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Abstract—This paper provides a survey of mathematical models and methods dealing with the analysis
and simulation of tumor dynamics in competition with the immune system. The characteristic scales
of the phenomena are identified and the mathematical literature on models and problems developed on
each scale is reviewed and critically analysed. The aim is to provide a general framework towards the
development of immuno-mathematical theories and to develop research perspectives in this promising new

field of applied mathematics.

1. Introduction

Cancer is one of the greatest killers in the world particularly in western countries although medical
activity has been successful, despite great difficulties, at least for some pathologies. A great effort
of human and economical resources is devoted, with succesful outputs (but also with failures) to
cancer research with particular attention to experimental and theoretical immunology.

The following question can be naturally posed: can possibly research activity in immunology
take advantage of a certain, however limited, interaction with mathematics? Moreover, can the
models described in this paper contribute to the above interaction?

An additional question from the viewpoint of applied mathematicians is the following: does
the application of mathematical models in immunology generate interesting and challenging math-
ematical problems?

The reply to the first two questions is positive. In the authors’ opinion, research in immunology
may hopefully take advantage of a certain interaction with mathematics, even though mathemat-
ics cannot directly solve problems in immunology. However, models and simulations of particular
aspects and behaviors of the immune system might reduce the amount of experiments which are
necessary for therapy developments. In principle, mathematical models can be even developed
toward the elaboration of immuno-mathematical theories, suitable to support the progress of the-
oretical immunology. However, this is not a simple task and a great amount of work has still to be
done to the above objective. As an additional task, mathematical models can be used to support
the application of control actions in the framework of mathematical control theories.

The reply to the third question is certainly positive. Mathematical problems generated in the
framework dealt with in this paper often represent a challenging task for applied mathematicians,
both on the analytic and the computational ground. Some of these problems have not been solved
vet and are object of research activity.

The above outlined discussion, which defines the background motivating this paper, is certainly
worth being further developed. However, it is useful to postpone it to the last section of this
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paper after having reported the state-of-the-art related to the existing literature. Indeed, several
interesting papers proposed models and mathematical problems which already constitute a broad
framework of challenging and stimulating hints for applied mathematicians.

A vaste literature is already reported in a few review papers devoted to modelling, analysis
and control of tumor immune system interactions. In particular, we focus the reader’s attention
to the surveys collected in [1] and [2] which provide a rather complete description of the state of
the art. Additional bibliography can be recovered in the review papers [3], devoted to the various
macroscopic stages of evolution of the tumor, [4], mainly concerned with the assessment of the
framework for the development of immuno-mathematical theories, and [5] dealing with the analysis
of mathematical control models and theory. Additional detailed citations will be given in the
sections that follow with direct reference to specific aspects of the whole topic.

The aim of this paper is not, however, limited to a description of the state-of-the-art, but it
aims to develop new ideas towards analytic and computational problems in this promising new area
of applied mathematics. The contents are proposed in nine sections.

— The first section is this introduction which formulates the aims of the paper and its contents.

— The second section provides a description of the phenomenology of the system from the view-
point of applied mathematicians. In particular, the different scales characterizing the system,
from the sub-cellular scale to the macroscopic behavior, are identified, thus assessing the gen-
eral framework for mathematical modelling.

— The third section deals with a review of mathematical models developed at a cellular scale,
which found the so-called cellular kinetic theory as it is developed by methods similar to
nonlinear kinetic theory. The model describes statistically the behavior of the system with
particular attention to the competition between tumor and immune cells. It also retains
certain aspects of phenomena developed at the sub-cellular scale. This means modelling cell
activity and signaling in relation with loss of differentiation and interactions between tumor
cells and the immune system.

— The fourth section deals with modelling macroscopic phenomena by nonlinear partial differen-
tial equations and free boundary problems, thus describing the interactions of solid tumors with
the outer environment. As above, macroscopic models retain certain aspects of phenomena
developed at the cellular scale.

— The fifth section discusses the links among models developed at different scales with special
attention to the transition from the cellular to the macroscopic description.

— The sixth section provides the description of some mathematical problems related to the appli-
cation of the model and a survey of simulation results which have to be compared with known
qualitative results. This section also brings to the attention of applied mathematicians some
analytic and computational problems which may be of interest for their research activity in
this field.

— The seventh section deals with the analysis of mathematical problems related to control actions,
which can be developed at both scales: the microscopic and the macroscopic one.

— The eight section deals with a critical analysis of the contents of this survey and indicates
research perspectives towards further development of the immuno-mathematical theory as
much as towards the mathematical problems generated by the models reviewed in this paper.

— Finally, the last section comes back to some of the questions posed above and namely refers
to the possibility of success of the cooperation between immunology and mathematics. This
aspect is examined in the light of the various results reviewed in this paper.
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We need mentioning that this review paper does not deal with a survey of models stated in
terms of ordinary differential equations developed in a framework similar to population dynamic
models. This class of models was generated by the pioneer work by Gompertz [6], and was devel-
oped by several authors, e.g., Gyllemberg and Webbs [7], Michelson and Leith [8-10], Lo Schiavo
[11], Kirschner and Panetta [12], etc. These models are often used, as we shall see in Section 7,
to deal with mathematical control problems. We do not critically discuss the utility of the above
models, but simply mention that we have chosen to deal with models which retain the main phe-
nomenological behavior of the real system.

2. Phenomenology and Scaling

The evolution of a cell, as described by various authors, e.g., Heberman [13] and Forni et alii
[14], is regulated by the genes contained in its nucleus. These genes can either be activated or
suppressed, when signals stimulate receptors on the cell surface and are then transmitted to the
nucleus of the cell. The reception of a particular signals can modify the usual behavior of a cell. In
extreme situations, particular signals can induce a cell to reproduce itself in the form of identical
descendants, that is the so-called clonal expansion or mitosis, or to die, that is the so-called apoptosis
or programmed death.

Tumor cells compete with the immune system and, if not recognized and depleted, start to
condense into a solid form. The solid tumor interacts with other cells through signals which diffuse
in the outer environment. The sequential steps of the evolution of the system may be summarized,
from the view point of a mathematician, as follows:

1. Genetic changes, distortion in the cell cycle and loss of apoptosis.

2. Interaction and competition at the cellular level with immune and environmental cells. This
stage include activation and inhibition of the immune system. This action is also developed
through cytokine signal emission and reception which regulate cell activities.

3. Condensation of tumor cells into solid forms, macroscopic diffusion and angiogenesis.

4. Detachment of metastases and invasion.

The first two steps are mainly related to cellular phenomena, the last two need macroscopic
descriptions although cellular phenomena cannot be neglected as they are always the entities gener-
ating the macroscopic behavior. Mathematical models related to cellular phenomena are generally
stated in terms of ordinary differential equations and deal with the behavior of a single cell, while
integro-differential kinetic equations are used for collective phenomena. On the other hand, macro-
scopic behaviors are generally described by nonlinear partial differential equations which should
bring to problems stated as moving boundary problems. The development of control activities can
be organized along each of the steps above.

In principle, an immuno-mathematical theory should make it possible to describe all relevant
features of the system in evolution with direct reference to the pertinent scales. Specifically, a theory
requires the identification of the natural scales characterizing the phenomenon. It is possible to
distinguish three main scales: the sub-cellular, the cellular, and the macroscopic scale. Indeed,
the system shows interesting phenomena on each single scale. A theory should retain all relevant
features from the lower to the higher scale.

To begin with, we limit the description to some and hopefully most relevant phenomena oc-
curring at each scale, artificially separating them on the basis of the scale involved.

The subcellular scale refers to the main activities within the cells or at the cell membrane.
Among an enormous number of phenomena one can focus on
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Figure 1 — Sub-cellular, cellular, and macroscopic scale
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Figure 2 — Cellular interactions.

Genetic changes, distortion in the cell cycle and loss of apoptosis;
Expression and transduction of signals between cells;

Response of the cellular activity to the signals received;
Absorption of vital nutrients.

The cellular scale refers to the main (interactive) activities of the cells: activation and

proliferation of tumor cells and competition with immune cells. More specifically, referring to

Figure 2, one has

i)
i)

iii)

iv)

Fast proliferation of tumor cells, which are often degenerated endothelial cells, happens when an
environmental cell looses its death program and/or starts undergoing mitosis without control.
Competition with the immune system starts when tumor cells are recognized by immune cells,
resulting either in the destruction of tumor cells or in the inhibition and depression of the
immune system.

After differentiation tumor cells undergo a process of maturation, which make them more and
more proliferative and aggressive toward the environment and the immune system. Tumor cells
can be additionally activated towards proliferation by nutrient supply from environmental cells.
Activation and inhibition of the immune cells in their competition with tumor cells is regulated
by cytokine signals. These interactions, developed at the cellular level, are ruled by processes
which are performed at the sub-cellular scale.

