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Introdu
tionResin inje
tion molding is the most widely used te
hnique to produ
e 
om-posites. It 
onsists in inje
ting a polymeri
 melt in a porous material, usually
alled solid preform. The solid preform is pla
ed in a mould and the liquid
onstituent is inje
ted through it. As far as the liquid front advan
es andimpregnates the preform, it displa
es the air that out
ows from the mouldthrough suitably lo
ated air vents. When the liquid 
onstituent has solid-i�ed or is 
ompletely polymerized, the mould is opened and the 
ompositematerials is available for subsequent �nishing operations. The stru
ture ofthe preform 
an strongly di�er from 
ase to 
ase: it 
an exhibit a sponge{likestru
tures, or a knitted one, it 
an be made of �bers, bundles, or mats, andso on. In all these 
ases the in�ltration pro
ess 
an be s
hematized as the
ow of a liquid through a deformable porous material.The role played by the modeling in su
h an industrial 
ontext is be
om-ing more and more strategi
 in order to produ
e high{standard and 
ompet-itive materials. In fa
t, by means of 
omputer simulations based on reliable1



mathemati
al models of the pro
ess, it is hoped to design in advan
e thebest pro
edures to be pursued, thus redu
ing expensive experimental testingprograms.The aims of this paper is to present some re
ent results in the mathe-mati
al modelling of pro
esses like resin inje
tion molding and to bring someopen problems to the attention of the reader.1 Mathemati
al ModellingModelling the behaviour of a porous solid and of the 
uid (or 
uids) thatpermeate it 
an be done using several methods that essentially di�er forthe spatial s
ale that we are interested in [18℄. We look at the dynami
s ofthe pro
esses at the ma
ros
ale: we negle
t the de
ription of the 
ow�eldof the resin at the spatial size of the pores by assuming that at any pointof the material liquid and solid phase are 
o-present. This assumption of
o-o

upan
y leads to the 
on
ept of volume fra
tion: at ea
h point of thematerial there is a fra
tion of volume �s o

upied by the 
uid and a fra
tion�` o

upied by the solid. Then we write down a system of balan
e equations,formally very similar to the mi
ros
opi
 ones, that are supposed to be able toreprodu
e the large s
ale dynami
s. Although the behavior at the mi
ros
aleis disregarded in detail, the 
hara
teristi
s of the 
omponents in bulk arene
essary to provide suitable fun
tions (permeability, porosity,...) that enablethe link between mi
ro and ma
ro.The equations des
ribing the ma
ros
opi
 �eld 
an be obtained by fewdi�erent approa
hes. In parti
ular, the ensemble average approa
h and mix-ture theory are used and dire
tly 
ompared in [10℄. Having in mind resininje
tion molding pro
esses, the following set of equations 
an be written� Mass balan
e equations � �s� t +r � (�svs) = 0 ; (1)� �`� t +r � (�`v`) = 0 ; (2)where �s and vs (resp. �` and v`) are the volume ratio and the velo
-ity of the solid (resp. liquid) 
onstituent. The saturation assumptionimplies the geometri
al 
onstraint�s + �` = 1 : (3)2



� Momentum balan
e equations�s�s  �vs� t + vs � rvs! = r �Ts +ms ; (4)�`�`  �v`� t + v` � rv`! = r �T` +m` ; (5)where �s and Ts (resp. �` and T`) are the bulk density and the partialstress of the solid (resp. liquid) 
onstituent. The intera
tion for
es msand m` 
orrespond to momentum ex
hange between the 
onstituents;they are not independent, but satisfy the a
tion-rea
tion prin
iple:ms +m` = 0:� Energy balan
e equations�s�s  � �s� t + vs � r�s! = Ts : rvs �r � js + �s�srs + es ; (6)�`�`  � �`� t + v` � r�`! = T` : rv` �r � j` + �`�`r` + e` ; (7)where �s, js and rs (resp. �`, j` and r`) are the internal energy, theheat 
ux and the heat supply for the solid (resp. liquid) 
onstituent.The quantities es and e`, 
alled energy supply densities, are relatedto the energy ex
hange between the 
onstituents a
ross the interfa
eseparating them and satisfy the following relationes + e` + vs �ms + v` �m` = 0 :� Resin 
onversion equation� Æ
�t + v` � rÆ
 = f
 (Æ
; �) ; (8)where Æ
 = H=H
 2 [0; 1℄ is the degree of 
ure (or resin 
onversion) de-�ned as the ratio of the amount of heat released by the 
uring exother-mi
 rea
tion H (x; t) over the total heat of rea
tion H
. The 
hemi
alrea
tion is des
ribed by the experimentally measured fun
tion f
.3



