
Modelling and Mathematical Problems Related toTumor Evolution and its Interaction with the Immune SystemBellomo N., and Preziosi L.Department of Mathematics, Politecnico, Torino, ItalyAbstract|This paper provides a survey of mathematical models and methods dealing with the analysisand simulation of tumor dynamics in competition with the immune system. The characteristic scalesof the phenomena are identi�ed and the mathematical literature on models and problems developed oneach scale is reviewed and critically analysed. The aim is to provide a general framework towards thedevelopment of immuno-mathematical theories and to develop research perspectives in this promising new�eld of applied mathematics.1. IntroductionCancer is one of the greatest killers in the world particularly in western countries although medicalactivity has been successful, despite great di�culties, at least for some pathologies. A great e�ortof human and economical resources is devoted, with succesful outputs (but also with failures) tocancer research with particular attention to experimental and theoretical immunology.The following question can be naturally posed: can possibly research activity in immunologytake advantage of a certain, however limited, interaction with mathematics? Moreover, can themodels described in this paper contribute to the above interaction?An additional question from the viewpoint of applied mathematicians is the following: doesthe application of mathematical models in immunology generate interesting and challenging math-ematical problems?The reply to the �rst two questions is positive. In the authors' opinion, research in immunologymay hopefully take advantage of a certain interaction with mathematics, even though mathemat-ics cannot directly solve problems in immunology. However, models and simulations of particularaspects and behaviors of the immune system might reduce the amount of experiments which arenecessary for therapy developments. In principle, mathematical models can be even developedtoward the elaboration of immuno-mathematical theories, suitable to support the progress of the-oretical immunology. However, this is not a simple task and a great amount of work has still to bedone to the above objective. As an additional task, mathematical models can be used to supportthe application of control actions in the framework of mathematical control theories.The reply to the third question is certainly positive. Mathematical problems generated in theframework dealt with in this paper often represent a challenging task for applied mathematicians,both on the analytic and the computational ground. Some of these problems have not been solvedyet and are object of research activity.The above outlined discussion, which de�nes the background motivating this paper, is certainlyworth being further developed. However, it is useful to postpone it to the last section of this1



paper after having reported the state-of-the-art related to the existing literature. Indeed, severalinteresting papers proposed models and mathematical problems which already constitute a broadframework of challenging and stimulating hints for applied mathematicians.A vaste literature is already reported in a few review papers devoted to modelling, analysisand control of tumor immune system interactions. In particular, we focus the reader's attentionto the surveys collected in [1] and [2] which provide a rather complete description of the state ofthe art. Additional bibliography can be recovered in the review papers [3], devoted to the variousmacroscopic stages of evolution of the tumor, [4], mainly concerned with the assessment of theframework for the development of immuno-mathematical theories, and [5] dealing with the analysisof mathematical control models and theory. Additional detailed citations will be given in thesections that follow with direct reference to speci�c aspects of the whole topic.The aim of this paper is not, however, limited to a description of the state-of-the-art, but itaims to develop new ideas towards analytic and computational problems in this promising new areaof applied mathematics. The contents are proposed in nine sections.{ The �rst section is this introduction which formulates the aims of the paper and its contents.{ The second section provides a description of the phenomenology of the system from the view-point of applied mathematicians. In particular, the di�erent scales characterizing the system,from the sub-cellular scale to the macroscopic behavior, are identi�ed, thus assessing the gen-eral framework for mathematical modelling.{ The third section deals with a review of mathematical models developed at a cellular scale,which found the so-called cellular kinetic theory as it is developed by methods similar tononlinear kinetic theory. The model describes statistically the behavior of the system withparticular attention to the competition between tumor and immune cells. It also retainscertain aspects of phenomena developed at the sub-cellular scale. This means modelling cellactivity and signaling in relation with loss of di�erentiation and interactions between tumorcells and the immune system.{ The fourth section deals with modelling macroscopic phenomena by nonlinear partial di�eren-tial equations and free boundary problems, thus describing the interactions of solid tumors withthe outer environment. As above, macroscopic models retain certain aspects of phenomenadeveloped at the cellular scale.{ The �fth section discusses the links among models developed at di�erent scales with specialattention to the transition from the cellular to the macroscopic description.{ The sixth section provides the description of some mathematical problems related to the appli-cation of the model and a survey of simulation results which have to be compared with knownqualitative results. This section also brings to the attention of applied mathematicians someanalytic and computational problems which may be of interest for their research activity inthis �eld.{ The seventh section deals with the analysis of mathematical problems related to control actions,which can be developed at both scales: the microscopic and the macroscopic one.{ The eight section deals with a critical analysis of the contents of this survey and indicatesresearch perspectives towards further development of the immuno-mathematical theory asmuch as towards the mathematical problems generated by the models reviewed in this paper.{ Finally, the last section comes back to some of the questions posed above and namely refersto the possibility of success of the cooperation between immunology and mathematics. Thisaspect is examined in the light of the various results reviewed in this paper.2



We need mentioning that this review paper does not deal with a survey of models stated interms of ordinary di�erential equations developed in a framework similar to population dynamicmodels. This class of models was generated by the pioneer work by Gompertz [6], and was devel-oped by several authors, e.g., Gyllemberg and Webbs [7], Michelson and Leith [8{10], Lo Schiavo[11], Kirschner and Panetta [12], etc. These models are often used, as we shall see in Section 7,to deal with mathematical control problems. We do not critically discuss the utility of the abovemodels, but simply mention that we have chosen to deal with models which retain the main phe-nomenological behavior of the real system.2. Phenomenology and ScalingThe evolution of a cell, as described by various authors, e.g., Heberman [13] and Forni et alii[14], is regulated by the genes contained in its nucleus. These genes can either be activated orsuppressed, when signals stimulate receptors on the cell surface and are then transmitted to thenucleus of the cell. The reception of a particular signals can modify the usual behavior of a cell. Inextreme situations, particular signals can induce a cell to reproduce itself in the form of identicaldescendants, that is the so-called clonal expansion or mitosis, or to die, that is the so-called apoptosisor programmed death.Tumor cells compete with the immune system and, if not recognized and depleted, start tocondense into a solid form. The solid tumor interacts with other cells through signals which di�usein the outer environment. The sequential steps of the evolution of the system may be summarized,from the view point of a mathematician, as follows:1. Genetic changes, distortion in the cell cycle and loss of apoptosis.2. Interaction and competition at the cellular level with immune and environmental cells. Thisstage include activation and inhibition of the immune system. This action is also developedthrough cytokine signal emission and reception which regulate cell activities.3. Condensation of tumor cells into solid forms, macroscopic di�usion and angiogenesis.4. Detachment of metastases and invasion.The �rst two steps are mainly related to cellular phenomena, the last two need macroscopicdescriptions although cellular phenomena cannot be neglected as they are always the entities gener-ating the macroscopic behavior. Mathematical models related to cellular phenomena are generallystated in terms of ordinary di�erential equations and deal with the behavior of a single cell, whileintegro-di�erential kinetic equations are used for collective phenomena. On the other hand, macro-scopic behaviors are generally described by nonlinear partial di�erential equations which shouldbring to problems stated as moving boundary problems. The development of control activities canbe organized along each of the steps above.In principle, an immuno-mathematical theory should make it possible to describe all relevantfeatures of the system in evolution with direct reference to the pertinent scales. Speci�cally, a theoryrequires the identi�cation of the natural scales characterizing the phenomenon. It is possible todistinguish three main scales: the sub-cellular, the cellular, and the macroscopic scale. Indeed,the system shows interesting phenomena on each single scale. A theory should retain all relevantfeatures from the lower to the higher scale.To begin with, we limit the description to some and hopefully most relevant phenomena oc-curring at each scale, arti�cially separating them on the basis of the scale involved.The subcellular scale refers to the main activities within the cells or at the cell membrane.Among an enormous number of phenomena one can focus on3



Figure 1 | Sub-cellular, cellular, and macroscopic scale4



Figure 2 | Cellular interactions.i) Genetic changes, distortion in the cell cycle and loss of apoptosis;ii) Expression and transduction of signals between cells;iii) Response of the cellular activity to the signals received;iv) Absorption of vital nutrients.The cellular scale refers to the main (interactive) activities of the cells: activation andproliferation of tumor cells and competition with immune cells. More speci�cally, referring toFigure 2, one hasi) Fast proliferation of tumor cells, which are often degenerated endothelial cells, happens when anenvironmental cell looses its death program and/or starts undergoing mitosis without control.ii) Competition with the immune system starts when tumor cells are recognized by immune cells,resulting either in the destruction of tumor cells or in the inhibition and depression of theimmune system.iii) After di�erentiation tumor cells undergo a process of maturation, which make them more andmore proliferative and aggressive toward the environment and the immune system. Tumor cellscan be additionally activated towards proliferation by nutrient supply from environmental cells.iv) Activation and inhibition of the immune cells in their competition with tumor cells is regulatedby cytokine signals. These interactions, developed at the cellular level, are ruled by processeswhich are performed at the sub-cellular scale.v) Activation and inhibition of cells belonging to the tumor and to the immune system can alsobe induced by a properly addressed medical treatment.5



The macroscopic scale refers to phenomena which are typical of continuum systems: cellmigration, convection, di�usion (of chemical factors, nutrients), phase transition (from free tobound cells, and viceversa detachment of cells and formation of metastases), and so on. After asuitable maturation time, tumor cells start to condense and aggregate into a quasi-spherical nucleusand interact with the outer environment.In this stage three overlapping phases of growth are usually identi�ed: the avascular phase,the angiogenic phase and the vascular phase. The avascular phase can be observed and studied inthe lab by culturing in vitro cancer cells. These cells which take the form of multicell spheroidsare usually characterized by an inner zone of necrotic cells dead for lack of nutrients, an outerzone of active tumor cells, and possibly an intermediate layer of quiescent cells (see Figure 3a).The angiogenic phase is characterized by the ability of the tumor to stimulate the proliferation ofendothelial cells and by the formation of capillary sprouts that bring more nutrients to the tumor(see Figure 3b). The vascular phase is characterized by the ability of the tumor to invade thesurrounding tissue and to metastasize to di�erent parts of the body.In particular, the avascular stage of growth is characterized by:i) Formation of a necrotic core of dead tumor cells where a process of destroying cellular debrismay take place;ii) Formation of an outer region of proliferating tumor cells and of an intermediate region ofquiescent cells;iii) Production of chemical factors, among which several growth inhibitory factors, generally calledGIF , and growth promoting factors, called GPF , by the tumor mass, thus controlling themitosis;iv) Dependence of the tumor cells mitotic rate on the GIF and GPF concentration;v) Non-uniformities in the proliferation of cells and in the consumption of nutrients, which �ltratethrought the surface of the spheroid and di�use in the intracellular space.On the other hand, the tumor angiogenic phase is characterized by:i) Secretion of tumor angiogenesis factors, generally called TAF , by the solid tumor and di�usionthrough the surrounding tissue;ii) Release of enzymes by the environmental cells reached and stimulated by TAF , which degradetheir basement membrane. Endothelial cells then proliferate and migrate towards the sourceof the angiogenic stimulus;iii) Formation of capillary sprouts by accumulation of endothelial cells.iv) Increase of tumor growth rate with the formation of the capillary network.A macroscopic description of the system should focus on these features and aim at giving theirevolution in time. Models based on reaction di�usion equations can be for instance found in [3],[15{32]. Obviously, the macroscopic behavior depends on phenomena occurring at the cellular level,e.g. proliferation, death, activation, and inhibition of single cells, interaction between pairs of cells.The above naive description retains some aspects of the way of thinking of an applied mathe-matician, who has in mind transferring the phenomenologic observation into equations. No problemin admitting that an immunologist can be highly disappointed by this attitude. He will deeply lookat a certain phenomenon without an immediate aim to transfer this observation into mathematicalequations. When the phenomenologic description becomes very detailed, transferring it into math-ematical equations may become a very di�cult task. On the other hand, once the said programis ended, the mathematical description can hopefully put in evidence behaviors which are not, or6