Activation and inhibition of cells belonging to the tumor and to the immune system can also
be induced by a properly addressed medical treatment.
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The macroscopic scale refers to phenomena which are typical of continuum systems: cell
migration, convection, diffusion (of chemical factors, nutrients), phase transition (from free to
bound cells, and viceversa detachment of cells and formation of metastases), and so on. After a
suitable maturation time, tumor cells start to condense and aggregate into a quasi-spherical nucleus
and interact with the outer environment.

In this stage three overlapping phases of growth are usually identified: the avascular phase,
the angiogenic phase and the vascular phase. The avascular phase can be observed and studied in
the lab by culturing in wvitro cancer cells. These cells which take the form of multicell spheroids
are usually characterized by an inner zone of necrotic cells dead for lack of nutrients, an outer
zone of active tumor cells, and possibly an intermediate layer of quiescent cells (see Figure 3a).
The angiogenic phase is characterized by the ability of the tumor to stimulate the proliferation of
endothelial cells and by the formation of capillary sprouts that bring more nutrients to the tumor
(see Figure 3b). The vascular phase is characterized by the ability of the tumor to invade the
surrounding tissue and to metastasize to different parts of the body.

In particular, the avascular stage of growth is characterized by:

i) Formation of a necrotic core of dead tumor cells where a process of destroying cellular debris
may take place;

ii) Formation of an outer region of proliferating tumor cells and of an intermediate region of
quiescent cells;

iii) Production of chemical factors, among which several growth inhibitory factors, generally called
GIF, and growth promoting factors, called GPF, by the tumor mass, thus controlling the
mitosis;

iv) Dependence of the tumor cells mitotic rate on the GIF and GPF concentration;

v) Non-uniformities in the proliferation of cells and in the consumption of nutrients, which filtrate
throught the surface of the spheroid and diffuse in the intracellular space.

On the other hand, the tumor angiogenic phase is characterized by:

i) Secretion of tumor angiogenesis factors, generally called T'AF, by the solid tumor and diffusion
through the surrounding tissue;

ii) Release of enzymes by the environmental cells reached and stimulated by TAF, which degrade
their basement membrane. Endothelial cells then proliferate and migrate towards the source
of the angiogenic stimulus;

iii) Formation of capillary sprouts by accumulation of endothelial cells.

iv) Increase of tumor growth rate with the formation of the capillary network.

A macroscopic description of the system should focus on these features and aim at giving their
evolution in time. Models based on reaction diffusion equations can be for instance found in [3],
[15-32]. Obviously, the macroscopic behavior depends on phenomena occurring at the cellular level,
e.g. proliferation, death, activation, and inhibition of single cells, interaction between pairs of cells.

The above naive description retains some aspects of the way of thinking of an applied mathe-
matician, who has in mind transferring the phenomenologic observation into equations. No problem
in admitting that an immunologist can be highly disappointed by this attitude. He will deeply look
at a certain phenomenon without an immediate aim to transfer this observation into mathematical
equations. When the phenomenologic description becomes very detailed, transferring it into math-
ematical equations may become a very difficult task. On the other hand, once the said program
is ended, the mathematical description can hopefully put in evidence behaviors which are not, or
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Figure 3 — Macroscopic evolution. (a) Diffusion of vital nutrients in the tumor (circles) and of
chemical factors produced by the tumor (stars). (b) Beginning of the angiogenic phase which will
produce a configuration like the one shown at the top of Figure 1.

even cannot, be observed.

Additional details concerning the mathematical structure of models developed in the frame-
work of the above scales can now be given with reference to mathematical modelling theory [33].
Conventionally, we state that a model developed at the microscopic scale defines the time evolution
of the physical state of a single cell. Often these models are stated in terms of ordinary differential
equations.

On the other hand, if we aim to describe the evolution of a system constituted of a large
number of cells one may replace the system of ordinary differential equations (one for each cell)
by a kinetic equation on the statistical distribution of the state of all cells. This approach, which
generate the so called kinetic cellular theory, has the advantage of simplifying the complexity of
the model. Indeed, one can obtain macroscopic observables by suitable moments derived by the
statistical distribution.

The evolution of macroscopic observables can be described by models developed in the frame-
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work of continuum phenomenologic theories, e.g., those of continuum mechanics. These models are
generally stated in terms of partial differential equations.

The link between the microscopic and the macroscopic description is one of the main open
problems, as we shall see in Section 5, for scientists involved in the reserch field we are dealing
with.

3. Mathematical Aspects of the Kinetic Cellular Theory

During the first stages of evolution tumor cells have not yet condensed into a solid form. They have
just differentiated from the other endothelial cells and, if recognized by the immune system, they
are attacked. This interaction and competition with the immune system may end up either with the
control of tumor growth or with the inhibition of the immune system, and hence with the growth
and condensation of the tumor into a solid form. In this scheme each cell can be characterized
by one or more activation states. These activation states are supposed to represent the relevant
activities of the cells in the collective phenomena.

The evolution related to the above collective behavior can be described by the so called kinetic
cellular theory which is based on methods typical of the kinetic theory and provides a statistical
description of the evolution of large populations of cells undergoing kinetic type interactions. The
results of these interactions depend on the activation state of the cells. They can both modify the
activation state of the interacting cells and generate proliferation/destruction phenomena.

The cellular theory was proposed and developed in a sequel of papers [34-39]. General aspects
are reported in the surveys [4, 36]. Computational schemes and applications are developed in
[39]. The theory provides a system of evolution equations for the distribution function over the
activation state of the cells of each cell population. The action of cytokine signals and external
actions are also taken into account. They may be cast into the mathematical description either as
an additional population or in the form of coupling parameters between the various cell populations.
The sequential steps of this approach may be listed as follows:

Step 1. Selection of the cell populations which play a role (in the model) in the quantitative and
qualitative evolution of the system and identification of the peculiar activity of the cells belonging
to a certain population, and of the cytokine signals regulating such an activity.

Step 2. Modelling the dynamics of cell-cell interactions based on phenomena occurring at the
sub-cellular scale.

Step 3. Derivation of the equation suitable to describe the evolution of the size and state of each
cell population.

Step 4. Development of simulation tools to visualize the role of cell interactions during the evo-
lution of the system with particular attention to the possibility of depleting the presence of tumor
cells by suitable control actions.

The technical development of the above steps needs detailed analysis and assumptions on the
interactions between cells in the environment. We are interested, at this stage, in a critical analysis
of the theory proposed in the literature so that suitable indication for its improvement can be taken
into account. Before getting into technical aspects, we remark that the interaction with the lower
sub-cellular scale is dealt with by modelling the emission and reception of signals between cells. In
addition, in statistical mechanics, observability is not claimed. Cell-cell interactions may even be
observed for pair interactions, while one cannot do that for the whole ensemble of interacting cells.
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The above program is here described in two steps. The first one refers to a general framework,
which defines the mathematical structure of the evolution model without entering into technical
details. The second one deals with the description of a particular model, which has to be regarded
as a particular application within the general framework mentioned above. Therefore, such a model
can, and should, be improved (as also discussed in the last section) on the basis of a relatively deeper
analysis of cellular phenomena.

3.1 Mathematical structure of cellular kinetic models

As mentioned above we aim at describing a general framework for the derivation of evolution kinetic
models. We follow the line reviewed in [4], which is based on the following assumptions:

Assumption 3.1. The functional state of each cell, also called activation, is described by the
real number w which conventionally can take values in the interval [—1,1]. The variable u denotes
the ability of the cell to express its main activity, which differs from cell type to cell type. Positive
values of u denote an aggressive activity of a tumor cell, while negative values correspond to dormant
states; positive values of u denote an inhibitory and destructive activity of the immune cells while
negative values of v denote cooperation with the tumor system, e.g. feeding; the activity of the
environment cells consists in feeding the tumor.

Assumption 3.2. After differentiation tumor cells gradually mature, becoming more and more
proliferative and aggressive toward the environment and, in particular, toward the immune system.
Depending on the level of differentiation one can, for instance, identify dormant and active cells,
so that this property spans from the value w = —1 corresponding to highly latent state, to u = 1
corresponding to highly aggressive state.