The equations above apply to any kind of bi
omponent mixture of in-
ompressible 
onstituents (with a polymerizing 
uid). Taking into a

ountthat the resin-preform mixture is a deformable porous medium, the followingassumptions 
an be made:A1. Negligible inertia e�e
ts: the stress �eld and the internal for
es nearlybalan
e in the momentum equations. This assumptions a
tually doesnot apply when a pressure gap is abruptly applied to start up thein�ltration pro
ess; in su
h a 
ase, inertial e�e
ts 
an play a role for ashort time. This issue is dis
ussed in detail in [1℄ and [2℄.A2. Negligible surfa
e tension and 
apillary e�e
ts.A3. Slow liquid 
ow in the porous medium.A4. The saturation relation (3) holds. This 
alls for a Liu-Lagrange multi-plier in the 
onstitutive equation that a

omodates in order to satisfythe saturation 
onstraint. It 
an be shown by thermodynami
s ar-guments that this multiplier P 
ontributes to the partial stress �eldsproportionally to the volume fra
tion. Then one 
an writeT` = ��`P I+T0̀ ; (9)Ts = ��sP I+T0s ; (10)m` = Pr�` +m0̀ ; (11)ms = Pr�s +m0s ; (12)where T0̀ ;T0s are 
alled ex
ess stress and P is the pressure of the mix-ture. Furthermore, from (3),r � (�svs + �`v`) = 0 ; (13)A5. The ex
ess stress of the liquid phase is negligibible, i.e. the internalfor
es a

ount for all the vis
ous intera
tions at the ma
ros
ale.A6. The ex
ess intera
tion for
e between the solid and the liquid is propor-tional to the velo
ity di�eren
e, i.e.m0̀ = �M (v` � vs) : (14)where M is an invertible tensor depending on the physi
al 
hara
teris-ti
s of the porous solid. 4



A7. All the 
onstituents have lo
ally the same temperature. This assump-tion is de�netely 
orre
t for those manufa
turing pro
esses of 
ompositematerials under 
onsideration in this paper. In fa
t, in su
h pro
essesthe �bers of the solid preform are so tiny (< 10�4mm) that theyqui
kly adjust their temperature to the one of the in�ltrating liquid, sothat one 
an assume that lo
ally the two 
onstituents have the sametemperature �.A8. The thermal expansion of the solid and liquid 
an be negle
ted. How-ever, it is to be mentioned that in some 
ases thermal expansion 
an beimportant. For instan
e, when the metal melt, in�ltrating a zir
oniumfoam, solidi�es it shrinks 
onsiderably and 
an break some bridges ofthe preform whi
h is quite fragile.Assumptions A1{A6 simplify substantially the momentum balan
e equa-tions sin
e they allow to writev` � vs = � K��`rP ; (15)rP �r �T0m = 0 ; (16)where T0m is the mixture ex
ess stress, � is the dynami
 vis
osity of the liquidwhi
h depends, in general, on the degree of 
ure Æ
 and on the temperature�, K is the so{
alled permeability tensor de�ned as K =: ��2̀M�1 ; whi
h,for saturated deformable porous media depends on the deformation gradientof the solid 
onstituent, i.e. K = K (Fs) : Equation (15) is known as Dar
y'slaw for a deformable porous medium.2 Some analyti
al and numeri
al resultsThe equations above have been used in a studied in a number of papers, fromboth an analiti
al and a numeri
al point of view.The equations driving one{dimensional isothermal in�ltration are simpleenough that few exa
t results 
an be obtained. Generally speaking, thein�ltration pro
ess 
an be driven by a pressure gap applied at the boundariesof the solid preform or by assuming that the 
uid enters the matrix at aknown velo
ity. When 
onsidering the pressure{driven 
ow, the void ratioin the dry region instantaneously rea
hes the value ne
essary to balan
e the5



