theirdiscretized version, and where "� and "q are expressed by"d� = nXi;j=0 e�Cd(ei+ej)[(Bdei + 2)sisj � Bdpeiej cicj �pBdei cisj ]" nXi=0 e�Cdei(pBdei ci � si)#2 ; (1.81)"dq = nXi;j=0 e�Cd(ei+ej)(ei � ej)pei cisj2" nXi=0 e�Cdei(pBdei ci � si)#2 BdpBd � 1 ; (1.82)where ci = coshpBdei and si = sinhpBdei:With respect to the spurious terms "� and "q encountered in Section 3, whenlimiting the range of allowed energies, "d� and "dq present a new contribution relatedto the discretization of the interval IE in n+1 subintervals and to the introductionof the mid-point rule which brings an error of order �2. Actually, the constantof proportionality could be explicitly written down, but it is useless, since whatmatters is the overall magnitude of the spurious terms, which is expressed by (1.81)and (1.82), rather than some information on the last discretization step.Once "M and "m have been chosen, together with the desired accuracy "n forthis discretization, and the discretization interval has been identi�ed by the valueseM and em given by (1.51) and (1.52), respectively, one can set n (which will beof order 1=p "n) so that the overall discretization terms de�ned in Eqs.(1.81) and(1.82) are both smaller than " = "M + "m + "n, that is"d(eem; eeM ; n) def= maxfj"d�j; j"dqjg < " :The results of such a procedure are reported in Table 3 where the value of n deter-mined for di�erent values of r and accuracy " with "M = "m = "n = "3 is reported.The number of discrete energies needed to keep the spurious terms below amoderate magnitude is quite small, but rapidly grows if greater accuracy is required.In Table 4, the same thing is repeated with the values of eeM given in Table 1, and



February 17, 2002 14:24 WorldScienti�c/ws lulaConservation and Euler Equations for the Discretized Model 25" = 10�1 " = 10�2 " = 10�3 " = 10�4r=10 2 14 52 238r=1 7 10 250 1451r=0.1 5 9 263 1531Table 1.3 Values of n at di�erent values of r, such that the spurious terms de�ned in (1.81)and (1.82) are de�nitely smaller than the given accuracy ". The values of eM and em are thoseobtained in Tables 1 and 2, corresponding to "M = "m = "n = "3 . In those cases in which anyvalue of em � 0:5 gave a contribution smaller that "=3 the value em = 0:5 has been �xed." = 10�1 " = 10�2 " = 10�3 " = 10�4r=10 5 17 70 344r=1 5 9 391 2208r=0.1 5 9 411 2330Table 1.4 Values of n at di�erent values of r, such that the spurious terms de�ned in (1.81) and(1.82) are de�nitely smaller than the given accuracy ". The values of eM are those obtained inTable 1, while em is always set to zero.with eem = 0. In this way the e�ects of the presence of a non-vanishing eem areevidenced. In our opinion, to take eem 6= 0 is worthwhile only for very small ",while the faster decay of the contribution related to the choice of eeM , makes thepossibility of setting "n > "M might be of interest.The values reported in Tables 3 and 4 are computed starting from large values ofn, which, of course, yield an overall magnitude of the spurious terms "d � "m+ "M ,and reporting the value for which the value " is achieved. However, it should benoticed that the terms due to the three steps of the discretization often do not havethe same sign. Therefore, for given eem and eeM , it is possible to �nd much smallervalues of n for which the overall magnitude "d practically vanishes. This behavioris evidentiated in Fig. 4 where the cusps in the log scales locate the change of sign.Tipically, "d is negative for very large values of n. Decreasing n, "d becomes positive�rst, and then negative again at very small values of n. In this last case, becauseof the poor resolution, the change of sign may generate in the log-scale plot anabrupt change of slope. An example of smaller values of n yielding a given overallmagnitude of " is reported in Table 5. The di�erence is particularly relevant forsmaller values of the spurious terms.We conclude that very few discrete energies are needed to keep the magnitude ofthe spurious terms moderately low (" � 10�2). Furthermore, even fewer energies areneeded to control the spurious term in the momentumequation, since its magnitudeis one order smaller, e.g. eem = 0; eeM = 16 and n = 9 would give " � 10�3.