Assumption 3.3. Referring to Figure 4, the state u or the number of cells can change because of
i) Intrinsic evolution, e.g. the spontaneous maturation of the tumor cells toward activation
recalled in Assumption 3.2, the pharmacological activation of cells of the immune system, or
the weakening of tumor aggressivity again as a result of properly addressed medical treatments.
ii) Mass conservative interactions between pairs of cells, i.e. interactions which are not
responsible of proliferation or destruction of cells but only of a change in the activation state
of one or both interacting cells.
iii) Proliferation of cells as a result of interactions between cell pairs;
iv) Death of cells as a result of destructive encounters with other cells;
v) External sources or sinks of cells (or input/output), e.g. production of immune cells by
the bone marrow, possibly pharmacologically stimulated, destruction of tumor cells by medical
treatment, biological control of the number of immune cells, injection of cells.

The problem now is to derive an evolution equation, based on the assumptions above and on the
more specific assumptions below, for the distribution densities N; = N;(¢, u) for each population.
The densities are such that dn; = N;(t, u) du denotes the number of cells per unit volume whose
state is, at time ¢, in the interval [u, u + du]. In particular,

1
7 :/ N;(t,u) du, (3.1)
~1
is the number of cells of the ¢th-population at the time ¢ in a reference unit volume.
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Figure 4 — Representation of the operators involved in the evolution of f;(t, u).

If nep is the number per unit volume of environmental cells at ¢ = 0, the following normalization
of N; with respect to n.g can be applied:

Tleo

f:{fz ?:17 fi(tvu):

The evolution equations for f; can be derived on the basis of suitable balance equations which
equate the derivative of f; to the operators mentioned in Assumption 3.3, that is

Ofi
ot

(t,w) = Lf](t, w) + Tilf](t, w) + Plf](t, w) = Dlf](L, w) + Silf](t, u) (3.3)

where 7; is called intrinsic evolution operator, J; conservative collision operator, P; proliferative
collision operator, D; destructive collision operator, and S; source/sink operator.

Remark 3.1. As the operators [J;, D;, and P; describe the result of binary interactions between
cells of the ith-populations with all the others they are quadratic operators involving f;. For
instance, encounters involving the i-th and jth-population will contain both f; and f;. On the
other hand, the operator Z; only involve f;. In fact, the intrinsic evolution operator Z; deals with
the inner development of cells of the 1th-population, independently of their contacts with other cells.
Finally, the source/sink operator 8; may depend on all cells as, for instance, the input/output of
cells of a population from outside can depend on the state of the other populations.

The specific form of the operators in (3.3) can be determined looking more in details at the
phenomena already mentioned in Assumption 3.3. The model will be developed here under the
following specific assumptions:

Assumption 3.4. Cell interactions in the case of mass conservative encounters will be defined
by means of two physical quantities: the encounter rate 7;; and the transition probability
density v;;. More in detail, conservative encounters between the cell of the ith-population
with state v and the cell of the jth-population with state w are quantitatively described by the
transition rate

TZ](U7w7u) = 772](@7w)¢2](v7w7u) y (34)

where 1;;(v, w) denotes the number of encounters per unit volume and unit time between cell pairs
of the (7, j) th-populations with states v and w, respectively; and 1;;(v, w; u) denotes the probability
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of transition of the tth-cell to the state u, given its initial state v and the state w of the encountering
cells belonging to the jth-population. Hence, T;;(v, w; u) denotes the number of encounters per unit
volume and unit time between cell pairs of the (i, j)th-populations with states v and w, respectively,
with transition of the ith-cells into the state u.

Assumption 3.5. Proliferative encounters will be described by two quantities: the proliferation
rate p;; and the proliferation probability density ¢;;. These encounters occur between cell
pairs of the same or of different populations, and generate new cells in one or both populations.
These interactions are quantitatively described by the proliferation transition rate

Pi'(v,w;u) :pi]'(vvw)@i]'(vvw;u)v (35)

where p;;(v, w) denotes the number of cells produced per unit volume and unit time due to the
encounters of cell pairs of the (1, j)th-populations with states v and w, respectively, and @;;(v, w; u)
is the probability . density of proliferation of the tth-cell in the state u by encounters of cells be-
longing to the ith and jth-populations with state v and w, respectively. Hence, P;;(v, w;u) denotes
the number of ith-cells in the state u per unit volume and unit time which proliferate because of
the encounters between cell pairs of the (i, j)th-populations with states v and w, respectively.

Assumption 3.6. Destructive encounters occur between cell pairs of different populations, and
generate a destruction in one or both populations. These interactions are quantitatively described
by the destruction rate d;;(v, w), which is the number of ith-cells with state v destroyed as the
result of the interaction with jth-cells with state w.

Assumption 3.7. For each population it is possible to identify a function c¢;(t,u), such that in
the interval [t,t + dt] the cells of the ith-population change their state because of spontaneous
maturation or induced actions from u to u + du = u + ¢;(t, u)dt.

Focusing first on the cellular interaction operator, one can observe that, as in the Boltzmann
equation, in J; it is possible to distinguish a gain term G; referring to those cells that after the
interaction with other cells end up with a state u and a loss term £; related to loss of cells having
state u because of their transition into another state after their interactions with another cell, that
is

Ji=Gi—L;. (3-6)

One can then summarize the results of cellular interactions as in Figure 5 and write for ¢ =
1,...,n

G; = Z / 11 / 11 T4y (0, 05 0) it 0) (1, w) dod (3.7
L= filt, >Z / 11 s (s w) (2, ) dw (3.
P = Z / 11 / 11 Py, wi )£t 0) it w) dodu (3.9
Di = filt,u) Z / 11 i, 0) [ty w) du (3.10)
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Figure 5 — Representation of the interaction operator.

where n is the number of populations.

Remark 3.2. The mass preserving action of the operator [J; reflects in the property

/1 Vij(v, wiu) du=1 (3.11)
-1

which implies that
1
/ Jilfl(t,u)du=0 Vi i=1,...,n. (3.12)
~1

Focusing now on the intrinsic evolution operator, recalling Assumption 3.7 and Figure 6, one
has that the i-cells with state in the interval [, 4] after a time element dt will have as a result
of spontaneous maturation or induced action a new state in [ + du, u + dua] = [4 4 ¢; (¢, a)dt, u +
ci(t,u)dt]. In particular, those which at time ¢ were in [u1 — ¢;(¢,u1)dt, u1] at time t 4 dt are
in [uy,u; + ¢;(t,u1)dt] and therefore they were outside [uq,uz] and entered the interval. On the
contrary, those with state in [uz — ¢;(¢, ug)dt, uz] do not belong anymore to the interval [uy, us].

tdtf------- S .- --
B R Sl
| | | |
1 1 | | »
U U+di a  U+da
A
t+dt | I e
| |
Jr—— —
1 | | I
1 I | |
1 I | |
1 1 1 1 | .
¢ (tyu,)dt  u, usC(tyu,)dt Uy g

Figure 6 — Graphical representation relative to the intrinsic operator.
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Referring to [37] for more details, one can then write

LA w) = —ferdt, w) ot ) (3.13)

where ¢; is the activation velocity, which may depend on time and, above all, on the state of the
cell. Examples of physical meaning of such a term are the following:

¢; > 0 for tumor cells means natural transition from dormant into aggressive states,
¢; < 0 for tumor cells means weakening of aggressiveness due to medical actions,
c; > 0 for immune cells means transition to immuno active states,

c; < 0 for immune cells means transition to immuno depressive states.

Remark 3.3. It can be observed that as spontaneous maturation or induced activation/deactivation
is a mass preserving action

1
/ [ fi](t,u) du=0 Vt, r=1,...,n (3.14)
1

which is satisfied if
cilt,u=-1)filt,u=-1)=¢(t,Lu=1)fi(t, u=1)=0. (3.15)

This represents a restriction on the form of the velocities of intrinsic evolution ¢; and on the
boundary condition to impose on f;.

Summarizing the general model can then be written as

afi d
W(t, u) + %[ci(t, w) fi(t,u)] = si(t, u, f)

-I-]z:;/_1 /_I[Tij(U7W;u)‘|'Pi]'(vvw?“)]fi(tw)fj(t,w) dv dw

0 Y [ Dt w) + dia w0 do (.16

where the terms s; refer to the introduction or destruction of i-cells from the outer ambient (see
item (iv) of Assumption 3.3), which may generally depend on time, on the state of the cells and on
all f;.

The evolution equation (3.16) represents a general framework which may include specific mod-
els to be developed after having specialized the populations and their interactions. This modelling
should also take into account the role of cytokine signals.

It can be observed that if the right hand side of Eq.(3.16) vanishes, i.e. in absence of cellular
interactions and source/sinks terms, the equation writes as a conservation equation. Moreover,
thanks to Remarks 3.2 and 3.3, the integration of (3.16) over u yields

a ! 1
_/ filt,u) du:/ si(t,u; f) du
ot J_, .