Figure 3 | Macroscopic evolution. (a) Di�usion of vital nutrients in the tumor (circles) and ofchemical factors produced by the tumor (stars). (b) Beginning of the angiogenic phase which willproduce a con�guration like the one shown at the top of Figure 1.even cannot, be observed.Additional details concerning the mathematical structure of models developed in the frame-work of the above scales can now be given with reference to mathematical modelling theory [33].Conventionally, we state that a model developed at the microscopic scale de�nes the time evolutionof the physical state of a single cell. Often these models are stated in terms of ordinary di�erentialequations.On the other hand, if we aim to describe the evolution of a system constituted of a largenumber of cells one may replace the system of ordinary di�erential equations (one for each cell)by a kinetic equation on the statistical distribution of the state of all cells. This approach, whichgenerate the so called kinetic cellular theory, has the advantage of simplifying the complexity ofthe model. Indeed, one can obtain macroscopic observables by suitable moments derived by thestatistical distribution.The evolution of macroscopic observables can be described by models developed in the frame-7



work of continuum phenomenologic theories, e.g., those of continuum mechanics. These models aregenerally stated in terms of partial di�erential equations.The link between the microscopic and the macroscopic description is one of the main openproblems, as we shall see in Section 5, for scientists involved in the reserch �eld we are dealingwith.3. Mathematical Aspects of the Kinetic Cellular TheoryDuring the �rst stages of evolution tumor cells have not yet condensed into a solid form. They havejust di�erentiated from the other endothelial cells and, if recognized by the immune system, theyare attacked. This interaction and competition with the immune system may end up either with thecontrol of tumor growth or with the inhibition of the immune system, and hence with the growthand condensation of the tumor into a solid form. In this scheme each cell can be characterizedby one or more activation states. These activation states are supposed to represent the relevantactivities of the cells in the collective phenomena.The evolution related to the above collective behavior can be described by the so called kineticcellular theory which is based on methods typical of the kinetic theory and provides a statisticaldescription of the evolution of large populations of cells undergoing kinetic type interactions. Theresults of these interactions depend on the activation state of the cells. They can both modify theactivation state of the interacting cells and generate proliferation/destruction phenomena.The cellular theory was proposed and developed in a sequel of papers [34{39]. General aspectsare reported in the surveys [4, 36]. Computational schemes and applications are developed in[39]. The theory provides a system of evolution equations for the distribution function over theactivation state of the cells of each cell population. The action of cytokine signals and externalactions are also taken into account. They may be cast into the mathematical description either asan additional population or in the form of coupling parameters between the various cell populations.The sequential steps of this approach may be listed as follows:Step 1. Selection of the cell populations which play a role (in the model) in the quantitative andqualitative evolution of the system and identi�cation of the peculiar activity of the cells belongingto a certain population, and of the cytokine signals regulating such an activity.Step 2. Modelling the dynamics of cell-cell interactions based on phenomena occurring at thesub-cellular scale.Step 3. Derivation of the equation suitable to describe the evolution of the size and state of eachcell population.Step 4. Development of simulation tools to visualize the role of cell interactions during the evo-lution of the system with particular attention to the possibility of depleting the presence of tumorcells by suitable control actions.The technical development of the above steps needs detailed analysis and assumptions on theinteractions between cells in the environment. We are interested, at this stage, in a critical analysisof the theory proposed in the literature so that suitable indication for its improvement can be takeninto account. Before getting into technical aspects, we remark that the interaction with the lowersub-cellular scale is dealt with by modelling the emission and reception of signals between cells. Inaddition, in statistical mechanics, observability is not claimed. Cell-cell interactions may even beobserved for pair interactions, while one cannot do that for the whole ensemble of interacting cells.8



The above program is here described in two steps. The �rst one refers to a general framework,which de�nes the mathematical structure of the evolution model without entering into technicaldetails. The second one deals with the description of a particular model, which has to be regardedas a particular application within the general framework mentioned above. Therefore, such a modelcan, and should, be improved (as also discussed in the last section) on the basis of a relatively deeperanalysis of cellular phenomena.3.1 Mathematical structure of cellular kinetic modelsAs mentioned above we aim at describing a general framework for the derivation of evolution kineticmodels. We follow the line reviewed in [4], which is based on the following assumptions:Assumption 3.1. The functional state of each cell, also called activation, is described by thereal number u which conventionally can take values in the interval [�1; 1]. The variable u denotesthe ability of the cell to express its main activity, which di�ers from cell type to cell type. Positivevalues of u denote an aggressive activity of a tumor cell, while negative values correspond to dormantstates; positive values of u denote an inhibitory and destructive activity of the immune cells whilenegative values of u denote cooperation with the tumor system, e.g. feeding; the activity of theenvironment cells consists in feeding the tumor.Assumption 3.2. After di�erentiation tumor cells gradually mature, becoming more and moreproliferative and aggressive toward the environment and, in particular, toward the immune system.Depending on the level of di�erentiation one can, for instance, identify dormant and active cells,so that this property spans from the value u = �1 corresponding to highly latent state, to u = 1corresponding to highly aggressive state.Assumption 3.3. Referring to Figure 4, the state u or the number of cells can change because ofi) Intrinsic evolution, e.g. the spontaneous maturation of the tumor cells toward activationrecalled in Assumption 3.2, the pharmacological activation of cells of the immune system, orthe weakening of tumor aggressivity again as a result of properly addressed medical treatments.ii) Mass conservative interactions between pairs of cells, i.e. interactions which are notresponsible of proliferation or destruction of cells but only of a change in the activation stateof one or both interacting cells.iii) Proliferation of cells as a result of interactions between cell pairs;iv) Death of cells as a result of destructive encounters with other cells;v) External sources or sinks of cells (or input/output), e.g. production of immune cells bythe bone marrow, possibly pharmacologically stimulated, destruction of tumor cells by medicaltreatment, biological control of the number of immune cells, injection of cells.The problem now is to derive an evolution equation, based on the assumptions above and on themore speci�c assumptions below, for the distribution densities Ni = Ni(t; u) for each population.The densities are such that dni = Ni(t; u) du denotes the number of cells per unit volume whosestate is, at time t, in the interval [u; u+ du]. In particular,ni = Z 1�1Ni(t; u) du ; (3:1)is the number of cells of the ith-population at the time t in a reference unit volume.9



Variation of thenumber of cellswith state in [u; u+ du] = I: Intrinsicevolution + J : Conservativeinteractionswith other cells+ P : Proliferativeinteractions � D: Death of cellsby destructiveencounters + S: Source/sinkof cellsFigure 4 | Representation of the operators involved in the evolution of fi(t; u).If ne0 is the number per unit volume of environmental cells at t = 0, the following normalizationof Ni with respect to ne0 can be applied:f = ffigni=1 ; fi(t; u) = 1ne0Ni(t; u) : (3:2)The evolution equations for fi can be derived on the basis of suitable balance equations whichequate the derivative of fi to the operators mentioned in Assumption 3.3, that is@fi@t (t; u) = Ii[fi](t; u) + Ji[f ](t; u) + Pi[f ](t; u)� Di[f ](t; u) + Si[f ](t; u) (3:3)where Ii is called intrinsic evolution operator, Ji conservative collision operator, Pi proliferativecollision operator, Di destructive collision operator, and Si source/sink operator.Remark 3.1. As the operators Ji, Di, and Pi describe the result of binary interactions betweencells of the ith-populations with all the others they are quadratic operators involving fi. Forinstance, encounters involving the i-th and jth-population will contain both fi and fj . On theother hand, the operator Ii only involve fi. In fact, the intrinsic evolution operator Ii deals withthe inner development of cells of the ith-population, independently of their contacts with other cells.Finally, the source/sink operator Si may depend on all cells as, for instance, the input/output ofcells of a population from outside can depend on the state of the other populations.The speci�c form of the operators in (3.3) can be determined looking more in details at thephenomena already mentioned in Assumption 3.3. The model will be developed here under thefollowing speci�c assumptions:Assumption 3.4. Cell interactions in the case of mass conservative encounters will be de�nedby means of two physical quantities: the encounter rate �ij and the transition probabilitydensity  ij. More in detail, conservative encounters between the cell of the ith-populationwith state v and the cell of the jth-population with state w are quantitatively described by thetransition rate Tij(v; w; u) = �ij(v; w) ij(v; w; u) ; (3:4)where �ij(v; w) denotes the number of encounters per unit volume and unit time between cell pairsof the (i; j)th-populations with states v and w, respectively; and  ij(v; w; u) denotes the probability10



of transition of the ith-cell to the state u, given its initial state v and the state w of the encounteringcells belonging to the jth-population. Hence, Tij(v; w; u) denotes the number of encounters per unitvolume and unit time between cell pairs of the (i; j)th-populations with states v and w, respectively,with transition of the ith-cells into the state u.Assumption 3.5. Proliferative encounters will be described by two quantities: the proliferationrate pij and the proliferation probability density 'ij . These encounters occur between cellpairs of the same or of di�erent populations, and generate new cells in one or both populations.These interactions are quantitatively described by the proliferation transition ratePij(v; w; u) = pij(v; w)'ij(v; w; u) ; (3:5)where pij(v; w) denotes the number of cells produced per unit volume and unit time due to theencounters of cell pairs of the (i; j)th-populations with states v and w, respectively, and 'ij(v; w; u)is the probability . density of proliferation of the ith-cell in the state u by encounters of cells be-longing to the ith and jth-populations with state v and w, respectively. Hence, Pij(v; w; u) denotesthe number of ith-cells in the state u per unit volume and unit time which proliferate because ofthe encounters between cell pairs of the (i; j)th-populations with states v and w, respectively.Assumption 3.6. Destructive encounters occur between cell pairs of di�erent populations, andgenerate a destruction in one or both populations. These interactions are quantitatively describedby the destruction rate dij(v; w), which is the number of ith-cells with state v destroyed as theresult of the interaction with jth-cells with state w.Assumption 3.7. For each population it is possible to identify a function ci(t; u), such that inthe interval [t; t + dt] the cells of the ith-population change their state because of spontaneousmaturation or induced actions from u to u+ du = u+ ci(t; u)dt.Focusing �rst on the cellular interaction operator, one can observe that, as in the Boltzmannequation, in Ji it is possible to distinguish a gain term Gi referring to those cells that after theinteraction with other cells end up with a state u and a loss term Li related to loss of cells havingstate u because of their transition into another state after their interactions with another cell, thatis Ji = Gi � Li : (3:6)One can then summarize the results of cellular interactions as in Figure 5 and write for i =1 ; : : : ; n Gi = nXj=1 Z 1�1 Z 1�1 Tij(v; w; u)fi(t; v)fj(t; w) dvdw (3:7)Li = fi(t; u) nXj=1 Z 1�1 �ij(u; w)fj(t; w) dw (3:8)Pi = nXj=1 Z 1�1 Z 1�1 Pij(v; w; u)fi(t; v)fj(t; w) dv dw (3:9)Di = fi(t; u) nXj=1 Z 1�1 dij(u; w)fj(t; w) dw (3:10)11