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Fig. 1.4 Plot of "d as a function of n for eem = 0, eeM = 17:49, and r = 0:1. The non regularminima correspond to change of sign in "d . Notice the asymptotic behaviour towards the value"b = "M = 1310�3 determined when IR+ is substituted with [0;17:49]." = 10�1 " = 10�2 " = 10�3 " = 10�4r=10 (0, 2.1, 5) (0.39, 2.3, 7) (0.3, 2.46, 15) (0.21, 2.63, 33)r=1 (0, 4.7, 5) (0.1, 5.4, 9) (0.35, 5.92, 22) (0.27, 6.45, 72)r=0.1 (0, 14, 5) (0, 16, 9) (0.71, 17.5, 13) (0.5, 19.1, 208)Table 1.5 Examples of values of (em; eM ; n) with n smaller than the value reported in Table 4and which yield the desired overall magnitude of the spurious terms.From the application viewpoint, it seems that the method is more e�cient forhigher values of r, i.e. when the kinetic energy is much larger than the internalenergy. Some 
exibility can be obtained by adjusting the various contributions tothe overall error " (e.g. changing eM ). However,already from Table 1 it can beseen that the extrema of the energy interval weakly depend on slight changes of "Mand "b. In addition, changing slightly the energy interval in
uences the numericalcomplexity only through the possible increase in the number n of energy levels. Theimportant thing is to keep this number low. For this reason, it seems better to allowa larger error contribution to the error directly related to the discretization than tothe one related to the identi�cation of the energy interval.



February 17, 2002 14:24 WorldScienti�c/ws lulaEnergy Formulation of the Collision Dynamics 271.6 Energy Formulation of the Collision DynamicsTo conclude the description of our model, we must express the collision dynamicsin terms of the particles' energy per unit mass e, and velocity direction. For thesake of simplicity, we drop the index referring to the energy discretization.The pre- and post-collisional energies denoted respectively by (e; e�) and (e0; e0�),are related through energy conservation (1.7), while the pre- and post-collisionaldirections, denoted respectively by (
̂; 
̂�) and (
̂0; 
̂0�), are related through theconservation of momentum, and are given, up to a scattering angle, by
̂0 = 12pe0 (pe
̂ +pe�
̂� +pE � Sbg0) ;
̂0� = 12pe0� (pe
̂+pe�
̂� �pE � Sbg0) ;where bg0 2 S2, and S is de�ned in (1.8).To clarify the relation between the incoming and the outgoing velocity direction,refer to Figure 2 and decompose the direction of the pre- and post-collisional relativevelocities bg and bg0 as bg = cos'R̂+ sin'beR ; (1.83)bg0 = cos'0R̂+ sin'0be0R ;where the unit vectors êR and ê0R are orthogonal to R̂ = R=R and belong respec-tively to the plane containing the pre- and post-collisional directions.The expression of the angles ' 2 [0; �] and '0 2 [0; �] in (1.83) formed by bg andR̂ and by bg0 and R̂ respectively is given bycos' = bg � R̂ = 2(e� � e)gR = E � 2epE2 � S2 =) sin' =r4ee� � S2E2 � S2 (1.84)cos'0 = bg0 � R̂ = 2(e0 � e0�)gR = 2e0 �EpE2 � S2 =) sin'0 =r4e0e0� � S2E2 � S2 (1.85)while the unit vector ê0R can, for instance, be de�ned byê0R =8>>>>>>>>>>>><>>>>>>>>>>>>: (2e+ S)p2e�
̂��(2e� + S)p2e
̂Rp4ee� � S2 cos#+ 
̂� 
̂�j
̂� 
̂�j sin# if 
̂ 6= �
̂�;êx�(
̂ � êx)
̂j
̂� êxj cos#+ 
̂�êxj
̂�êxj sin# if 
̂ = 
̂� 6= êx;êy�(
̂ � êy)
̂j
̂ � êyj cos#+ 
̂�êyj
̂�êyj sin# if 
̂ = 
̂� 6= êy; (1.86)



February 17, 2002 14:24 WorldScienti�c/ws lula28 Conservative Discretization of the Boltzmann Equation and the Semicontinuous ModelThe angle # 2 [0; 2�) appearing in (1.86) is the angle formed by the pre- and post-collisional plane and is not determined by the conservation laws. In conclusion, theoutgoing velocity directions can be written as
̂0 = p4e0e0� � S2p2e0R be0R + 2e0 + Spe0R2 (pe
̂ +pe�
̂�) ; (1.87)
̂0� = �p4e0e0� � S2p2e0�R be0R + 2e0� + Spe0�R2 (pe
̂+pe�
̂�) :From Eq.(1.5) and Figure 2, it is evident that, as bg0 runs over S2, the post-collisional velocities v0 and v0� span the surface of the sphere centered in R=2 withdiameter equal to the modulus of the relative velocity g. Furthermore, for any bg0the post-collisional velocities point at two antipodal points. More in detail, if thepolar axis of the unit sphere is set along R, one of the post-collisional velocitiesruns, with varying #, over a given northern parallel and the other over the relativesouthern parallel (at the antipodes). The other angle de�ning bg0, the colatitude '0,determines through (1.85) the energy of the outgoing particle.As is well known, the scattering cross section is a function of the modulus ofthe relative velocity and of the de