-I-Z;/_l/_llsij(v,w)fi(t,v)f]’(t,w) dv dw (3.17)
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where

1
]Sij(v,w) :/ P (v, wiu) du— dij(v, w)

-1

represents the net proliferation of cells due to encounters with other cells and recalling (3.1)

2

1
/_1 filt,u) du= e

3.2 The BFGP kinetic model

A specific model, originally proposed in [35] and further developed in [37] is reported in what
follows. It concerns a simple two population system, tumor and immune cells, where the number
of environmental cells is constant in time, with activation localized on the value w = 1, and it is
assumed that the rate of cytokine signals is known in time.

Moreover, the model is such that the large number of populations of the immune system are
collected into one population only. This means that only an overall cooperative effect is considered
which consists in the competition with tumor cells. Similarly, the same assumption is applied to
environmental cells although not all of them have the same activation.

The activity of cytokine signals is assumed to regulate the interactions between tumor cells
and the immune system. As a particular case, the signals may produce an activation of the immune
system. In general, it is necessary to specialize and classify each signal, in order to properly model
its activity.

Such a model is an axample, certainly to be improved, of how the general theory of Section 3.1
can be particularized. Bearing this in mind, consider a physical system consisting of three inter-
acting cell populations, each one denoted by the subscript ¢, with ¢ = 1,2, 3:

1 = 1 refers to the tumor cells;

1 = 2 corresponds to the cells of the immune system;

¢ = 3 corresponds to the cells of the host environment which in this case are assumed to be of
constant population size.

Referring to conservative encounters, which are ruled by cytokine signals, the transition
probability densities 1 are modelled with two parameters: variance ¢ and most probable output
value m;;. Interactions are described in the following models:

Model 3.1. Conservative encounters are only significant between tumor and immune cells. The
encounter rate 1, which refers to the rate of conservative encounters, is assumed to be constant
and independent of the states of the interacting cells

i3 =M1 = 22 =0, M2 = 121 -

(Under this assumption the time can be rescaled with respect to 113 = 721).

Model 3.2. Transitions of tumor cells after interactions between a tumor cell with state v and
an immune cell with state w are characterized by the following expression for the most probable
output value mqs
w>0 = ma(v,w) =0v— Blhuwv,
v>08 w=0 = mpv,w)=uv, (3.18)
w<0 = mp(v,w)=v-—prw(l—-ro),
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and
w>0 = mp(v,w)=0v,
v<0 w=0 = mp(v,w)=uv, (3.19)
w<0 = mp(v,w)=v-Frw(l-"u),

where 3, 31, € [0, 1]. This model corresponds to the following:

- If the interacting immune cell is active (w > 0), the state of the active tumor cell decreases,
being always above the limit dormant state v =10:0 < my (v, w) < v.

- If the immune cell is inactive (w = 0), then the state of the tumor cell does not change.

- If the immune cell is degenerated (w < 0), then the state of the active tumor cell increases,
being always below the limit activation state v =1:v < myy(v,w) < 1. If the tumor cell has
already reached its maximum activity v =1, it cannot increases further: myz(v =1,w < 0) =
1.

- If the tumor cell is dormant, its state does not change, whether the immune cell is active or
not.

- If the tumor cell is dormant and the immune cell is degenerated, then the state of the tumor
cell increases (and eventually become aggressive).

Model 3.3. Transitions of immune cells after interactions between an immune cell with state v
and a tumor cell with state w are characterized by the following expression for the most probable
output value maq (v, w)
w>0 =mo(v,w) =v— Fyrw(l+wv
{ (o) (1+0). 520

w <0 =mo(v,w)=v,

where (321 € [0, 1]. The model corresponds to the following:

- If the interacting tumor cell is active, i.e. w > 0, then the state of the immune cell decreases,
being always above the maximum degeneration state v = —1: —1 < mgy(v,w) < v. If the
immune cell has already reached its maximum degeneration state v = —1, it cannot decrease
further, mo;(v = —1,w > 0) = —1. The higher the activity w of the tumor cell, the stronger
is the disactivation of the immune cell.

- If the tumor cell is dormant (w < 0), the state of the immune cell does not change.

Model 3.4. Cytokine signals are assumed to operate on conservative encounters only. This means
that the signals operate only on the parameters [ in (3.18)—(3.20). The activity of cytokine signals
depends both on the type and on the amount of signal itself. We define

Bij = Bi; iz (1), (3.21)

where 3, characterizes the type of signal and c¢;; the normalized amount of signal itself, which is
assumed to be a known function of time.

Referring now to proliferative and destructive encounters, we start specializing the form
of the probability density assuming that

Model 3.5. When a cell, stimulated by the interaction with other cells, undergoes mitosis, the
newborn cell inherit the same aggressive state as the mother cell. This means saying that

P (v, wiu) = pij(v, w)d(v—u)
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where ¢ is the Dirac delta function.

The proliferation term (3.9) then simplifies to
LRS!
P; = fi(t,u)Z/ pii(u, w) f(t, w) dw. (3.22)
=11

Therefore, the net generation of cells is given by

nool
Pi—D; = fi(t&)Z/l pij (w, w) f5(t, w) dw (3.23)
=1
where
pij(w, w) = pij(u, w) — dij(u, w) . (3.24)

The total change p resulting from proliferation and destruction can be positive (net prolifera-
tion) or negative (net destruction) depending on the prevailing action. Interactions are modelled
as follows:

Model 3.6. The destructive and proliferative actions are a consequence of the activation state of
each cell. Interactions between a tumor cell with state v and environmental or immune cells with
state w are modelled by the following proliferation and destruction terms:

pr1(v,w) =0, (3.25)

U>0{w20 = pz2(v,w) = —dpw,

w<0 = pp(v,w)=—yvw, (3:26)

and
v <0 = pz(v,w) =0
v <0 = pz(v,w) =0 (3.27)
v >0 = pis(v, w) =y30W.

Interactions between an immune cell with state v and environmental or tumor cells with state w
are modelled by the following proliferation and destruction terms:

w >0 = po (v, w) =921 (3.28)

w <0 = p(v,w)=0, '
,M22(U7w) =0, (3 29)
,u23(v,w) = - 523107

where the terms v and § refer, respectively, to proliferation and destruction. The above models
correspond to the following:

- Proliferation of tumor cells is significant only for interactions with the degenerated immune
cells and for interactions with the environmental cells. Proliferation only occurs for aggressive
states v > 0, and is directly proportional to the aggressivity of the tumor v and to the negative
activation of the degenerated immune cells —w and to the activation of the environmental cells.

- Proliferation of immune cells occurs in the interaction with active tumor cells and is indepen-
dent on the activation state of the pair.

- Destruction of aggressive tumor cells only occurs in the interaction with active immune cells
and is directly proportional to the activation state of the immune cells.

The intrinsic evolution of cells is modelled as follows
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Model 3.7. Cells belonging to the tumor and to the immune system can both increase their
peculiar activity even in absence of interaction with other cells. The tumor cells are assumed to
have a spontaneous tendency to pass from a dormant (v < 0) to an aggressive state (u > 0). The
immune system can be, instead, pharmacologically stimulated. In both cases activation cannot
overcome the maximum value uw = 1 and can be modelled as

ctuy=af(l-u), of >0, i=1,2. (3.30)

K3

In addition, tumor cells can be medically deactivated and induced in a dormant state. This action
cannot overcome the limit dormant state u = —1 and can be modelled as

g (w)=—a7(14+u), af >0. (3.31)

It is useful to remark explicitly that the dependence of ¢; on u is not related to the medical
action, which, of course, cannot be state dependent, but on the fact that a drug acts differently on
cells having different states. For instance, a “good drug” aimed at activating the immune system
will have a stronger impact on those cells which are inactive (v = 0) or even degenerate (u < 0)
than on those cells which are already active (u > 0). In particular, it will have no effect at all on
those cells which are already fully active (u = 1).

In addition, both the medical action and its effects are naturally time dependent. Therefore,
a better description would have to include, for instance, the time dependence of 04;' and a7 .

Finally, among several possible actions source/sink terms are modelled as follows

Model 3.8. Source/sink terms are related to the introduction of new-born cells and of the de-
struction of existing cells. Some of these phenomena occur naturally, others have a medical origin.
For instance, one can have

(i) Destruction of tumor cells by medical treatment

g1(t,u) = =61 fi(t,u); (3.32)

(ii) Production of cells from the bone marrow, which can possibly be pharmacologically stimulated
g2(u) = y2ul (u) (3.33)

where H (u) is the Heaviside function;

(iii) Destruction of cells of the immune system as a by-product of the medical therapy in i)

g5 (tyu) = =82 f2(t, u) . (3.34)

Also in this case, as medical therapies are time dependent, the coefficients should depend on
time.
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The evolution equation obtained using the above assumption consists in the following system
of two coupled integro differential equations:

8 8 1 1
%(tvu)‘F%[Cl(u)fl(tvu)]:/_1/_1¢12(u7m12(U7w);ﬂlc2cl2(t)7U)fl(tvv)f2(t7w) dv dw

0

1
+ fi(t,u)H (u) |:’)/13U — 712u/ wfa(t, w) dw — 412 /0 w fa(t, w) dw]

-1

it e [ .