Transition of cellsinto the state uby conservativeinteractions + Proliferationin the state uby proliferativeencounters � Loss of cellsin the state ubecause of theirtransition intoanother state � Loss of cellsin the state uby destructiveencountersFigure 5 | Representation of the interaction operator.where n is the number of populations.Remark 3.2. The mass preserving action of the operator Ji re
ects in the propertyZ 1�1  ij(v; w; u) du= 1 (3:11)which implies that Z 1�1 Ji[f ](t; u) du= 0 8t i = 1; : : : ; n : (3:12)Focusing now on the intrinsic evolution operator, recalling Assumption 3.7 and Figure 6, onehas that the i-cells with state in the interval [û; ~u] after a time element dt will have as a resultof spontaneous maturation or induced action a new state in [û+ dû; ~u+ d~u] = [û + ci(t; û)dt; ~u+ci(t; ~u)dt]. In particular, those which at time t were in [u1 � ci(t; u1)dt; u1] at time t + dt arein [u1; u1 + ci(t; u1)dt] and therefore they were outside [u1; u2] and entered the interval. On thecontrary, those with state in [u2 � ci(t; u2)dt; u2] do not belong anymore to the interval [u1; u2].
Figure 6 | Graphical representation relative to the intrinsic operator.12



Referring to [37] for more details, one can then writeIi[fi](t; u) = � @@u [ci(t; u)fi(t; u)] (3:13)where ci is the activation velocity, which may depend on time and, above all, on the state of thecell. Examples of physical meaning of such a term are the following:ci > 0 for tumor cells means natural transition from dormant into aggressive states,ci < 0 for tumor cells means weakening of aggressiveness due to medical actions,ci > 0 for immune cells means transition to immuno active states,ci < 0 for immune cells means transition to immuno depressive states.Remark 3.3. It can be observed that as spontaneous maturation or induced activation/deactivationis a mass preserving actionZ 1�1 Ii[fi](t; u) du = 0 8t; i = 1; : : : ; n (3:14)which is satis�ed if ci(t; u = �1)fi(t; u = �1) = ci(t; u = 1)fi(t; u = 1) = 0 : (3:15)This represents a restriction on the form of the velocities of intrinsic evolution ci and on theboundary condition to impose on fi.Summarizing the general model can then be written as@fi@t (t; u) + @@u [ci(t; u)fi(t; u)] = si(t; u; f)+ nXj=1 Z 1�1 Z 1�1[Tij(v; w; u) + Pij(v; w; u)]fi(t; v)fj(t; w) dvdw� fi(t; u) nXj=1 Z 1�1[�ij(u; w) + dij(u; w)]fj(t; w) dw (3:16)where the terms si refer to the introduction or destruction of i-cells from the outer ambient (seeitem (iv) of Assumption 3.3), which may generally depend on time, on the state of the cells and onall fj .The evolution equation (3.16) represents a general framework which may include speci�c mod-els to be developed after having specialized the populations and their interactions. This modellingshould also take into account the role of cytokine signals.It can be observed that if the right hand side of Eq.(3.16) vanishes, i.e. in absence of cellularinteractions and source/sinks terms, the equation writes as a conservation equation. Moreover,thanks to Remarks 3.2 and 3.3, the integration of (3.16) over u yields@@t Z 1�1 fi(t; u) du = Z 1�1 si(t; u; f) du+ nXj=1 Z 1�1 Z 1�1 ~Pij(v; w)fi(t; v)fj(t; w) dvdw (3:17)13



where ~Pij(v; w) = Z 1�1 Pij(v; w; u)du� dij(v; w)represents the net proliferation of cells due to encounters with other cells and recalling (3.1)Z 1�1 fi(t; u) du= nine0 :3.2 The BFGP kinetic modelA speci�c model, originally proposed in [35] and further developed in [37] is reported in whatfollows. It concerns a simple two population system, tumor and immune cells, where the numberof environmental cells is constant in time, with activation localized on the value u = 1, and it isassumed that the rate of cytokine signals is known in time.Moreover, the model is such that the large number of populations of the immune system arecollected into one population only. This means that only an overall cooperative e�ect is consideredwhich consists in the competition with tumor cells. Similarly, the same assumption is applied toenvironmental cells although not all of them have the same activation.The activity of cytokine signals is assumed to regulate the interactions between tumor cellsand the immune system. As a particular case, the signals may produce an activation of the immunesystem. In general, it is necessary to specialize and classify each signal, in order to properly modelits activity.Such a model is an axample, certainly to be improved, of how the general theory of Section 3.1can be particularized. Bearing this in mind, consider a physical system consisting of three inter-acting cell populations, each one denoted by the subscript i, with i = 1; 2; 3:i = 1 refers to the tumor cells;i = 2 corresponds to the cells of the immune system;i = 3 corresponds to the cells of the host environment which in this case are assumed to be ofconstant population size.Referring to conservative encounters, which are ruled by cytokine signals, the transitionprobability densities  are modelled with two parameters: variance � and most probable outputvalue mij . Interactions are described in the following models:Model 3.1. Conservative encounters are only signi�cant between tumor and immune cells. Theencounter rate �, which refers to the rate of conservative encounters, is assumed to be constantand independent of the states of the interacting cells�i3 = �11 = �22 = 0 ; �12 = �21 :(Under this assumption the time can be rescaled with respect to �12 = �21).Model 3.2. Transitions of tumor cells after interactions between a tumor cell with state v andan immune cell with state w are characterized by the following expression for the most probableoutput value m12 v > 08<:w > 0 ) m12(v; w) = v � �+12wv ;w = 0 ) m12(v; w) = v ;w < 0 ) m12(v; w) = v � ��12w(1� v) ; (3:18)14



and v � 08<:w > 0 ) m12(v; w) = v ;w = 0 ) m12(v; w) = v ;w < 0 ) m12(v; w) = v � ��12w(1� v) ; (3:19)where �+12; ��12 2 [0; 1]. This model corresponds to the following:- If the interacting immune cell is active (w > 0), the state of the active tumor cell decreases,being always above the limit dormant state v = 0 : 0 � m12(v; w)� v.- If the immune cell is inactive (w = 0), then the state of the tumor cell does not change.- If the immune cell is degenerated (w < 0), then the state of the active tumor cell increases,being always below the limit activation state v = 1 : v � m12(v; w) � 1. If the tumor cell hasalready reached its maximum activity v = 1, it cannot increases further: m12(v = 1; w < 0) =1.- If the tumor cell is dormant, its state does not change, whether the immune cell is active ornot.- If the tumor cell is dormant and the immune cell is degenerated, then the state of the tumorcell increases (and eventually become aggressive).Model 3.3. Transitions of immune cells after interactions between an immune cell with state vand a tumor cell with state w are characterized by the following expression for the most probableoutput value m21(v; w) (w > 0 )m21(v; w) = v � �21w(1 + v) ;w � 0 )m21(v; w) = v ; (3:20)where �21 2 [0; 1]. The model corresponds to the following:- If the interacting tumor cell is active, i.e. w > 0, then the state of the immune cell decreases,being always above the maximum degeneration state v = �1: �1 � m21(v; w) � v. If theimmune cell has already reached its maximum degeneration state v = �1, it cannot decreasefurther, m21(v = �1; w > 0) = �1. The higher the activity w of the tumor cell, the strongeris the disactivation of the immune cell.- If the tumor cell is dormant (w � 0), the state of the immune cell does not change.Model 3.4. Cytokine signals are assumed to operate on conservative encounters only. This meansthat the signals operate only on the parameters � in (3.18){(3.20). The activity of cytokine signalsdepends both on the type and on the amount of signal itself. We de�ne�ij = �cij cij(t) ; (3:21)where �cij characterizes the type of signal and cij the normalized amount of signal itself, which isassumed to be a known function of time.Referring now to proliferative and destructive encounters, we start specializing the formof the probability density assuming thatModel 3.5. When a cell, stimulated by the interaction with other cells, undergoes mitosis, thenewborn cell inherit the same aggressive state as the mother cell. This means saying thatPij(v; w; u) = pij(v; w)�(v� u)15



where � is the Dirac delta function.The proliferation term (3.9) then simpli�es toPi = fi(t; u) nXj=1 Z 11 pij(u; w)fj(t; w) dw: (3:22)Therefore, the net generation of cells is given byPi � Di = fi(t; u) nXj=1 Z 11 �ij(u; w)fj(t; w) dw (3:23)where �ij(u; w) = pij(u; w)� dij(u; w) : (3:24)The total change � resulting from proliferation and destruction can be positive (net prolifera-tion) or negative (net destruction) depending on the prevailing action. Interactions are modelledas follows:Model 3.6. The destructive and proliferative actions are a consequence of the activation state ofeach cell. Interactions between a tumor cell with state v and environmental or immune cells withstate w are modelled by the following proliferation and destruction terms:�11(v; w) = 0 ; (3:25)v > 0�w � 0 ) �12(v; w) = ��12w ;w < 0 ) �12(v; w) = �
12vw ; (3:26)and 8><>: v � 0 )�12(v; w) = 0v � 0 )�13(v; w) = 0v > 0 )�13(v; w) = 
13vw : (3:27)Interactions between an immune cell with state v and environmental or tumor cells with state ware modelled by the following proliferation and destruction terms:(w � 0 )�21(v; w) = 
21w < 0 )�21(v; w) = 0 ; (3:28)(�22(v; w) =0 ;�23(v; w) =� �23w ; (3:29)where the terms 
 and � refer, respectively, to proliferation and destruction. The above modelscorrespond to the following:- Proliferation of tumor cells is signi�cant only for interactions with the degenerated immunecells and for interactions with the environmental cells. Proliferation only occurs for aggressivestates v > 0, and is directly proportional to the aggressivity of the tumor v and to the negativeactivation of the degenerated immune cells �w and to the activation of the environmental cells.- Proliferation of immune cells occurs in the interaction with active tumor cells and is indepen-dent on the activation state of the pair.- Destruction of aggressive tumor cells only occurs in the interaction with active immune cellsand is directly proportional to the activation state of the immune cells.The intrinsic evolution of cells is modelled as follows16