ection angle � 2 [0; �] formed by the pre- andpost-collisional relative velocities, which can be written as
 = cos� = bg � bg0 = cos' cos'0 + sin' sin'0 cos # = (1.88)1E2 � S2 ((e� � e)(e0 � e0�) + 4ee�s[1� (
̂ � 
̂�)2] �e0e0�ee� � (
̂ � 
̂�)2� cos#) :Note that 
 is an even function of 
̂ � 
̂� and of #, and observe that
(e�; e; e0�; 
̂� � 
̂; #) = 
(e; e�; e0; 
̂ � 
̂�; #) ; (1.89)
(e0; e0�; e; 
̂0�
̂0�;�#) = 
(e; e�; e0; 
̂ � 
̂�; #) ;which means that the de
ection angle is symmetric under the exchange of the rolesof the �eld and test particles. These properties were used in the proof of Theorem1.2.1.7 Concluding remarksThis chapter has presented a kinetic model based on a discretization procedureof the Bolzmann equation written in the energy formulation, in which particlestake a discrete number of equidistributed energies, and which has the property toautomatically preserve mass, momentum, and energy without giving rise to spuriouscollision invariants.



February 17, 2002 14:24 WorldScienti�c/ws lulaConcluding remarks 29One of the advantages of the discretization of the velocity space in a particularsequence of spherical shells is that for given pre-collisional energies, conservationof energy is satis�ed naturally. Then, conservation of momentum for �xed pre-collisional velocities and post-collisional energies restricts the post-collisional veloc-ities to given (symmetric) parallels of the sphere with polar axis along the collisionmomentumR, with center in R=2, and with diameter equal to the modulus of therelative velocity.In place of the �ve-fold collision integral over an in�nite domain, the discretizedmodel is characterized by a collision term which consists of a sum of integrals over�nite domains, namely the cartesian product of a unit circle and the portion of theunit sphere between two parallels symmetric with respect to the equatorial planeperpendicular to the velocity of the �eld particle, it is known [22] that the quadraturerules for periodic functions or for functions over spheres have a faster convergence.Therefore the collision step of the splitting algorithm can be performed with goodprecision and small computational e�ort.Deriving the model via a controllable approximation procedure makes it possibleto obtain estimates on the \distance" between the discretized collision operator andthe continuous Boltzmann equation, i.e. consistency of the quadrature rule. Finally,the 
uid dynamic limit related to the discretized Boltzmann equation tends rapidlytowards the usual Euler equations with an isotropic pressure tensor and vanishingheat 
ux, when the number of energies tends to in�nity and the discretizationinterval tends to IR+. Actually, the evaluation of the magnitude of the spuriousterms yields itself a procedure to set the discretized energies.This procedure could be developed re�ning the interpolation step described inSection 4. In fact, in the model described in this chapter the distribution functionis approximated by a piecewise constant function leading to a quadrature rule witha rate of convergence of the order of 1=n2. This is a rather rough approximationthat can be improved using for instance, basic interpolants that span more thanone energy interval.A possibility is to use cubic splines �i(e) with support also in the neighbouringintervals, i.e. in IIi�1 [ IIi [ IIi+1. The structure of the model would still be similarto (1.66) with two extra summations related to the integration of �i(e) over theintervals IIi�1. The numerical complessity would then remain the same, but thefact that the distribution function would be approximated with a cubic spline (i.e.a piecewise C2 function rather than a piecewise constant function) would lead to afaster rate of convergence and therefore to the possibility of using fewer nodes toachieve the same accuracy. However, the exact form of the discretized collisionoperator depends on how the interpolation at the extrema of the �nite energyinterval is performed. As stress throughout the chapter this step has to be donewith care, in order to preserve the conservation laws and the other properties thatcharacterize the Boltzmann equation.
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