1 1
S+ gl il = [ [ bamae ) e ),0) e o) il w) dodo

1 1
-|-f2(tyu)[—/lfl(tyw)dw—l-’ym/o fi(t,w) dw— ba3 — 8o | + youd (u),
(3.35)

where
cr(u) =af (1 —u) —ay (1+w) (3.36)

and the detailed expression of the 1 terms and the meaning of the various parameters have been
defined above.

4. Mathematical Aspects of Macroscopic Modelling

Macroscopic models are needed when tumor cells are not suppressed after their formation by the
immune system, and aggregate into a multicell spheroid. The tumor then interacts with the outer
environment mainly by the use of chemical signals which diffuse through the tumor and outside
it. In addition, cells located on the surface can interact with other cells of the environment and
capillary sprouts can penetrate into the spheroid. The phenomenological behavior of the system was
briefly described in Section 2. Mathematical models should be able to simulate such a behavior both
for the avascular and the vascular phase. Microscopic cellular description can be used to support
continuum theories in alternative to a totally phenomenological approach developed without a
proper link between the cellular and the macroscopic scale.
In general, the following sequential steps towards modelling can be indicated:

Step 1. Definition of the macroscopic geometry of the material system, and hence of the indepen-
dent variables.

Step 2. Selection of the dependent variables to describe the evolution of the biological system.

Step 3. Modelling of the diffusion and transport phenomena related to the evolution of the de-
pendent variables in time and space.

Step 4. Modelling generation and death phenomena related to several cellular activities as those
described in Section 3.

Several interesting contributions are available in the literature, which develop continuum mod-
els where the relevant phenomena are described by simple diffusion equations.
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Reference prior to 1995 can be recovered in [3] and [40, 41][ADa,b] and [3]. Regarding to the
most recent papers one can classify the papers according to the phase of growth they focus on.

Most of the papers consider the avascular phase, focusing on different aspects: the effect of
time delays [19], the death mechanisms [20], the role of growth factors [21, 22], and the inclusion
of the intercellular fluid or of other cell populations [30-32]. In particular, the interaction between
the tumor and macrophages is studied in [28, 29].

Regarding angionesis, [15, 16] study the interactions between the capillary sprout tip density,
the vessel density within a sprout and the concentration of TAF. On the other hand, [24, 25], [27]
focus on the evolution of endothelial cells in presence of TAF and fibronectin.

Regarding the study of the vascular phase and the formation of metastasis, the paper by Orme
and Chaplain [26] and the special issue edited by Michelson [42] represents good starting points.
In addition, the effect of cell adhesion in tumor invasion and in the development of carcinomas is
studied in [43] and [44]. Comparisons between predictions of the model and experimental results
are also developed in [45].

In principle, modelling should be able to take into account the whole variety of the evolution
through the sequential phases: avascular, angiogenic, and vascular. Bearing this in mind, we refer
mainly to [48] where the analysis was specifically developed to provide a model suitable to provide
the overall description. Neverthless, the several contributions available in the literature will not be
ignored.

Following the same line of the preceding section, we first provide a description of the general
mathematical framework which can be used to generate the models, then specific examples of
models describing the material behavior of the system are given. In this case both a continuum
mechanics and a random walk framework can be used, which also allows to put in evidence the
relation between microscopic phenomena and macroscopic parameters. Linking the material models
to the general evolution equation yields the specific evolution model. Again, such a model can, and
should, be improved (as discussed in the last section) on the basis of a relatively deeper analysis of
cellular phenomena.

4.1. Mathematical structure of continuum models

In order to describe the mathematical structure of continuum models some geometrical notations
have to be introduced. Referring to Figure 7, T (¢) is the region occupied by the tumor mass.
This is a time dependent domain included in a much larger fixed domain D which will be called
environment. The region D — T will be said outer environment. According to the observations
above, it is expected that the evolution of the tumor leads to the formation of a necrotic region
inside 7 (the darker region in Figure 7.) Capillaries initially exist only outside 7, i.e. in the
outer environment, but because of angiogenesis they can penetrate into the tumor and therefore
it is expected that the evolution leads to the formation of capillary sprouts within 7. Growth
inhibitory factors and tumor angiogenesis factors are produced inside 7 but can diffuse in the
outer environment. The former have no effect outside the tumor as there are no tumor cells to act
upon, the latter have outside their main functional activity as initially the endothelial cells to be
stimulated are in D — 7.

The macroscopic mathematical model, consists in an evolution equation for the variable u =
u(t,x) deemed to describe, in time (¢) and space (x), the physical state of the system. The variable
u includes both cell populations and chemical substances (or factors) produced in the environment
by interacting cells.

Between these two classes there is, however, a deep difference as cells are much larger than
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Figure 7 — Geometry of solid tumors.

chemical factors and macromolecules. In addition, cells occupy part of the available space and
can not penetrate each other, so that one can take as state variables their volume ratio, i.e. the
volume occupied by the ith-species over the total volume. If each cell is modelled as a deformable
membrane containing a definite amount of an incompressible liquid, this choice is equivalent to
choosing as state variables the number densities or the mass densities.

Chemical factors and nutrients are molecules which diffuse in the intercellular space, attach to
the cell membrane, or pass through it, so that it can be assumed that they do not occupy space.
One can then take as state variables their concentrations.

The derivation of the model here described is developed, following [48], on the basis of mass
balance equations, also supported by a random walk scheme. The former viewpoint corresponds to
write integral balances on the basis of the following scheme

Rate of change of Generation of cells Death of cells
the number of cells =1 . - | .
. in the control volume in the control volume
in a control volume
(4.1)
Advective outflow Random outflow
— | through the boundary | — | through the boundary
of the control volume of the control volume

Under suitable regularity assumptions, one can then write the following general balance law
in local form

Ou
ot

where W is the convective velocity, Q is the diffusion coefficient, I' is the proliferation term per

= -V (Wu)=V-(QVu)+T — Lu (4.2)

unit volume, and L is the death coefficient.

The general idea of the random walk approach consists in defining a framework model for the
advection-diffusion phenomena for a system on a cubic lattice.

All cells and chemical factors contained in the elementary volume V;;; centered in the point
(x;,yj, z) of the lattice are considered concentrated in the lattice point (z;,y;, z5). One aims at
studying the evolution of the number of a particular cell (or chemical factor) N;;x(t) found in the
node (z;,y;, zx) at time ¢, which is related to its density through

Ni]'k(t) :/v u(t,x) dx . (43)
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The evolution is governed by the probabilities of motion along the lattice, of proliferation and of

death.

A comparison between the two approaches is particularly interesting not only to draw a line be-

tween observations done at a microscopic level and macroscopic parameters but also as a simulation
tool, as for instance done in [49], [25], [30].

4.2,

The DP mathematical model

A specific model generated within the above general framework is here described with reference to

[48] for more details. The model aims at describing the evolution of the following variables:

the density wr of living tumor cells;

the density up of dead tumor cells;

the density wy of Growth Inhibitory Factor, usually shortened as GIF
the density w of Tumor Angiogenesis Factor, usually shortened as TAF;
the density u¢ of the endothelial cells;

the density uy of nutrient.

The specific form of the drift, diffusion, gain, and loss terms is based on the following assump-

tions

Model 4.1. (Tumor evolution)

Mitosis occurs only if tumor cells receive a quantity of nutrient uy, which can be strictly larger
than the amount uy necessary for its survival;

Proliferation is affected by a chemical factor called Growth Inhibitory Factor (GIF), which
inhibits mitosis and by the amount of nutrient which promotes it.

Tumor cells die only if the nutrient is not sufficient to feed all cells.

There exists a threshold density u characterized by the fact that if the total density of all cells
in a point is above it, then tumor cells feel pressed by their neighbours and tend to migrate
towards a region characterized by a lower total density.

Dead tumor cells do not move.

Dead tumor cells naturally disintegrate into waste products, mainly water.

Dead tumor cells outside the tumor are eaten by macrophages.

Model 4.2. (Chemical factor evolution)

Living tumor cells constantly produce the chemical factors (GIF and TAF)

The chemical factors diffuse both in the region T (t) occupied by the tumor and in the tumor-
free region.