Model 3.7. Cells belonging to the tumor and to the immune system can both increase theirpeculiar activity even in absence of interaction with other cells. The tumor cells are assumed tohave a spontaneous tendency to pass from a dormant (u < 0) to an aggressive state (u � 0). Theimmune system can be, instead, pharmacologically stimulated. In both cases activation cannotovercome the maximum value u = 1 and can be modelled asc+i (u) = �+i (1� u) ; �+i � 0 ; i = 1; 2 : (3:30)In addition, tumor cells can be medically deactivated and induced in a dormant state. This actioncannot overcome the limit dormant state u = �1 and can be modelled asc�1 (u) = ���1 (1 + u) ; ��1 � 0 : (3:31)It is useful to remark explicitly that the dependence of ci on u is not related to the medicalaction, which, of course, cannot be state dependent, but on the fact that a drug acts di�erently oncells having di�erent states. For instance, a \good drug" aimed at activating the immune systemwill have a stronger impact on those cells which are inactive (u = 0) or even degenerate (u < 0)than on those cells which are already active (u > 0). In particular, it will have no e�ect at all onthose cells which are already fully active (u = 1).In addition, both the medical action and its e�ects are naturally time dependent. Therefore,a better description would have to include, for instance, the time dependence of �+2 and ��1 .Finally, among several possible actions source/sink terms are modelled as followsModel 3.8. Source/sink terms are related to the introduction of new-born cells and of the de-struction of existing cells. Some of these phenomena occur naturally, others have a medical origin.For instance, one can have(i) Destruction of tumor cells by medical treatmentg1(t; u) = ��1f1(t; u) ; (3:32)(ii) Production of cells from the bone marrow, which can possibly be pharmacologically stimulatedg2(u) = 
2uH(u) (3:33)where H(u) is the Heaviside function;(iii) Destruction of cells of the immune system as a by-product of the medical therapy in i)g�2 (t; u) = ��2f2(t; u) : (3:34)Also in this case, as medical therapies are time dependent, the coe�cients should depend ontime. 17



The evolution equation obtained using the above assumption consists in the following systemof two coupled integro di�erential equations:8>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>:
@f1@t (t; u) + @@u [c1(u)f1(t; u)] = Z 1�1 Z 1�1  12(u;m12(v; w); �c12c12(t); �)f1(t; v)f2(t; w) dvdw+ f1(t; u)H(u)�
13u� 
12u Z 0�1 wf2(t; w) dw� �12 Z 10 wf2(t; w) dw�� f1(t; u) ��1 + Z 1�1 f2(t; w) dw� ;@f2@t (t; u) + @@u [c+2 (u)f2(t; u)] = Z 1�1 Z 1�1  21(u;m21(v; w); �c21c21(t); �)f2(t; v)f1(t; w) dvdw+ f2(t; u)�� Z 1�1 f1(t; w) dw+ 
21 Z 10 f1(t; w) dw� �23 � �2�+ 
2uH(u) ; (3:35)where c1(u) = �+1 (1� u)� ��1 (1 + u) (3:36)and the detailed expression of the  terms and the meaning of the various parameters have beende�ned above.4. Mathematical Aspects of Macroscopic ModellingMacroscopic models are needed when tumor cells are not suppressed after their formation by theimmune system, and aggregate into a multicell spheroid. The tumor then interacts with the outerenvironment mainly by the use of chemical signals which di�use through the tumor and outsideit. In addition, cells located on the surface can interact with other cells of the environment andcapillary sprouts can penetrate into the spheroid. The phenomenological behavior of the system wasbrie
y described in Section 2. Mathematical models should be able to simulate such a behavior bothfor the avascular and the vascular phase. Microscopic cellular description can be used to supportcontinuum theories in alternative to a totally phenomenological approach developed without aproper link between the cellular and the macroscopic scale.In general, the following sequential steps towards modelling can be indicated:Step 1. De�nition of the macroscopic geometry of the material system, and hence of the indepen-dent variables.Step 2. Selection of the dependent variables to describe the evolution of the biological system.Step 3. Modelling of the di�usion and transport phenomena related to the evolution of the de-pendent variables in time and space.Step 4. Modelling generation and death phenomena related to several cellular activities as thosedescribed in Section 3.Several interesting contributions are available in the literature, which develop continuum mod-els where the relevant phenomena are described by simple di�usion equations.18



Reference prior to 1995 can be recovered in [3] and [40, 41][ADa,b] and [3]. Regarding to themost recent papers one can classify the papers according to the phase of growth they focus on.Most of the papers consider the avascular phase, focusing on di�erent aspects: the e�ect oftime delays [19], the death mechanisms [20], the role of growth factors [21, 22], and the inclusionof the intercellular 
uid or of other cell populations [30{32]. In particular, the interaction betweenthe tumor and macrophages is studied in [28, 29].Regarding angionesis, [15, 16] study the interactions between the capillary sprout tip density,the vessel density within a sprout and the concentration of TAF. On the other hand, [24, 25], [27]focus on the evolution of endothelial cells in presence of TAF and �bronectin.Regarding the study of the vascular phase and the formation of metastasis, the paper by Ormeand Chaplain [26] and the special issue edited by Michelson [42] represents good starting points.In addition, the e�ect of cell adhesion in tumor invasion and in the development of carcinomas isstudied in [43] and [44]. Comparisons between predictions of the model and experimental resultsare also developed in [45].In principle, modelling should be able to take into account the whole variety of the evolutionthrough the sequential phases: avascular, angiogenic, and vascular. Bearing this in mind, we refermainly to [48] where the analysis was speci�cally developed to provide a model suitable to providethe overall description. Neverthless, the several contributions available in the literature will not beignored.Following the same line of the preceding section, we �rst provide a description of the generalmathematical framework which can be used to generate the models, then speci�c examples ofmodels describing the material behavior of the system are given. In this case both a continuummechanics and a random walk framework can be used, which also allows to put in evidence therelation between microscopic phenomena and macroscopic parameters. Linking the material modelsto the general evolution equation yields the speci�c evolution model. Again, such a model can, andshould, be improved (as discussed in the last section) on the basis of a relatively deeper analysis ofcellular phenomena.4.1. Mathematical structure of continuum modelsIn order to describe the mathematical structure of continuum models some geometrical notationshave to be introduced. Referring to Figure 7, T (t) is the region occupied by the tumor mass.This is a time dependent domain included in a much larger �xed domain D which will be calledenvironment. The region D � T will be said outer environment. According to the observationsabove, it is expected that the evolution of the tumor leads to the formation of a necrotic regioninside T (the darker region in Figure 7.) Capillaries initially exist only outside T , i.e. in theouter environment, but because of angiogenesis they can penetrate into the tumor and thereforeit is expected that the evolution leads to the formation of capillary sprouts within T . Growthinhibitory factors and tumor angiogenesis factors are produced inside T but can di�use in theouter environment. The former have no e�ect outside the tumor as there are no tumor cells to actupon, the latter have outside their main functional activity as initially the endothelial cells to bestimulated are in D � T .The macroscopic mathematical model, consists in an evolution equation for the variable u =u(t;x) deemed to describe, in time (t) and space (x), the physical state of the system. The variableu includes both cell populations and chemical substances (or factors) produced in the environmentby interacting cells.Between these two classes there is, however, a deep di�erence as cells are much larger than19



Figure 7 | Geometry of solid tumors.chemical factors and macromolecules. In addition, cells occupy part of the available space andcan not penetrate each other, so that one can take as state variables their volume ratio, i.e. thevolume occupied by the ith-species over the total volume. If each cell is modelled as a deformablemembrane containing a de�nite amount of an incompressible liquid, this choice is equivalent tochoosing as state variables the number densities or the mass densities.Chemical factors and nutrients are molecules which di�use in the intercellular space, attach tothe cell membrane, or pass through it, so that it can be assumed that they do not occupy space.One can then take as state variables their concentrations.The derivation of the model here described is developed, following [48], on the basis of massbalance equations, also supported by a random walk scheme. The former viewpoint corresponds towrite integral balances on the basis of the following schemeRate of change ofthe number of cellsin a control volume = Generation of cellsin the control volume � Death of cellsin the control volume (4:1)� Advective out
owthrough the boundaryof the control volume � Random out
owthrough the boundaryof the control volumeUnder suitable regularity assumptions, one can then write the following general balance lawin local form @u@t = �r � (Wu)�r � (Qru) + � � Lu (4:2)where W is the convective velocity, Q is the di�usion coe�cient, � is the proliferation term perunit volume, and L is the death coe�cient.The general idea of the random walk approach consists in de�ning a framework model for theadvection-di�usion phenomena for a system on a cubic lattice.All cells and chemical factors contained in the elementary volume Vijk centered in the point(xi; yj; zk) of the lattice are considered concentrated in the lattice point (xi; yj ; zk). One aims atstudying the evolution of the number of a particular cell (or chemical factor) Nijk(t) found in thenode (xi; yj; zk) at time t, which is related to its density throughNijk(t) = ZVijk u(t;x) dx : (4:3)20



The evolution is governed by the probabilities of motion along the lattice, of proliferation and ofdeath.A comparison between the two approaches is particularly interesting not only to draw a line be-tween observations done at a microscopic level and macroscopic parameters but also as a simulationtool, as for instance done in [49], [25], [30].4.2. The DP mathematical modelA speci�c model generated within the above general framework is here described with reference to[48] for more details. The model aims at describing the evolution of the following variables:{ the density uT of living tumor cells;{ the density uD of dead tumor cells;{ the density uI of Growth Inhibitory Factor, usually shortened as GIF ;{ the density uA of Tumor Angiogenesis Factor, usually shortened as TAF ;{ the density uC of the endothelial cells;{ the density uN of nutrient.The speci�c form of the drift, di�usion, gain, and loss terms is based on the following assump-tionsModel 4.1. (Tumor evolution){ Mitosis occurs only if tumor cells receive a quantity of nutrient euN , which can be strictly largerthan the amount uN necessary for its survival;{ Proliferation is a�ected by a chemical factor called Growth Inhibitory Factor (GIF), whichinhibits mitosis and by the amount of nutrient which promotes it.{ Tumor cells die only if the nutrient is not su�cient to feed all cells.{ There exists a threshold density u characterized by the fact that if the total density of all cellsin a point is above it, then tumor cells feel pressed by their neighbours and tend to migratetowards a region characterized by a lower total density.{ Dead tumor cells do not move.{ Dead tumor cells naturally disintegrate into waste products, mainly water.{ Dead tumor cells outside the tumor are eaten by macrophages.Model 4.2. (Chemical factor evolution){ Living tumor cells constantly produce the chemical factors (GIF and TAF){ The chemical factors di�use both in the region T (t) occupied by the tumor and in the tumor-free region.{ The di�usion mechanism of the chemical factors is the same and may depend on the e�ectiveoverall density, as cells occupy part of the space where the factors di�use. In particular, itmay be drastically di�erent inside and outside the tumor.{ Chemical factors naturally degrade.Model 4.3. (Angiogenesis){ When stimulated by TAF, endothelial cells proliferate at a rate proportional to the concen-tration of TAF. In addition, proliferation decreases with the density of new capillaries. Inparticular, it stops if the density of endothelial cells is higher that a threshold value.{ Newborn endothelial cells both move randomly and migrate toward the source of angiogenicstimulus giving rise to the formation of capillary sprouts by accumulation of endothelial cells.21