applied pressure jump. Billi and Farina [6℄ have shown that equations readas a a Stefan{like problem, whi
h 
an be shown to have a unique self{similarsolution, with interfa
e position growing in time as t1=2. For velo
ity{driven
ow, the equations 
an be partially integrated, and the �nal problem reads asa nonlinear paraboli
 equation with non-standard boundary 
onditions [3℄.Some more 
are is needed in handling the energy equation. However,applying assumptions A7-A8 the problem 
an be greatly simpli�ed. Referringto [11℄, one 
an write the following heat equation for the mixture�mCm���t + ��s�s eCsvs + �`�` eC`v`� � r� = (17)r � (kmr�) +T0m : rvs + 1�rP �KrP +�`H
f
 (Æ
; �) ;where eCs and eCl are respe
tively the heat 
apa
ities of the solid and liquid
onstituents andCm =: �s�s eCs + �`�` eC`�m �m =: �s�s + �`�`: (18)Summarizing the model to des
ribe resin inje
tion pro
esses is given byEquations (1), (8), (15), (16), (18) with the 
onstraint (3) and (13).In Figure 1 we present the results of one{dimensional simulations obtainedwith the model above using an elasti
 
onstitutive equation for the stress �eld.The volume ratio is plotted versus time and the dimensionless Lagrangian
oordinate Y = �=L 2 [0; 1℄.The simulation in Figure (1a) 
orresponds to an unsu

essful industrialpro
ess in whi
h resin 
ures before �lling up the preform. The 
onstant in-je
tion pressure of 0:1MPa determines a 
ompression of the solid preformup to 94% of its initial length. In addition, this 
ompression is non-uniform,with volume ratio ranging between �s = 0:5 near the inje
tion port and�s = 0:542 near the in�ltration front. About 8 se
onds later the in�ltrationstops be
ause the resin is gelling near the in�ltration front. The 
hemi
alrea
tion is 
ompleted after about 50 se
onds. By looking at the other statevariables, it is possible to identify an initial time interval during whi
h theme
hani
al aspe
ts are dominant (say, up to 10 se
onds). Then 
uring be-
omes the driving me
hanism until that a �nal heat 
ondu
tion{dominatedstage o

urs (say, from 40 se
onds on). This rough distin
tion between an6
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Figure 1: In�ltration generated by a pressure drop of �P = 0:1 MPa (a)and of �P = 1MPa (b).
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in�ltration period and a temperature 
y
le, whi
h is often used in des
rib-ing some 
omposites manufa
turing pro
esses, is not possible in other 
ases(metal matrix 
omposites) and when fast rea
ting resins are used.The simulation of Figure (1b) 
orresponds to a su

essful pro
ess whi
h isa
hieved applying an inje
tion pressure mu
h larger than in the previous 
ase(1 MPa). As a 
ounterpart, the pressure gap used to avoid that the resin gelbefore in�ltration is 
omplete leads to a stronger 
ompression of the preform.In fa
t, the preform 
ompresses up to 82:5% of its original length, the volumeratio ranges between �s = 0:5 (near the inje
tion port) and �s = 0:616 (nearthe in�ltration front). In�ltration is however su

essfully 
ompleted in 0.97se
onds.From a pra
ti
al viewpoint, analyzing these simulations one 
ould inferthe following 
on
lusions for the spe
i�
 one{dimensional set up under 
on-sideration:i) The smallest in�ltration pressure suÆ
ient to �ll the preform is slightlylarger that 0:1MPa.ii) The in�ltration time is about 8 s.iii) After in�litration the mould 
an be heated to speed up the 
uring rea
-tion.iv) If the preform is not pre{
ompressed in the mould, a gap will arise nearthe inje
tion port. This may 
ause ra
e{tra
king (see next se
tion) assket
hed in Figure 3. It 
ould be inferred that it is 
onvenient to putan air vent along the in�ltration axis and to pre{
ompress the preformwith a pressure of say 0:2MPa:v) The �nal produ
t will have a higher volume ratio near the air vents.On the basis of this type of simulations one 
an produ
e moldability di-agrams as the one shown in Figure 2, (see the 
aption). They give a glan
eof the range of parameters that 
an be used to produ
e su

essful manu-fa
turing pro
esses, of the inhomogeneous 
hara
teristi
s of the produ
ed
omposite material, and of the time needed (and possibly of other quantitiesof interest, i.e. the maximum degree of 
ure a
hieved when the in�ltration is
ompleted). The window of parameters whi
h 
an be used is usually upperlybounded by a maximum pressure whi
h should not be over
ome to avoiddamages of the preform. Moreover a maximum temperature should not beover
ome to avoid degradation. 8