The diffusion mechanism of the chemical factors is the same and may depend on the effective
overall density, as cells occupy part of the space where the factors diffuse. In particular, it
may be drastically different inside and outside the tumor.

Chemical factors naturally degrade.

Model 4.3. (Angiogenesis)
— When stimulated by TAF, endothelial cells proliferate at a rate proportional to the concen-

tration of TAF. In addition, proliferation decreases with the density of new capillaries. In
particular, it stops if the density of endothelial cells is higher that a threshold value.

— Newborn endothelial cells both move randomly and migrate toward the source of angiogenic

stimulus giving rise to the formation of capillary sprouts by accumulation of endothelial cells.
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— Newborn endothelial cells undergo natural death, while old capillaries are constantly replaced
so that their distribution is constant in time.

— Proteins like angiostatins are modelled as having the ability of stopping the proliferation of
endothelial cells, e.g. by drastically reducing their sensitivity to the presence of TAF.

Model 4.4. (Nutrient diffusion)

— Nutrients are mainly carried by the capillary network, though some nutrients diffuse through
the environment outside the capillary network. In particular, in absence of capillaries the
region outside the tumor is kept at a constant amount of nutrient. With the formation of
capillaries the nutrient reaching the tumor surface increases proportionally to the capillary
density.

— Nutrient diffusion in the tumor is promoted by the presence of capillaries.

— Nutrient is absorbed by living tumor cells.

According to these hypotheses, one can formalize the description above specializing the different
terms in (4.2) as detailed in the following table

w 0 r L
ur| 0 kp vixr(t, x)ur o1
usl O kp Yaxr(t, x)ur 04
ucl weVuy ko Youa(te — uc) 4 (ue + uc) S

yrunur H(uny — unur)

ur | —wrVau 0 S (STH(ENUT — UN)
Up 0 0 (STH(ENUT — UN)UT op
UN 0 kE—l—kN(uc—l—ﬁc) 0 Snur

where x7(t,x) is the characteristic function of T(t), uc = Uc(x) is the density of the pre-existing
capillary density, and v = uyp + up + uc + Uc is the overall density of all cells.
Summing up the model writes

% = kpV2ur +yrxrur — drug

in D 88LtA = kpVius +vaxTur —Saua (4.4a)
%Ltc + weV - (ucVuy) = keViue +ycua (e — ue)4 (ue + o) — dcuc
%T = wyV - (urVu) + %H(w ~Gnur) — 57 H(Tyur — uy)ur

in T(t) : 85—;) = drH(unur — un)ur — dpup (4.4b)
ag—tN =V - [(kg + kn(uc + @c)) Vun] — Snuruy .
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Some of the state variables in (4.4), more precisely uy, uy and uc, are defined in the whole
environment D, while others, namely ur, up and uy, are defined in the tumor only 7(¢). As this
region depends on time (e.g., the tumor grows) one has to give an evolution equation which is in
charge of determining the position x = x7(t) of the border 97 (¢) of the tumor. Referring to Fig. 7
it can be realized that this interface is a material boundary for the tumor and therefore moves
solidally with the tumor cells at the free surface, i.e. referring more specifically to the table above

and to (4.4)
dXT

dt

The mathematical problem describing the evolution of the tumor in presence of angiogenesis

np- =nr- WT(XT) = —wrnry - VU(XT) . (45)

then writes as a free-boundary value problem. The mathematical structure of the model is rather
complex. It consists of three parabolic equations valid in the whole domain D. Those referring
to the chemical factors are diffusion equations, while that referring to the formation of capillary
sprouts is an advection-diffusion equation which can be advection dominated, i.e. dominated by
chemotaxis. Within the time dependent domain referring to the tumor, one has parabolic equations
for the nutrient and for the living tumor cells and a hyperbolic equation for the dead cells.

This last equation needs a boundary condition to be imposed on the border of the tumor when
the tumor is growing, corresponding to the case of characteristics related to the hyperbolic equation
entering the expanding domain 7 (t).

As the motion is due to the generation and motion of living tumor cells, one can impose that
there are no dead cells at the surface

up(xr(t),t) = 0. (4.6)

Furthermore, as the tumor surface is stress-free, the cells are not compressed there and the overall
density u is equal to the close packing one %, so that one can write

ur (XT(t)7 t) =Uu— Uc (XT(t)7 t) - ac (XT(t)) . (47)
In summary, (4.4) is supplemented by the boundary conditions
on 9D :ur=0 us=0 wuc=0 (4.8)
and
U =U — Up — Uc _aC

ondT(t) : § uny =¢+ fuc +c) (4.9)
up =0 if Wyp.-np > 0.

The free boundary value problem can be formulated in a dimensionless form by normalizing,
for instance, space by +/kg/dnT, time by vr, cell densities (i.e. wr, up, uc, Uc, and u) by w,
nutrient density by £ and chemical factor densities by v;w/vr, (i = A, I). Denoting by a star the
dimensionless quantities the free boundary problem writes

ou’

UL K+ vy b

8“2 b 2 % sk S s

8Ué * * * * 2 x * ok (= * * A~ * ok
pre +we Ve (upVuly) = ke Voug +youi (W, — us) ¢ (e +Ug) — Scug
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ou; * * * W UR * ~% % * —% %
m*T = w5V - (uhVu*) + ﬁH(uN —uyuwyp) — 6 H(uyuwy —u
. « . ) out
in T(t7): 3?3 = S H (W — wi)wh — Shu,
8“?\7 * * * Aok * * ok
o = SN AV - [(L+ kX (ué +8%)) Vuy] — ujuy |
with boundary conditions
wp=1—up —up — U
on OT(t*) : uy =14 8% (ul +ug)
up =0 it Wi.-nr>0.
on 0D : wi=uy =ul =0
and initial conditions
in D : up=uly =up =0
in T(t*=0) : wh=uy=1, up =0
x7(0) = x5
where 5 5
* _ ONU * _ Of <
5N_—7T 5i_’7T 1= AC, D, 1T
E7 kpyr N™ kg 7 keyr
_ _ 2
.« _ QY «_ Pu « _ NCcyalU
o= e fr == To="0r
w* _ wC(SN'yAu w* — wT5Nu
i "= Ty
~x _ UUN —% UU N
Un = —¢ N= ¢
Useful dimensionless numbers can also be
. ke kE . kp k%
R e
which are the ratio of the diffusion coefficients, and
« WG weyal . Wp _ wryr
= — = — o= — = —
T kLT kevr T wy T weva

*

N

Ju

*

T

(4.11)

(4.12)

(4.13)

(4.14)
(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

which, respectively, give an indication of the relative importance of the diffusion term versus
the chemotactic one in the equation for the capillaries and of the ratio of tumor growth
acceleration over chemotactic acceleration in the equation for the living tumor cells.
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5. On the Links among Sub-cellular, Cellular and Macroscopic Scales

The relevant phenomena describing the immune competition are developed, as shown in Section 3,
at the cellular scale. Cellular phenomena are also crucial when tumor cells aggregate into a solid
form, or when a solid structure releases metastases. Research papers show a constant effort to
link cellular models to macroscopic ones. Analyzing this aspect is a challenging, however difficult,
topic which will definitively attract future research activity of applied mathematicians. At present,
we have to recognize that despite great efforts and some encouraging results, still a satisfactory
analysis has to be developed. This means that our review will be limited to describe some open
problems, and to give some hints toward their analysis.

Following the presentation of the preceding sections we deal separately with cellular and macro-
scopic models.

5.1 Kinetic cellular models

Kinetic cellular models are developed within a general framework which ends up into a system
of evolution equations providing the statistical behavior of the system. These models have to
be particularized by using microscopic models suitable to describe cellular interactions. Specifi-
cally microscopic models should be able to describe activation and inhibition of immune cells and
destructive proliferative processes.

Cellular models available in the literature, e.g., [34—39], can certainly be improved on the basis
of theories available in cellular biology. The task consists in interpreting the relevant subcellular
actions and modelling their effect on cellular interactions. An aspect which is not taken into
account in the models reviewed in Section 3 is the onset of neoplastic cells. This phenomenon
may be studied by suitable analysis and modelling of the cell properties. Specifically, one has to
analyze the problem of loss of differentiation of cells which degenerate, due to DNA modifications
into neoplastic cells, see f.i. [50].

Referring to models available in the literature and reviewed in Section 3, we observe that three
clsses of parameters characterize the model:

[-type parameters caracterize conservative interactions which generate modification of the state,
but not of the number of cells;

~-type parameters caracterize proliferative interactions which generate an increase in the number
of cells;

d-type parameters caracterize destructive interactions which generate a decrease in the number of
cells.