{ Newborn endothelial cells undergo natural death, while old capillaries are constantly replacedso that their distribution is constant in time.{ Proteins like angiostatins are modelled as having the ability of stopping the proliferation ofendothelial cells, e.g. by drastically reducing their sensitivity to the presence of TAF.Model 4.4. (Nutrient di�usion){ Nutrients are mainly carried by the capillary network, though some nutrients di�use throughthe environment outside the capillary network. In particular, in absence of capillaries theregion outside the tumor is kept at a constant amount of nutrient. With the formation ofcapillaries the nutrient reaching the tumor surface increases proportionally to the capillarydensity.{ Nutrient di�usion in the tumor is promoted by the presence of capillaries.{ Nutrient is absorbed by living tumor cells.According to these hypotheses, one can formalize the description above specializing the di�erentterms in (4.2) as detailed in the following tableW Q � LuI 0 kF 
I�T (t;x)uT �IuA 0 kF 
A�T (t;x)uT �AuC wCruA kC 
CuA(uC � uC)+(uC + buC) �CuT �wTru 0 
TuNuTH(uN � euNuT )"+ �uI �TH(uNuT � uN)uD 0 0 �TH(uNuT � uN )uT �DuN 0 kE + kN(uC + buC) 0 �NuTwhere �T (t;x) is the characteristic function of T (t), buC = buC(x) is the density of the pre-existingcapillary density, and u = uT + uD + uC + buC is the overall density of all cells.Summing up the model writesin D :8>>>>><>>>>>: @uI@t = kFr2uI + 
I�T uT � �IuI@uA@t = kFr2uA + 
A�T uT � �AuA@uC@t + wCr � (uCruA) = kCr2uC + 
CuA(uC � uC)+(uC + buC)� �CuC (4:4a)in T (t) : 8>>>>>><>>>>>>: @uT@t = wTr � (uTru) + 
TuNuT"+ �uI H(uN � euNuT )� �TH(uNuT � uN )uT@uD@t = �TH(uNuT � uN)uT � �DuD@uN@t = r � [�kE + kN (uC + buC)�ruN ]� �NuTuN : (4:4b)22



Some of the state variables in (4.4), more precisely uI , uA and uC , are de�ned in the wholeenvironment D, while others, namely uT , uD and uN , are de�ned in the tumor only T (t). As thisregion depends on time (e.g., the tumor grows) one has to give an evolution equation which is incharge of determining the position x = xT (t) of the border @T (t) of the tumor. Referring to Fig. 7it can be realized that this interface is a material boundary for the tumor and therefore movessolidally with the tumor cells at the free surface, i.e. referring more speci�cally to the table aboveand to (4.4) nT � dxTdt = nT �WT (xT ) = �wTnT � ru(xT ) : (4:5)The mathematical problem describing the evolution of the tumor in presence of angiogenesisthen writes as a free-boundary value problem. The mathematical structure of the model is rathercomplex. It consists of three parabolic equations valid in the whole domain D. Those referringto the chemical factors are di�usion equations, while that referring to the formation of capillarysprouts is an advection-di�usion equation which can be advection dominated, i.e. dominated bychemotaxis. Within the time dependent domain referring to the tumor, one has parabolic equationsfor the nutrient and for the living tumor cells and a hyperbolic equation for the dead cells.This last equation needs a boundary condition to be imposed on the border of the tumor whenthe tumor is growing, corresponding to the case of characteristics related to the hyperbolic equationentering the expanding domain T (t).As the motion is due to the generation and motion of living tumor cells, one can impose thatthere are no dead cells at the surface uD(xT (t); t) = 0 : (4:6)Furthermore, as the tumor surface is stress-free, the cells are not compressed there and the overalldensity u is equal to the close packing one u, so that one can writeuT (xT (t); t) = u� uC(xT (t); t)� buC(xT (t)) : (4:7)In summary, (4.4) is supplemented by the boundary conditionson@D : uI = 0 uA = 0 uC = 0 (4:8)and on@T (t) : 8><>: uT =u� uD � uC � buCuN ="+ �(uC + buC)uD =0 if WT � nT > 0: (4:9)The free boundary value problem can be formulated in a dimensionless form by normalizing,for instance, space by pkE=�Nu, time by 
T , cell densities (i.e. uT , uD, uC , buC , and u) by u,nutrient density by " and chemical factor densities by 
iu=
T , (i = A; I). Denoting by a star thedimensionless quantities the free boundary problem writesin D :8>>>>><>>>>>: @u�I@t� = k�Fr2u�I + �T u�T � ��Iu�I@u�A@t� = k�Fr2u�A + �T u�T � ��Au�A@u�C@t� + w�Cr � (u�Cru�A) = k�Cr2u�C + 
�Cu�A(u�c � u�C)+(u�C + bu�C)� ��Cu�C (4:10)23



in T (t�) :8>>>>>><>>>>>>: @u�T@t� = w�Tr � (u�Tru�) + u�T u�N1 + ��u�IH(u�N � eu�Nu�T )� ��TH(u�Nu�T � u�N)u�T@u�D@t� = ��TH(u�Nu�T � u�N )u�T � ��Du�D@u�N@t� = ��N �r � ��1 + k�N(u�C + bu�C)�ru�N ]� u�T u�N	 (4:11)with boundary conditionson @T (t�) : 8><>: u�T = 1� u�D � u�C � bu�Cu�N = 1 + ��(u�C + bu�C)u�D = 0 if W�T � nT > 0: (4:12)on @D : u�I = u�A = u�C = 0 (4:13)and initial conditionsin D : u�I = u�A = u�C = 0 (4:14)in T (t� = 0) : u�T = u�N = 1 ; u�D = 0 (4:15)x�T (0) = x�0 (4:16)where ��N = �Nu
T ��i = �i
T i = A;C;D; I; Tk�F = kF �NukE
T k�N = kNukE k�C = kC�NukE
T�� = �
Iu
T " �� = �u" 
�C = 
C
Au2
2Tw�C = wC�N
Au2kE
2T w�T = wT �Nu2kE
Teu�N = ueuN" u�N = uuN" : (4:17)Useful dimensionless numbers can also be��C = kCkE = k�C��C ��F = kFkE = k�F��C (4:18)which are the ratio of the di�usion coe�cients, and!�C = w�Ck�C = wC
AukC
T !�T = w�Tw�C = wT
TwC
A (4:19)which, respectively, give an indication of the relative importance of the di�usion term versusthe chemotactic one in the equation for the capillaries and of the ratio of tumor growthacceleration over chemotactic acceleration in the equation for the living tumor cells.24



5. On the Links among Sub-cellular, Cellular and Macroscopic ScalesThe relevant phenomena describing the immune competition are developed, as shown in Section 3,at the cellular scale. Cellular phenomena are also crucial when tumor cells aggregate into a solidform, or when a solid structure releases metastases. Research papers show a constant e�ort tolink cellular models to macroscopic ones. Analyzing this aspect is a challenging, however di�cult,topic which will de�nitively attract future research activity of applied mathematicians. At present,we have to recognize that despite great e�orts and some encouraging results, still a satisfactoryanalysis has to be developed. This means that our review will be limited to describe some openproblems, and to give some hints toward their analysis.Following the presentation of the preceding sections we deal separately with cellular and macro-scopic models.5.1 Kinetic cellular modelsKinetic cellular models are developed within a general framework which ends up into a systemof evolution equations providing the statistical behavior of the system. These models have tobe particularized by using microscopic models suitable to describe cellular interactions. Speci�-cally microscopic models should be able to describe activation and inhibition of immune cells anddestructive proliferative processes.Cellular models available in the literature, e.g., [34{39], can certainly be improved on the basisof theories available in cellular biology. The task consists in interpreting the relevant subcellularactions and modelling their e�ect on cellular interactions. An aspect which is not taken intoaccount in the models reviewed in Section 3 is the onset of neoplastic cells. This phenomenonmay be studied by suitable analysis and modelling of the cell properties. Speci�cally, one has toanalyze the problem of loss of di�erentiation of cells which degenerate, due to DNA modi�cationsinto neoplastic cells, see f.i. [50].Referring to models available in the literature and reviewed in Section 3, we observe that threeclsses of parameters characterize the model:�-type parameters caracterize conservative interactions which generate modi�cation of the state,but not of the number of cells;
-type parameters caracterize proliferative interactions which generate an increase in the numberof cells;�-type parameters caracterize destructive interactions which generate a decrease in the number ofcells.As suggested in [4], their identi�cation can be based either on modelling subcellular proper-ties, or on experiments addressed to estimate the parameters by observed data on the growth oftumors. For instance, 
-type parameters can be estimated observing the growth in absence of thecompetition of the immune system, that is when it is suppressed.A preliminary analysis was developed in [34], where experimental results have put in evidencethe large quantitative di�erence between the growth in an environment with active or suppressedimmune system. Then, once the proliferation parameters have been identi�ed, one can proceed ina similar way to the identi�cation of the �-type parameters.On the other hand, no useful suggestion is given, until now, for the assessment of �-typeparameters. What we know is that computational simulations, have put in evidence, as it willbe discussed in Section 7, that the role of the above parameters is relevant in determining the25



asymptotic behaviour of the solution. Indeed, one can identify a bifurcation parameter separatinga behaviour with suppression of tumor cells, to that characterized by their continuous growth. Thebifurcation parameter may be put in relation to the action of cytokine signals.Moreover, one should investigate whether the mathematical structure given in Section 3 needfurther developments in order to include relatively sophisticated models. For instance, an interestingmodel, however di�erent from that given above, was proposed in [51]. The papers suggest tointroduce for each cell a state, called progression, which characterize the progression of the celltoward degenerate states. Low values correspond to normal cells. High values progressively toloss of di�erentiation, dormant state, proliferative, metastatic, etc. The system is regarded as apopulation of cells with statistical distribution over their state. Indeed, it is a framework similarto the one described in Section 3. However, the di�erence is not simply technical and deservesthe development of a suitable mathematical framework. Possibly, a new framework will requiredi�erent modelling of cell interactions and hence of subcellular models.5.2 Macroscopic modelsMacroscopic models were derived using di�usion equations related to mass balance and includingmass production and destruction. The link between the macroscopic and microscopic and cellularscales has to be referred to the parameters characterizing the model. These parameters can begrouped as follows: production coe�cients are denoted by the letter 
, death coe�cients by theletter �, di�usion coe�cients by the letter k, transport coe�cients by the letter w, and referencedensities by (ui; bui). More in details:Growth coe�cients� refers to the inhibited proliferative e�ect due to the presence of GIF;
I is the production coe�cient of GIF from living tumor cells;
A is the production coe�cient of TAF from living tumor cells;
C is the proliferative coe�cient of endothelial cells;
T is the proliferative coe�cient of tumor cells;Destruction coe�cients�I is the degradation coe�cient of GIF;�A is the degradation coe�cient of TAF;�C is the natural death coe�cient of endothelial cells;�T is the death coe�cient of tumor cells when the nutrient is not su�cient to feed all cells;�D is the disintegration coe�cient into waste products of dead tumor cells;�N is the absorption coe�cient of nutrient from active tumor cells;Reference and threshold densitiesuN is the amount of nutrient needed to feed a tumor cell;euN is the amount of nutrient needed per tumor cell to start proliferating;u is the threshold density, here called close packing density, above which living tumor cells arepushed toward regions with smaller e�ective overall density;uC is the threshold overall density above which endothelial cells are not generated;buC is the density of pre-existing capillaries from which new capillaries start being generated. Thisis a space dependent function.Di�usion coe�cientskF is the di�usion coe�cient of chemical factors;26