Figure 2: Moldability diagram. Minimum inje
tion pressure to a
hieve fullin�ltration. On the right the maximum volume fra
tion a
hieved near theinje
tion port is indi
ated. The minimum is always 0.5 and is a
hieved nearthe inje
tion port. The numbers in parentheses refer to the time needed to
omplete the in�ltration pro
ess.
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3 Open ProblemsLooking through the te
hnologi
al literature the reader 
an realize that thereis a need to develop mathemati
al models for 
omposites manufa
turing pro-
esses and obtaining qualitative results whi
h 
an help in identifying thepro
ess parameters and in improving the pro
esses themselves.Even though some issues have been 
lari�ed, they are a
tually a very earlystep toward a 
omplete understanding of inje
tion moulding. Many questionsare still open and many areas deserve to be explored. In parti
ular, we willpoint out some possible developments whi
h should be 
arried out regardingthe modelling aspe
ts, being aware of the ne
essity of developing or foundingthe resear
h in this �eld on experimental eviden
es whi
h are still very s
ar
eand mainly dire
ted toward one dimensional elasti
 set{up.The �rst problem whi
h has to be solved before dealing with the mostgeneral three-dimensional simulations is the de�nition of the boundary 
on-ditions.Even the meaning of boundary of a porous medium is not too 
lear. It istrue that from the ma
ros
opi
 view point one has an idea of where the borderof a sponge is. It is however true that the matter be
omes a bit un
ertain aswe zoom in as shown in Fig.(4). Even for the ideal perfe
tly ordered materialin Fig.(4b) it is not 
lear whether the boundary is the \plane" that barelytou
hes all the aligned �bers or should penetrate to some extent.In the 
ase of ideal perfe
tly ordered material, homogenization methods
an hopefully give an answer, but in the 
ase of Fig.(4a) we are still leftwith the problem of approximating a strange holed surfa
e with a smoothboundary.Figure 4 also allows to point out other 
ru
ial issues. First of all one maynoti
e that the area o

upied by the solid depends on how the \boundary"is de�ned. One then en
ounters some diÆ
ulties in de�ning a surfa
e areafra
tion, whi
h, of 
ourse, is not said to be equal to the volume fra
tion. Thisis parti
ularly important as several authors assert that boundary 
onditionshave to be based on surfa
e quantities and therefore on surfa
e area fra
tions.Fortunately, in 
omposite materials and in most appli
ations it is impossibleto have perfe
tly aligned �bers, and the alignment will di�er from spe
imento spe
imen, so in the ensemble average framework we think it is plausibleto assume that the surfa
e area fra
tion and volume fra
tion are equal.Another unsolved problem whi
h is also related to the de�nition of a sur-fa
e and to the di�eren
e between surfa
e area fra
tion and volume fra
tion10



Figure 3: The ra
etra
king phenomenon.
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Figure 4: Possible lo
ations of the ideal edge of a porous material.is the transfer of loads. For instan
e, if a for
e is applied to a rigid boundarytou
hing the border of the sponge, how does su
h a for
e transfer to theporous solid and to the liquid permeating it? Several methods have beensuggested (e.g. 
ontinuity of 
hemi
al potential, saturation 
ondition, me-
hani
al splitting of tra
tion [16℄, [20℄, [22℄, [23℄, [25℄) but their results havestill to be validated experimentally while a general theory is still missing.Finally, it is useful to re
all that in 
ontinuum me
hani
s the no{slip 
on-dition between, say, a 
uid and a solid wall is only a su

essful empiri
al lawwhi
h is valid if not pushed to the limit (rare�ed gas, vis
oelasti
 liquids, andso on). When dealing with 
ow over a rigid porous materials this boundary
ondition is usually repla
ed by the Beavers{Joseph's 
ondition [5℄. This isagain a 
ondition originally dedu
ed from experimental eviden
es and then
on�rmed by several arguments [24℄ and lately also by homogenization meth-ods [15℄ (see also Se
tion 3.5 of [14℄). Nothing is known, however, in the 
aseof deformable matrix or when the 
ow is impinging the porous material.On
e the boundary 
ondition issue is solved, it would then be possible tostudy one of the most relevant problems leading to industrially unsu