As suggested in [4], their identification can be based either on modelling subcellular proper-
ties, or on experiments addressed to estimate the parameters by observed data on the growth of
tumors. For instance, y-type parameters can be estimated observing the growth in absence of the
competition of the immune system, that is when it is suppressed.

A preliminary analysis was developed in [34], where experimental results have put in evidence
the large quantitative difference between the growth in an environment with active or suppressed
immune system. Then, once the proliferation parameters have been identified, one can proceed in
a similar way to the identification of the é-type parameters.

On the other hand, no useful suggestion is given, until now, for the assessment of S-type
parameters. What we know is that computational simulations, have put in evidence, as it will
be discussed in Section 7, that the role of the above parameters is relevant in determining the
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asymptotic behaviour of the solution. Indeed, one can identify a bifurcation parameter separating
a behaviour with suppression of tumor cells, to that characterized by their continuous growth. The
bifurcation parameter may be put in relation to the action of cytokine signals.

Moreover, one should investigate whether the mathematical structure given in Section 3 need
further developments in order to include relatively sophisticated models. For instance, an interesting
model, however different from that given above, was proposed in [51]. The papers suggest to
introduce for each cell a state, called progression, which characterize the progression of the cell
toward degenerate states. Low values correspond to normal cells. High values progressively to
loss of differentiation, dormant state, proliferative, metastatic, etc. The system is regarded as a
population of cells with statistical distribution over their state. Indeed, it is a framework similar
to the one described in Section 3. However, the difference is not simply technical and deserves
the development of a suitable mathematical framework. Possibly, a new framework will require
different modelling of cell interactions and hence of subcellular models.

5.2 Macroscopic models

Macroscopic models were derived using diffusion equations related to mass balance and including
mass production and destruction. The link between the macroscopic and microscopic and cellular
scales has to be referred to the parameters characterizing the model. These parameters can be
grouped as follows: production coeflicients are denoted by the letter v, death coefficients by the
letter &, diffusion coefficients by the letter k, transport coefficients by the letter w, and reference
densities by (u;, u;). More in details:

Growth coeflicients

« refers to the inhibited proliferative effect due to the presence of GIF;

~r is the production coefficient of GIF from living tumor cells;

~4 is the production coefficient of TAF from living tumor cells;

~v¢ is the proliferative coefficient of endothelial cells;

~1 is the proliferative coefficient of tumor cells;

Destruction coeflicients

01 is the degradation coefficient of GIF;

04 is the degradation coefficient of TAF;

d¢ is the natural death coefficient of endothelial cells;

o1 is the death coefficient of tumor cells when the nutrient is not sufficient to feed all cells;
dp is the disintegration coefficient into waste products of dead tumor cells;

dn is the absorption coefficient of nutrient from active tumor cells;

Reference and threshold densities

uy is the amount of nutrient needed to feed a tumor cell;

#n is the amount of nutrient needed per tumor cell to start proliferating;

% is the threshold density, here called close packing density, above which living tumor cells are
pushed toward regions with smaller effective overall density;

e is the threshold overall density above which endothelial cells are not generated;

Uc is the density of pre-existing capillaries from which new capillaries start being generated. This
is a space dependent function.

Diffusion coefficients
kg is the diffusion coefficient of chemical factors;
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k¢ is the diffusion coefficient of endothelial cells;
kg is the diffusion coefficient of nutrient outside the capillary network inside the tumor;

ko is the diffusion coefficient of nutrient through the capillary network inside the tumor;

Drift velocities
we is the migration coefficient of capillary sprouts towards the source of angiogenic stimulus;

wr is the migration coeflicient of active tumor cells toward less compressed regions.

Each parameter refers to a well defined phenomenon and has a particular effect on a specific
cell population. Some of the parameters should be identified by models developed at the cellular
scale. On the other hand, when this is not possible, ad hoc experiments can lead to their evaluation.

To be more specific, growth and destruction coefficients, and reference and threshold densities
can be evaluated looking at the system at the cellular scale. More in details, growth coefficients
can be evaluated by looking at the mitotic rate of cells, and death coeflicient by looking at the
rate at which cells die in absence of mitosis. Degradation coefficients relative to chemical factors
and the absorption coefficient of the nutrient by the tumor cells can be evaluated measuring their
evolution when they are no more produced by the cells or by the environment, respectively. The
amount of nutrient which promotes proliferation or that cause death can be evaluated by looking
at the behavior of the cells for decreasing amounts of nutrient. The close packing reference density
can be evaluated by counting the number of cells in a stationary configuration.

The development of direct measurements of diffusion and drift coefficients is more difficult
because they might involve observations at a sub-cellular scale and might be affected by strong
random fluctuations.

However, as for cellular models, the simulation should be able to indicate the sensitivity of the
solution to the parameters. Some of them do not effectively modify the qualitative behavior of the
solutions. Some effectively do. This means that experimental activity has to refer specifically to
these parameters.

In particular, we can observe some agreements and inconcistencies with respect to cellular
theories. Specifically, proliferation and feeding terms are similar. (Later we will discuss the role of
feeding related to the action of angiostatines). On the other hand, at present, kinetic models are
developed in a space-independent framework. Hence, in order to link cellular models to macroscopic
ones, i.e. integro-differential models to advection-diffusion models, an effort has to be done in the
direction of the introduction of the space variable and of the dynamics generating the motions of the
cell populations. However, when this is done, cellular models still would represent a relatively more
detailed dynamics, as in them the evolution depends on the state of the cells, e.g. the probability
of proliferation of a cell depends on the state of the mother-cell and on that of the other interacting
cell. This piece of information is lost in macroscopic models as can be realized comparing (3.17)
and (4.2) in the spatially homogeneous case or for non-moving cells.

6. Mathematical Problems and a Survey of Simulations

The class of models described in the preceding sections may simulate the behavior of the real
physical system. As usual, the simulation is obtained solving mathematical problems related to the
application of the model by suitable computational schemes. A qualitative analysis should be devel-
oped before solving the computational problems, and may provide useful information both toward
the qualitative behavior of the solution, and toward the application of computational algorithms.
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The above program is certainly an interesting field of speculation for applied mathematicians.
Only a small part of it is dealt with in the literature. The hope is that future activity will be
addressed toward the solution of the above problems. Indeed, the development of mathematics
towards the above paths is pushed by strong motivations. As usual, a mathematical model may
hopefully contribute to research activity in the field of immunology both reducing the amount of
the experiments and addressing them towards directions identified with the aid of the model. As a
matter of fact, developing a simulator of the immune system in the competition with pathological
carriers is one of the great challenges for the cooperation between applied mathematicians and
immunologists. This matter is well emphasized in the article by Taubes [52], which favours scientific
activity towards the simulation of the various phenomena, such as interaction and competition of
cells in vivo. The following aspects are of particular interest:

i) Qualitative and quantitative prediction of the evolution of the system after suitable identifica-
tion (based on experimental data) of the parameters of the model.
ii) Parameter sensitivity analysis with special attention to identify the modifications to the qual-
itative behavior of the system induced by small variation of the parameters.
iii) Identification of physical behaviors which may be described by the model without particular
evidence given by experiments.

Here, the statement of mathematical problems is reported and a small survey of mathematical
results and simulations existing in the literature is reported. In particular, we refer to the initial
value problem for kinetic models, the initial-boundary value problem for kinetic models with internal
structure, and finally the moving boundary problem for solid tumor models.

6.1 The initial and initial-boundary value problems for kinetic models

The statement of the evolution problems for kinetic models was given in Section 3. The qualitative
analysis of these problems is developed in [53] where results on existence, regularity, and asymptotic
behavior of the solutions are given for a class of kinetic models related to those specifically described
in this review. The same analysis can be technically generalized in the framework of the general
class of models described in Section 3. The mathematical methods are those developed in [54].

The qualitative analysis is not yet able to predict asymptotic behaviors with direct reference
to specific values of the parameters. However, a computational analysis gives interesting results.
Preliminarly, it can be observed that the various parameters characterizing the model can be divided
into the following groups:

i) p-type parameters characterize the transitions in conservative encounters;
ii) 7-type parameters characterize proliferation activity;
iii) d-type parameters characterize destruction activity.

Particularly interesting is the analysis related to fg-type parameters corresponding to conser-
vative encounters. The output of the above encounters can be modified by cytokine signals [14]
artificially produced. Hence, the analysis may point out the sensitivity of the qualitative evolution
to the above parameters and, in particular, to the existence of bifurcation parameters separating
the following different qualitative behaviors: blow up of tumor cells and inhibition of the immune
system; or alternatively, blow up and activation of immune cells and destruction of the tumor cells.