kC is the di�usion coe�cient of endothelial cells;kE is the di�usion coe�cient of nutrient outside the capillary network inside the tumor;kN is the di�usion coe�cient of nutrient through the capillary network inside the tumor;Drift velocitieswC is the migration coe�cient of capillary sprouts towards the source of angiogenic stimulus;wT is the migration coe�cient of active tumor cells toward less compressed regions.Each parameter refers to a well de�ned phenomenon and has a particular e�ect on a speci�ccell population. Some of the parameters should be identi�ed by models developed at the cellularscale. On the other hand, when this is not possible, ad hoc experiments can lead to their evaluation.To be more speci�c, growth and destruction coe�cients, and reference and threshold densitiescan be evaluated looking at the system at the cellular scale. More in details, growth coe�cientscan be evaluated by looking at the mitotic rate of cells, and death coe�cient by looking at therate at which cells die in absence of mitosis. Degradation coe�cients relative to chemical factorsand the absorption coe�cient of the nutrient by the tumor cells can be evaluated measuring theirevolution when they are no more produced by the cells or by the environment, respectively. Theamount of nutrient which promotes proliferation or that cause death can be evaluated by lookingat the behavior of the cells for decreasing amounts of nutrient. The close packing reference densitycan be evaluated by counting the number of cells in a stationary con�guration.The development of direct measurements of di�usion and drift coe�cients is more di�cultbecause they might involve observations at a sub-cellular scale and might be a�ected by strongrandom 
uctuations.However, as for cellular models, the simulation should be able to indicate the sensitivity of thesolution to the parameters. Some of them do not e�ectively modify the qualitative behavior of thesolutions. Some e�ectively do. This means that experimental activity has to refer speci�cally tothese parameters.In particular, we can observe some agreements and inconcistencies with respect to cellulartheories. Speci�cally, proliferation and feeding terms are similar. (Later we will discuss the role offeeding related to the action of angiostatines). On the other hand, at present, kinetic models aredeveloped in a space-independent framework. Hence, in order to link cellular models to macroscopicones, i.e. integro-di�erential models to advection-di�usion models, an e�ort has to be done in thedirection of the introduction of the space variable and of the dynamics generating the motions of thecell populations. However, when this is done, cellular models still would represent a relatively moredetailed dynamics, as in them the evolution depends on the state of the cells, e.g. the probabilityof proliferation of a cell depends on the state of the mother-cell and on that of the other interactingcell. This piece of information is lost in macroscopic models as can be realized comparing (3.17)and (4.2) in the spatially homogeneous case or for non-moving cells.6. Mathematical Problems and a Survey of SimulationsThe class of models described in the preceding sections may simulate the behavior of the realphysical system. As usual, the simulation is obtained solving mathematical problems related to theapplication of the model by suitable computational schemes. A qualitative analysis should be devel-oped before solving the computational problems, and may provide useful information both towardthe qualitative behavior of the solution, and toward the application of computational algorithms.27



The above program is certainly an interesting �eld of speculation for applied mathematicians.Only a small part of it is dealt with in the literature. The hope is that future activity will beaddressed toward the solution of the above problems. Indeed, the development of mathematicstowards the above paths is pushed by strong motivations. As usual, a mathematical model mayhopefully contribute to research activity in the �eld of immunology both reducing the amount ofthe experiments and addressing them towards directions identi�ed with the aid of the model. As amatter of fact, developing a simulator of the immune system in the competition with pathologicalcarriers is one of the great challenges for the cooperation between applied mathematicians andimmunologists. This matter is well emphasized in the article by Taubes [52], which favours scienti�cactivity towards the simulation of the various phenomena, such as interaction and competition ofcells in vivo. The following aspects are of particular interest:i) Qualitative and quantitative prediction of the evolution of the system after suitable identi�ca-tion (based on experimental data) of the parameters of the model.ii) Parameter sensitivity analysis with special attention to identify the modi�cations to the qual-itative behavior of the system induced by small variation of the parameters.iii) Identi�cation of physical behaviors which may be described by the model without particularevidence given by experiments.Here, the statement of mathematical problems is reported and a small survey of mathematicalresults and simulations existing in the literature is reported. In particular, we refer to the initialvalue problem for kinetic models, the initial-boundary value problem for kinetic models with internalstructure, and �nally the moving boundary problem for solid tumor models.6.1 The initial and initial-boundary value problems for kinetic modelsThe statement of the evolution problems for kinetic models was given in Section 3. The qualitativeanalysis of these problems is developed in [53] where results on existence, regularity, and asymptoticbehavior of the solutions are given for a class of kinetic models related to those speci�cally describedin this review. The same analysis can be technically generalized in the framework of the generalclass of models described in Section 3. The mathematical methods are those developed in [54].The qualitative analysis is not yet able to predict asymptotic behaviors with direct referenceto speci�c values of the parameters. However, a computational analysis gives interesting results.Preliminarly, it can be observed that the various parameters characterizing the model can be dividedinto the following groups:i) �-type parameters characterize the transitions in conservative encounters;ii) 
-type parameters characterize proliferation activity;iii) �-type parameters characterize destruction activity.Particularly interesting is the analysis related to �-type parameters corresponding to conser-vative encounters. The output of the above encounters can be modi�ed by cytokine signals [14]arti�cially produced. Hence, the analysis may point out the sensitivity of the qualitative evolutionto the above parameters and, in particular, to the existence of bifurcation parameters separatingthe following di�erent qualitative behaviors: blow up of tumor cells and inhibition of the immunesystem; or alternatively, blow up and activation of immune cells and destruction of the tumor cells.The substantial di�erence with respect to bifurcation phenomena for ordinary di�erential equa-tions is that the evolution (and hence the bifurcation) refers not only to the densities ni(t), butto the distributions fi(t; u). Hence, the bifurcation phenomenon must be referred to the change,in time, of the distribution over the variable u, which models the state of the interacting cells.28



Figure 8 | Evolution of tumor cells (top) and immune cells densities (bottom) for �21 = 0:11.The biological interpretation is an evolution toward states of activation and aggression opposed toinhibition and dormancy.Quantitative results have been obtained by classical discretization schemes, e.g., [33] Chapter 4.For instance, the behavior observed for a large variety of �xed values of the parameters � and 
 isthe following: 29



Figure 9 | Evolution of tumor cells (left) and immune cells densities (right) for �21 = 0:12.� �21 behaves as a bifurcation parameter: There exists a critical value �c of �21 such that if�21 < �c the activation of the immune system is able to control the growth of tumor cells,while if �21 > �c tumor cells succeed inhibiting immune cells and grows without opposition.In order to visualize the above behavior a simulation corresponding to the following values ofthe parameters��12 = �+12 = 0:1; 
12 = 
21 = 0:5; 
13 = 1; 
2 = 0:2; �12 = 0:5; �23 = 0:2 ;is shown, while the parameter �21 is made variable.The simulation is shown in Figures 8 and 9, which respectively refer to �21 = 0:11 and �21 =0:12. In the �rst case it can be seen how the growth of tumor cells induces a reaction of the immunesystem which depletes in part the tumor weakening its aggressivity. In fact, the distribution slightlyshifts towards low values of u. However part of the tumor survives and represents several times,though in weaker form. This is a lucky case in which eventually the immune cells are able tocontrol the growth of tumor cells. In the second case, obtained for a slightly larger value of �21, anopposite evolution of the competition is described. Indeed, as shown in Figure 9, when tumor cellsincrease for the �rst time, the immune system is only in part able to control it. In fact there is alocal maximum of tumor cell density after which the number of tumor cells decreases. However, in30



Figure 10 | Identi�cation of the interfaces delimiting the proliferating (darker grey), the quiescent(lighter grey), and the region with dead cells (white).the �ght tumor cells have succeded in inhibiting the immune cells. In fact, their distribution shiftstowards low values of u with a maximum that goes from 0.4 to 0. Hence, when tumor re-exhibitsthe immune cells are no longer able to compete and control the growth of tumor cells, in spiteof the fact that the number of cells grows fast. The calculations developed in [38] indentify thebifurcation value up to the �fth digit.The analysis of models with internal structure con�rms the above behavior. Detailed analysisis reported in [37], where it is also shown how the external action can contribute to reach a controlof the asymptotic behavior.6.2 The free boundary value problems for macroscopic modelsWe have already seen in Section 4 that the mathematical problem describing the macroscopicevolution of the tumor interacting with the outer environment, e.g. in presence of angiogenesis,writes as a free-boundary value problem and has a rather complex mathematical structure.In order to understand something more on the e�ects produced by the di�erent terms charac-terizing the model, the qualitative behavior of the solution for the one-dimensional problem will be�rst examined in the avascular case with wT = 0, so that the tumor cells and the tumor free surfacedo not move. In this case the equation for u�T becomes hyperbolic and does not need boundaryconditions.First of all, as the nutrient evolution is governed by a di�usion equation with a sink term, theamount of nutrient available u�N will attain its maximum at the tumor surface and will decreasewith increasing distance from the surface.Referring to Figure 10, we �rst consider the case eu�N < 1, i.e. the amount of nutrient arrivingat the tumor surface is larger than that needed by all cells living there to proliferate. In this case,31



Figure 11 | Proliferation and death of cells for (a) u�N < eu�N < 1 and (b) u�N < 1 < eu�N .there is a rim near the tumor surface of proliferating cells (darker grey strip in Figure 10). Mitosisstops when u�T = u�N=eu�N (see Figure 11a) as at this point the nutrient does not furnish to the cellsthat surplus necessary to promote proliferation.There can be then two points x�Q and x�N such that u�N is equal to eu�Nu�T (x�Q) and u�Nu�T (x�N),respectively.In the layer between x�N and x�Q (or, in absence of x�N , below x�Q) neither the gain, nor theloss term are present in the evolution equation for the living tumor cells. This is then a quiescentregion represented in Figure 10 by a lighter grey strip.Finally, below x�N only the loss term is present in the evolution equation for the living tumorcells. In this region (represented in white in Figure 10) tumor cells do not have enough nutrientto survive all and start dying. They will continue doing so, until the amount of nutrient reachingthat point is su�cient to feed the remaining cells. This occurs when u�T (t�; x�) has decreased tou�N(t�; x�)=u�N (see Figure 11.)There is then, in agreement with the description given in [55], a thin transition layer withcopresence of living and dead tumor cells near x�N , which represents the transition to the necroticregion.To be more speci�c, assume that u�T be constantly equal to one. In this particular case, thenutrient would decrease exponentially in time with a dimensionless characteristic time t� � 1=��Nto the stationary distribution u�N = coshx�coshx�T : (6:1)Hence, in this case one has that the nutrient distribution within the tumor drops exponentially ina (dimensional) depth of order pkE=�Nu. 32