essfulpro
esses, the ra
e{tra
king problem [7℄, [12℄, i.e. the resin 
ow between themoulds walls and the preform (see Figure 3). In fa
t, in liquid 
ompositemoulding it is diÆ
ult to 
ut pre
isely the preform to the exa
t shape ofthe mould. Sometimes a gap exists between the preform and the mouldedge. This gap, usually small (1 or 2 mm), 
an 
reate a preferential 
ow12



path, giving rise to a non{uniform impregnation of the porous preform andpossibly to the formation of dry spots. In some 
ases these preferential
hannels are opened by the 
ow itself whi
h displa
es the preform [13℄ [26℄.In this way the liquid �nds a more 
omfortable way to rea
h the air vents thanthe one passing through the porous preform, preventing the full in�ltration.In order to foresee su
h phenomena one has to build a more detailed modelwhi
h, for instan
e, the Stokes equation are 
oupled with a deformable porousmedium
ow model. Again, this 
oupling requires a 
areful treatment of theinterfa
e 
onditions at the preform border when the impinging 
ow is notperpendi
ular to the border of the preform.Parti
ular attention should also be paid to the formulation of the 
onsti-tutive equations of the solid preform. Experiments are to be addressed todetermine the me
hani
al behaviour of solids so strongly anisotropi
 and het-erogeneous and their typi
al parameters, e.g. elasti
 
onstants, retardationtime, relaxation time, 
onve
tive parameters and so on. The use of homoge-nization methods 
an be very useful in this �eld. The whole modelling su�ersfrom the la
k of pre
ise measurements.Even when the anisotropi
 and heterogeneous 
hara
teristi
s of the pre-form are undire
tly known from the measurements on the permeability tensor(see [21℄ for a review), there are phenomena involving the 
oupling betweenthe 
ow among the plies or the tows and inside them whi
h are unresolved.This requires the study between mi
ro and ma
ro 
ow whi
h again involvesboundary 
onditions issues (see Figure 5). However, it would be desirable todedu
e a ma
ros
opi
 model able to evaluate, for instan
e, the amount of airtrapped in the �ber tows.While in�ltrating in metal matrix 
omposites the liquid melt solidi�es,thus thi
kening the 
older preform walls. In this way the spa
e available forthe metal 
ow narrows, thus de
reasing the permeability. Eventually the
ow 
an be stopped. This problem has only been addressed in [17℄, [19℄, [27℄but deserves more attention.Other pro
esses for the produ
tion of 
omposite materials whi
h deserveto be studied are the so-
alled 
ompression moulding and auto
lave moulding.In su
h pro
esses a number of �bers is preimpregnated ( \prepreg" ) with a
ertain quantity of liquid matrix (for example epoxy resin whi
h might bepartially 
ured to fa
ilitate handling), distributed in piles in a one{dire
tionalor multi{dire
tional fashion and then pla
ed in a possibly porous mould. Themixture of solid and liquid is then heated and 
ompressed. The 
ompression,operated by a piston, in
reases the solid volume fra
tion and produ
es a 
ow13



Figure 5: S
hematization of the intera
tion between mi
ro and ma
ro 
owfor a wetting resin. (a) Flow along the �ber tows. (b) Possible me
hanismsof air entrapment for fast 
ow perpendi
ular to �ber tows.
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in a deformable porous medium squeezing the ex
eeding liquid out of thepile. The whole pro
ess is rather 
omplex sin
e it has to be fast enough toredu
e fabri
ation 
osts and 
ontrol resin 
ure and, at the same time, hasto be a

urate to avoid generating damages of the solid preform. In [8℄ amodel for the 1D isothermal pro
ess has been developed. It 
ould be veryinteresting to improve su
h a model 
onsidering a more realisti
 3D geometryand in
luding thermal e�e
ts.Finally, there are many problems whi
h 
ould be studied from a qualita-tive viewpoint. A
tually very few of them have been studied in some detail.The results obtained so far are reviewed in [9℄ where more open problems ofpra
ti
al interest are identi�ed.This short list of possible future developments of the resear
h is not ex-haustive, not only for obvious reasons of 
on
iseness, but also be
ause thesestudies are more at the \beginning than at the 
on
lusion". This area isdeveloping fast and is an in
redible sour
e of interesting mathemati
al prob-lems.Referen
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