If 1 > eu�N > u�N > 1coshx�T (6:2)(where the last term of the inequality is the amount of nutrient reaching the center of the tumor)the two points x�Q such that u�N(x�Q) = eu�N and x�N such that u�N(x�N) = u�N are given byx�Q = cosh�1(eu�Ncoshx�T ) x�N = cosh�1(u�Ncoshx�T ) : (6:3)Figure 12 is a contour plot. Each line refers to a nutrient level and states at what depth fromthe tumor surface that amount of nutrient is found as a function of the dimensionless tumor size.It shows that these levels rapidly become independent of the tumor size, e.g. the depth of theproliferating layer is nearly given, say, for x�T > log 10=eu�N) by � log eu�N . In fact, the given levelof nutrient is achieved at a distance from the tumor surface which rapidly tends to a constant.A similar thing occurs for the quiescent layer with x�Q � x�N � log eu�N=u�N . This means that (ifu�T = 1) while evolving the depths of the proliferating and of the quiescent layers remain constant,as experimentally con�rmed by the observations reported in [56]. In Figure 12 this is put in evidenceconsidering eu�N = 0:8 and u�N = 0:5. The darker grey region represents then the thickness of theproliferating rim and the lighter one the thickness of the quiescent region. As x�T grows both layerstend to a constant. Consequently, the necrotic region grows (white region.)As already mentioned, in the necrotic region cells will stop dying when u�T = u�N=u�N . Thisstate is reached in a time of order t� � 1=��T . In this situation the solution near x�N can beapproximated (if x�N � 1) byu�N � u�Nh1 + x�N�x�p6 i2 u�T � 1h1 + x�N�x�p6 i2 : (6:4)showing the presence of a layer of copresence of living and dead cells of dimensional width � =p6kE=�Nu. One can then say that the necrotic region becomes evident for depths of order xT �xN +p6kE=�Nu.It need be mentioned that, if the assumption w�T = 0 is dropped, the increase in cell density inthe proliferating rim tends generating an expansion. On the other hand, the disintegration of deadcells in waste products in the necrotic region with the consequent decrease in cell density tendsgenerating a contraction. The balance between the two termsP = Z x�Tx�Q u�Tu�N1 + ��u�I dx� and D = ��T Z x�N0 u�D dx� (6:5)will determine whether the tumor expands or contracts. In particular, the steady state is achievedwhen the two terms are equal.For instance, if u�N < 1 < eu�N , then at the tumor surface there are no proliferating cells andP = 0. If nothing new happens, e.g. angiogenesis, the tumor will then start shrinking up until alldead cells are disintegrated. In this situation, the tumor reduces to a very small spheroid with onlyquiescent cells, ready however to become active again when the new capillary sprouts bring themmore nutrient.More in general, the formation of capillary sprouts increases the amount of nutrient reachingthe tumor to u�N(x�T ) = 1 + ��(u�C + bu�C)(x�T ) � "�. Besides increasing the mitotic rate of the33



Figure 12 | Location of given nutrient levels from the tumor surface as a function of the dimensionof the tumor. From below the curves refer to u�N = 0:9; 0:8; 0:7; 0:6; 0:5; 0:4; 0:3; 0:2; 0:1. The darkerregion represents the thickness of the proliferating layer if eu�N = 0:8 and the lighter region that ofthe quiescent layer if u�N = 0:5.already active cells, this moves down the interface between active and quiescent cells waking upsome tumor cells which will start proliferating and contributing to the growth of the tumor. Forinstance, Equations (6.1) and (6.3) rewriteu�N = "� coshx�coshx�T x�Q = cosh�1 �eu�N"� coshx�T� : (6:6)Setting 
�C to zero (i.e. with the injection of angiostatins) will generate a regression of the newcapillary network in a time of order t� � 1=��C . This will decrease the amount of available nutrient,generating a regression of the tumor size. In particular, if u�N < 1 < eu�N it will induce a regressionof the tumor to the quiescent state as mentioned above.The qualitative behavior just described is put in evidence in Figures 13 and 14. The verticalline in the �gures represents the border of the tumor. Focusing on what happens inside the tumor itcan be seen that the nutrient (grey line) rapidly decreases with increasing distance from the tumorsurface. As a consequence living tumor cells (dot-dashed line) are only found very near the tumorsurface with formation of a larger and larger necrotic core (the dashed line represents the densityof dead cells.) However, proliferation in the small rim is strong enough to induce tumor growth. Itis importance to notice how the width of the proliferating rim is nearly constant as tumor evolvesas predicted analitically.The dotted line represents how the Tumor Angiogenic Factor produced by the cells from thebeginning di�uses in the environment. In the �rst plot some TAF has already reached the pre-existing capillary network (the bump in the �gure outside the tumor). This induced the formationof new capillary sprouts which start from the pre-existing network and rapidly tend toward thetumor surface (the black line.) At a dimensionless time t� = 1 they have already reached the tumorsurface and penetrated into the tumor. From this point the simulation is developed having in mindpossible medical actions like those suggested in [57, 58]. The aim is then to focus on what happens34



when angiostatins are injected so that the endothelial cells are no longer sensitive to the presence ofTAF and do not feel stimulated in duplicating. Injection is simulated at t = 1:4 by putting 
�C = 0.This brings up a progressive death of capillaries because the endothelial cells dying of natural deathare no longer replaced as they no longer feel stimulated. This well known process is similar to whathappens in wound healing. New capillaries form because there is a stimulus of doing so, but as thewound is cured, the stimulus ceases and the new capillaries are destroyed leaving unchanged thepre-existing network they originated from.When the capillary network is destroyed, the tumor does not have enough nutrient. The outerrim is not so proliferative any more and more and more cells start dying. The size of the tumorstarts decreasing. Actually, Figure 14 shows how a regression of tumor size is induced by the masslost as a result of disintegration of dead cells not balanced by proliferation.The �nal plot represents the steady situation with the original con�guration of capillaries (thebump on the right) and a non expanding tumor with balance between new cells proliferating in theouter rim and dead cells disintegrating in the necrotic core.The above qualitative analysis is the preliminary step of the role of the parameters of the modelupon the asymptotic behavior of the solutions. Other qualitative results for a relatively simplermodel are given in some papers by Cui, Friedmann, and Reitich [59{61].7. Control ProblemsMathematical control problems related to models of tumor immune system competition can bedeveloped on the basis of qualitative and computational analysis of the e�ect of external actions overthe dynamical response of the system. Also this topic can potentially become a useful cooperationground between mathematics and immunology. This statement is true if, at least, the followingconditions are veri�ed:i) The mathematical model describes realistically the evolution of the biophysical system;ii) The parameters which are peculiar of the system can be e�ectively related to biophysicalquantities;iii) Medical theurapetic actions can be developed in order to modify the above parameters.Certainly research activity can avoid cooperation with mathematics. We are simply lookingat concevivable potential links between these two disciplines which are, at present, still very faraway. Mathematics cannot deal with the technical devices to obtain a certain medical action. Itcan simply support such an action with the aim of addressing it more precisely or of reducingquantitatively the time needed by experiments.Within the above framework, we can now assess the sequential steps to develop a mathematicaltheory concerning the control of the system. In detail, the following line is proposed:1. Assessment of the mathematical model which is object of the control analysis. This also meansidentifying the regime characterizing the physical system: cellular or continuum.2. Identi�cation of the parameters of the model which may be modi�ed by suitable medical action(chemiotherapy, cytokine signals activation, use of angiostatins, etc.).3. Analysis of the potential ability of the above action to modify the asymptotic behavior of thecompetition.The general ideas stated above do not substantially di�er from the ones posed in the reviewpaper by Swan [5], which still is one of the main reference paper dealing with control problems in35



Figure 13 | Regression of capillary network as an e�ect of angiostatins. The vertical line is theborder of the tumor. The grey line represents the nutrient distribution. The dot-dashed linerepresents the distribution of living tumor cells. The dashed line represents the distribution ofdead tumor cells. The dotted line represents the distribution of tumor angiogenic factor. Dark fullline represents the capillary density. RT is the dimensionless radius of the tumor.36



Figure 14 | Subsequent regression of tumor size due to lack of nutrient. The vertical line isthe border of the tumor. The grey line represents the nutrient distribution. The dot-dashed linerepresents the distribution of living tumor cells. The dashed line represents the distribution of deadtumor cells. The dotted line represents the distribution of tumor angiogenic factor. Dark full linerepresents the capillary density. RT is the dimensionless radius of the tumor.37



cancer therapy. The contents of the above paper refers to models stated in terms of ordinary di�er-ential equations. Indeed, until now, control problems seems organized for simple models describedby ordinary di�erential equations. In practice, models are obtained as suitable modi�cations ofpopulation dynamics which describe the competition between tumors and immune system. Thisfeature is not only documented in [5], but also by more recent approaches such as [12] and [62].These models are certainly based on crude simpli�cations of physical reality, although the above pa-pers have the great merit of analysing the complex (and for certain aspects ambiguous) relationshipbetween medical actions and physical system.The role of medical actions and their control is indeed object of interesting and e�ectivelyuseful studies. We refer, among others, to the activity by Agur and coworkers [63], [64]. Thee�ective contribution of this type of analysis appears highly useful. On the other hand, we forwardthe idea that applied mathematicians should also study actions that are related to models whichare not oversimpli�ed in order to reduce mathematical complexity. Indeed, we are convinced thatrecent progress in tumor modelling which lead to more sophisticated models deserve a deep analysisof the control problems. The mathematical problem is hard. As stated in [4], the physical systemwe are dealing with is characterized by a great inner complexity, so that one cannot really hope, andshould not look for, simpli�cation of the mathematical problem. May be, this is a great challengefor applied mathematicians and this paper aims to focus on it.Bearing this in mind, a description of some (among several ones) control problems is givenin what follows. Then we discuss how some of the simulations, already reviewed in the precedingsection, may contribute to the analysis of the above problem.All problems described in what follows have to be regarded as research perspectives broughtto the attention of applied mathematicians. In fact, a suitable literature on the above topic is notyet developed.7.1 Medical actions on the parameter of kinetic modelsWe refer to kinetic (cellular) models which have been described in Section 5, and, in particular, tomodel (3.36) in the case c1 = c2 = 0. Moreover, we assume that the time variable is rescaled withrespect to �12, while the parameters � ; 
 and � are, under suitable external actions, given functionof time.The evolution problem can be formally written as follows:8><>: @f1@t =J1�f1; f2; �(t); 
(t); �(t)� ;@f2@t =J2�f1; f2; �(t); 
(t); �(t)� ; (7:1)The external action is supposed to be able to increase or decrease the initial value of eachparameter �(t) = �0 +��U(t; ta) ; 
(t) = 
0 +�
U(t; ta) ; �(t) = �0 +��U(t; ta) ; (7:2)where U = n 1 if t 2 [0; t�];0 otherwise. (7:3)The above problem was posed and dealt with by a computational analysis in [38], where it wasshown that a parameter sensitive to de�ne the output of the competition is �12, which refers to38



conservative encounters between tumor and immune cells. In fact, �12 is a bifurcation parameterseparating the asymptotic opposite behaviors: inhibition of the immune system and tumor growth,or activation of the immune system and tumor depletion. This feature is con�rmed in a fewsystematic calculations developed in [64].The above analysis suggests to operate on �12 by suitable cytokine signals which may modifyit, at least for a certain time interval thus reducing the inhibition action of tumor cells. Still severalproblems are left open. The following ones are indicated among several ones:i) Modi�cation of the proliferative activity of tumor cells (increasing the parameter �1) by medicalactions such as chemiotherapy or use of proteins able to generate apoptosis (without increasing�2).ii) Modi�cation of the defence activity of immune cells (increasing the parameter 
21) in order tohave a faster response.iii) Modi�cation of the degenerative trend of immune cells (reducing the parameter �21) in orderto have still an active immune system when the tumor re-exhibits.iv) Modi�cation of the resistence of immune cells to mortal attacks (reducing the parameter �21)in order to avoid immuno depressive states.v) Modi�cation of the production of immune cells from the bone marrow (increasing the parameter
2) in order to have a stronger immune system.vi) Modi�cation of the aggressivity of immune cells against the tumor (increasing the parameter�12) in order to have a more e�cient response.A preliminary analysis of the behavior with respect to the actions in i) and v) has beenperformed in [37]. Analyzing separately the role of the variation of each class of parameters allowsa direct insight over their role. However, also joint actions can be analyzed, which may be studiedalso in connection to those described in the next subsection. What one hopes to observe is that aftera certain action time the external action is e�ectively able to modify the output of the competition,although this ability may not be observed. The opposite trend may also be studied. For instance,one can analyze if a temporary weakening of the immune defence, may negatively modify the desiredtrend.The above posed problems have not yet been dealt with systematically in the literature, andare here indicated as research perspectives. The only e�ects which are studied in some detail arethe bifurcation phenomena already discussed in Section 6.7.2 Medical actions operating on the intrinsic activity of tumor and immune cellsThis type of analysis does not formally di�er from the one described in the preceding subsection.Again, we refer to kinetic (cellular) models which have been described in Section 5, and, in par-ticular, to model (3.35) in the case c1 6= 0 and/or c2 6= 0. While the parameters � ; 
 and � areassumed to be constant in time.The evolution problem can be formally written as follows:8><>: @f1@t + @@u [c1(u; t)f1] =J1�f1; f2; �0; 
0; �0� ;@f2@t + @@u [c2(u; t)f2] =J2�f1; f2; �0; 
0; �0� ; (7:4)39



where for instance c1(u; t) = �+1 (1� u)� ��1 U(t; t�)(1 + u) (7:5)is related to externally induced reduction (or increase) of the activation (rate of growth) of tumorcells, and c2(u; t) = �+2 U(t; t�)(1� u) (7:6)is related to externally induced increase (or reduction) of the immune defence.As before, analyzing separately the role of the variation of the two terms above allows a directinsight over their role. However, also joint actions can be analyzed. What one hopes to observe isthat after a certain action time the external action is e�ectively able to modify the output of thecompetition, although this ability may not be observed. The opposite trend may also be studied.The above posed problems have been posed in [37] where a preliminary analysis was alsodeveloped as already discussed in Section 6. The above analysis can be developed in connectionwith the one described in Subsection 7.1.7.3 Control problems for continuous modelsThe analysis of mathematical control problems for continuous models described in Section 4 canbe developed again to analyze the e�ect of external medically induced actions over the evolutionof the system.In particular, the qualitative and quantitative analysis of Section 6 has put in evidence thatfor several values of the parameters there exists a stationary con�guration with equilibrium ofdisintegration of dead cells and proliferation of new cells. The fact that for a given amount ofnutrient the width of the proliferating rim is nearly independent of the tumor size has also beenstressed. The equilibrium size of the tumor depends on the amount of nutrient. In particular, itincreases with the amount of available nutrient reaching the tumor surface. If the tumor is reachedby the capillary network the amount of nutrient available becomes incredibly high. Therefore, apossibility of controlling the tumor size depends on the ability of controlling the angiogenic processand of inducing capillary regression.One of the crucial issues in medical research consists then in conceiving drugs which, forinstance, make the endothelial cells less sensible to the presence of tumor angiogenic factors eitherby decreasing their proliferation (related to the parameter 
C) or their chemotactic motility (relatedto the parameter wC .) This can be done by the use of proteins like angiostatins and endostatins,see for instance [57].In the simulation of Figures 13 and 14 the response predicted by the mathematical model toa drastic decrease of the growth coe�cient of the capillaries 
C was studied.One of the points in which mathematical modelling can be of help consists in understanding{ to which degree one need to decrease 
C (or wC) in order to have an e�cient action on thetumor;{ for how long that parameter has to be kept low;{ when the therapy can be stopped;{ when the therapy need be repeated.This is particularly important when one considers also the fact that the use of a drug isusually toxic and can not be given to the patient forever and in inde�nite amounts. Therefore,the minimization problem involved in de�ning the control action is not as trivial as one can think.Actually, it is very hard to be de�ned. In fact, to be more speci�c, it is not just a matter of killing40



a tumor in the shortest time possible, but reducing its size in a suitable time with a therapy thepatient can stand.It need be mentioned that in the framework of medical actions which can be modelled from amacroscopic viewpoint the control of angiogenesis by angiostatins and endostatins is one possibility.One can also use control parameters which describe a medical action aimed at increasing the e�ectsof growth inhibitory factors, or at introducing in the tumor genetically engineered macrophageswhich carry drugs which kill tumor cells, and so on.8. Critical Analysis and Research PerspectivesA critical analysis concerning the state-of-the-art may start from some of the questions posed in the�rst section. In particular, we will �rst consider the e�ective possibility of mathematics to cooperatewith immunology. Then also on the basis of the critical analysis some research perspectives maybe indicated.8.1 Kinetic cellular modelsThe �rst remark concerning the kinetic cellular approach is that models reviewed in this paper canbe technically improved in order to provide a relatively more accurate description of the biophysicalsystem we are dealing with. It is not di�cult to indicate some perspective ideas, although it iscertainly not easy developing them at a technical level. In detail:i) The number of cell populations can be increased in order to include, at least in part, the largevariety of interacting populations. For instance, populations of immune cells can be furtherspecialized in order to take into account di�erent activities and specializations of the immunesystem which reacts to tumor cells and acts over it.ii) Enlarging the number of cell populations may necessarily lead to increase the dimension of thestate variable u to a vector one in order to include the relevant di�erent activities of the cells.iii) Development of models with transition of cells from one population to another. This type ofmodelling can even take into account the onset of neoplastic cells, and may be related to variouscomplex phenomena, e.g., DNA modi�cations [50], corruption of the mechanical structure ofcells [65].iv) Looking for new mathematical structures such as the one related to the phenomenologic de-scription proposed in [51] concerning the statistical evolution of the progression factor.A technical di�culty is that the increasing number of parameters may lead (despite somevaluable e�orts, e.g., [66]) to unsolvable identi�cation problems. The challenging problem refers tothe possibility that the phenomenologic description of cell interactions given in Section 4 may bereplaced by microscopic models related to cellular properties and, in particular, of cell signalling[67].8.2 Continuous modelsA critical analysis and the indication of perspectives concerning macroscopic di�usion models canbe developed in a way similar to that related to microscopic models. Speci�cally, technical im-provements can be developed by increasing the number of cell and substances and by describingmore carefully their activities.The main problem is still the analysis of the links between microscopic and macroscopic be-haviors. In particular, it should be analyzed how cellular behaviors are properly related to the41



various di�usion processed described in the the macroscopic model. Maybe a deeper analysis ofthe above problem may lead to a modelling somehow di�erent from the one reported in Section 5.The model recalled in Section 4 is already able to predict several interesting phenomena:� Di�usion of nutrient through the surface of the tumor and the capillary network and its di�-culty in reaching the central region of the tumor;� Formation of necrotic regions as a result of lack of nutrient, even starting from a situation ofall living cells in an environment full of nutrient;� Existence of an outer proliferating layer in condition of su�cient nutrient, which for largetumor size has nearly a constant depth.� Existence of a layer of quiescent cells which can activate when the amount of nutrient presentin the environment increases, e.g. after the formation of the induced capillary network;� Existence of a limit tumor radius in the avascular phase depending on the amount of nutrientpresent in the environment;� Tumor expansion due to the birth of new cells;� Control of tumor mitosis by the presence of inhibitory factors;� Angiogenic process with proliferation of capillaries just outside the tumor surface and penetra-tion of capillary sprouts inside the tumor and increase of tumor growth rate with the formationof capillary sprouts;� Regression of the new capillary network induced by the tumor as an e�ect of proteins inhibitingangiogenesis as angiostatins.� Shrinking of tumor radius when the induced capillary network is destroyed.On the other hand, the model should be further improved going in deeper detail in describingsome phenomena, or including several other phenomena. Speci�cally, we point out the followingperspectives:i) Cell-to-cell interaction, e.g. adhesion, response to compression, and formation and di�usion ofmetastasis;ii) Competition with the immune system similarly to that one considered in cellular models;iii) Inclusion of the extracellular liquid as the phase in which tumor cells live;iv) Inclusion of other chemical factors, e.g. Growth Promoting Factors, Growth Inhibitory Factorsfor endothelial cells.v) Modelling cell aggregation phenomena which play an important role in the formation of solidtumors. In order to model them, one has to look at the dynamics in a space of cells. Interactionsgenerate a sticking phenomena similar to those of cluster formation.vi) Mechanical interactions between tumor and external tissues.vii) Degradation of external tissues by the production of chemical factors.8.3 Control problemsThe main remarks concerning the development of a mathematical control theory have been alreadyposed in Section 7. This topic related to the rather sophisticated models reported in this paperis totally open to reserch activity. Indeed, as reported in the review paper by Swan [5], themathematical literature on optimal control on cancer therapy is limited to simple models with astructure similar to those of population dynamics.Now the main question concerns again the ability of the model to retain the main features ofthe real system. Moreover, the modelling of the external actions should be e�ectively related tothe possibility of producing actions in the real system. However, the feeling on the possibility of42



describing the real behavior of the biophysical system, and hence of developing a real control actionis pessimistic. This may be a personal, however questionable opinion. On the other hand, simplemathematical models can possibly simulate the evolution of gross quantities, but very little of theinner behavior of the system itself. Dealing with the description of the real system may even bringto design sophisticated computer simulators as indicated in the promising paper [68].More speci�cally, the parameters of the model are based on phenomenologic interpretation, sothat it seems di�cult both assessing them and referring the external actions to them. Moreover,these models neglect all relevant geometrical features, which are peculiar of continuous modelsand, indeed, play an important role in the evolution of real systems. They are, in fact, relatedto relevant phenomena such as angiogenesis, e�ects of angiostatins and detachment of metastasis,which cannot be described without assumptions on the geometry. These information are totallylost by simple models.9. On the Interactions between Mathematics and ImmunologyAs already announced in the introduction, we conclude this review paper with a critical discussionconcerning the interaction between mathematics and immunology. The question already posedwas: how far this interaction is useful to research activity in immunology and which are the correctdirections to be developed within such a collaboration.This paper attempted to show that it can be useful. Indeed, a great amount of work wasalready developed, as documented in the vaste literature cited. Although, one cannot hope thatmathematics can directly solve problems in immunology. However, it can contribute to a researchprogram by means of modelling and simulation referred to particular aspects and behaviors of theimmune system: for instance, developing a simulator of the immune system in competition withpathology carriers. This target keeps its relevance even if it is restricted to some very specialphysical situations. In fact, if one considers that in this research �eld it is necessary to performexpensive and lenghty experiments in vivo, then one has to make any e�ort to reduce the amountof experiments and, indeed, the simulation of the behavior of the system can serve to this scope.This last consideration is the one which induced to deal mainly with models closely related tothe real phenomenologic behavior of the system. Relatively simple models, such as those generatedby Gompertz model, can even provide realistic overall descriptions. On the other hand, if oneoperates with models which have to be related to experiments, then the description need to becomerelatively more sophisticated and able to retain all relevant cellular phenomena.This appears to be a correct direction to develop mathematical research activity. Mathemati-cians should develop models and related simulations as close as possible to the real behavior ofthe system. Possibly, the simulation should speci�cally refer to experiments either substituting orproperly addressing them.On the other hand, sophisticated descriptions should be made understood to immunologists.In frameworks where the dialogue is consistent several useful results can be achieved starting fromthe reduction and quali�cation of the experimental activity.This di�culty may be tackled with a gradual approach. The �rst step refers to the statementof the physical assumptions concerning the derivation of the model. These assumptions should becarefully and critically examined by immunologists. Then the derivation of the evolution equationsand the related simulations should be again handled by applied mathematicians. The dialogue withimmunologists will continue with a joint analysis of the simulations. This analysis may contribute43
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