The substantial difference with respect to bifurcation phenomena for ordinary differential equa-
tions is that the evolution (and hence the bifurcation) refers not only to the densities n;(t), but
to the distributions f;(¢,u). Hence, the bifurcation phenomenon must be referred to the change,
in time, of the distribution over the variable u, which models the state of the interacting cells.
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Figure 8 — Evolution of tumor cells (top) and immune cells densities (bottom) for 31 = 0.11.

The biological interpretation is an evolution toward states of activation and aggression opposed to
inhibition and dormancy.

Quantitative results have been obtained by classical discretization schemes, e.g., [33] Chapter 4.
For instance, the behavior observed for a large variety of fixed values of the parameters § and ~ is
the following;:
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Figure 9 — Evolution of tumor cells (left) and immune cells densities (right) for 3y; = 0.12.

e (5 behaves as a bifurcation parameter: There exists a critical value 8. of (91 such that if
a1 < B the activation of the immune system is able to control the growth of tumor cells,
while if £51 > (. tumor cells succeed inhibiting immune cells and grows without opposition.

In order to visualize the above behavior a simulation corresponding to the following values of
the parameters

ﬂl_Z = ﬁiI—Q = 017 Y12 = Y21 = 057 Y13 = 17 Yo = 027 512 = 057 523 = 027

is shown, while the parameter (5, is made variable.

The simulation is shown in Figures 8 and 9, which respectively refer to 351 = 0.11 and 351 =
0.12. In the first case it can be seen how the growth of tumor cells induces a reaction of the immune
system which depletes in part the tumor weakening its aggressivity. In fact, the distribution slightly
shifts towards low values of u. However part of the tumor survives and represents several times,
though in weaker form. This is a lucky case in which eventually the immune cells are able to
control the growth of tumor cells. In the second case, obtained for a slightly larger value of 331, an
opposite evolution of the competition is described. Indeed, as shown in Figure 9, when tumor cells
increase for the first time, the immune system is only in part able to control it. In fact there is a
local maximum of tumor cell density after which the number of tumor cells decreases. However, in
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Figure 10 — Identification of the interfaces delimiting the proliferating (darker grey), the quiescent
(lighter grey), and the region with dead cells (white).

the fight tumor cells have succeded in inhibiting the immune cells. In fact, their distribution shifts
towards low values of u with a maximum that goes from 0.4 to (0. Hence, when tumor re-exhibits
the immune cells are no longer able to compete and control the growth of tumor cells, in spite
of the fact that the number of cells grows fast. The calculations developed in [38] indentify the
bifurcation value up to the fifth digit.

The analysis of models with internal structure confirms the above behavior. Detailed analysis
is reported in [37], where it is also shown how the external action can contribute to reach a control
of the asymptotic behavior.

6.2 The free boundary value problems for macroscopic models

We have already seen in Section 4 that the mathematical problem describing the macroscopic
evolution of the tumor interacting with the outer environment, e.g. in presence of angiogenesis,
writes as a free-boundary value problem and has a rather complex mathematical structure.

In order to understand something more on the effects produced by the different terms charac-
terizing the model, the qualitative behavior of the solution for the one-dimensional problem will be
first examined in the avascular case with wp = 0, so that the tumor cells and the tumor free surface
do not move. In this case the equation for u%} becomes hyperbolic and does not need boundary
conditions.

First of all, as the nutrient evolution is governed by a diffusion equation with a sink term, the
amount of nutrient available u3 will attain its maximum at the tumor surface and will decrease
with increasing distance from the surface.

Referring to Figure 10, we first consider the case uy < 1, i.e. the amount of nutrient arriving
at the tumor surface is larger than that needed by all cells living there to proliferate. In this case,
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Figure 11 — Proliferation and death of cells for (a) Wy < uj < 1 and (b) Ty < 1 < uy.

there is a rim near the tumor surface of proliferating cells (darker grey strip in Figure 10). Mitosis
stops when w} = u};/u}y (see Figure 11a) as at this point the nutrient does not furnish to the cells
that surplus necessary to promote proliferation.

There can be then two points @7, and a3 such that u} is equal to uxu%(2) and wyuy(zy),
respectively.

In the layer between 23 and z7, (or, in absence of a3, below x7)) neither the gain, nor the
loss term are present in the evolution equation for the living tumor cells. This is then a quiescent
region represented in Figure 10 by a lighter grey strip.

Finally, below z7%; only the loss term is present in the evolution equation for the living tumor
cells. In this region (represented in white in Figure 10) tumor cells do not have enough nutrient
to survive all and start dying. They will continue doing so, until the amount of nutrient reaching
that point is sufficient to feed the remaining cells. This occurs when u7.(¢*, 2*) has decreased to
wi (£, 2*)/ay (see Figure 11.)

There is then, in agreement with the description given in [55], a thin transition layer with
copresence of living and dead tumor cells near 2%, which represents the transition to the necrotic
region.

To be more specific, assume that w7} be constantly equal to one. In this particular case, the
nutrient would decrease exponentially in time with a dimensionless characteristic time ¢* ~ 1/6%
to the stationary distribution

coshz™

(6.1)

%
Un = .
N coshz’,

Hence, in this case one has that the nutrient distribution within the tumor drops exponentially in

a (dimensional) depth of order v/kg/dnT.
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If

I>uy >uy > (6.2)

%
cosha’,

(where the last term of the inequality is the amount of nutrient reaching the center of the tumor)
the two points 27, such that ux(23) = 4% and z% such that ux,(23) = uy are given by

Ty = cosh™ (wxcosha’) v = cosh ™ (Tcosha?) . (6.3)

Figure 12 is a contour plot. Each line refers to a nutrient level and states at what depth from
the tumor surface that amount of nutrient is found as a function of the dimensionless tumor size.
It shows that these levels rapidly become independent of the tumor size, e.g. the depth of the
proliferating layer is nearly given, say, for 2% > log 10/u%;) by —logu%,. In fact, the given level
of nutrient is achieved at a distance from the tumor surface which rapidly tends to a constant.
A similar thing occurs for the quiescent layer with 23 — 2% ~ loguy,/uy. This means that (if
u¥ = 1) while evolving the depths of the proliferating and of the quiescent layers remain constant,
as experimentally confirmed by the observations reported in [56]. In Figure 12 this is put in evidence
considering u}, = 0.8 and wy, = 0.5. The darker grey region represents then the thickness of the
proliferating rim and the lighter one the thickness of the quiescent region. As 27 grows both layers
tend to a constant. Consequently, the necrotic region grows (white region.)

As already mentioned, in the necrotic region cells will stop dying when w¥ = uwx/uy. This
state is reached in a time of order t* a 1/6%. In this situation the solution near 273 can be
approximated (if 3% > 1) by

., |
Iy W — (6.4)

[+ [+
showing the presence of a layer of copresence of living and dead cells of dimensional width A =
\/6kp/onT. One can then say that the necrotic region becomes evident for depths of order a7 —

TN + \/6kE/(SNﬂ.

It need be mentioned that, if the assumption w7 = 0 is dropped, the increase in cell density in

Uy N

the proliferating rim tends generating an expansion. On the other hand, the disintegration of dead
cells in waste products in the necrotic region with the consequent decrease in cell density tends
generating a contraction. The balance between the two terms

P= ————dz and D =63 up dx (6.5)
@ 1+ a*uj 0

will determine whether the tumor expands or contracts. In particular, the steady state is achieved
when the two terms are equal.

For instance, if w3y < 1 < 4}, then at the tumor surface there are no proliferating cells and
P = 0. If nothing new happens, e.g. angiogenesis, the tumor will then start shrinking up until all
dead cells are disintegrated. In this situation, the tumor reduces to a very small spheroid with only
quiescent cells, ready however to become active again when the new capillary sprouts bring them
more nutrient.

More in general, the formation of capillary sprouts increases the amount of nutrient reaching
the tumor to uj(2%) = 1+ f*(ul + ul)(2h) = *. Besides increasing the mitotic rate of the
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Figure 12 — Location of given nutrient levels from the tumor surface as a function of the dimension
of the tumor. From below the curves refer to uy, = 0.9,0.8,0.7,0.6,0.5,0.4,0.3,0.2,0.1. The darker
region represents the thickness of the proliferating layer if uy = 0.8 and the lighter region that of
the quiescent layer if w3 = 0.5.

already active cells, this moves down the interface between active and quiescent cells waking up
some tumor cells which will start proliferating and contributing to the growth of the tumor. For
instance, Equations (6.1) and (6.3) rewrite

cosha™ UR
Uy =& ——— rH = cosh™! ( 5N Coshx*T) . (6.6)

coshz’, *

Setting v to zero (i.e. with the injection of angiostatins) will generate a regression of the new
capillary network in a time of order t* &~ 1/67.. This will decrease the amount of available nutrient,
generating a regression of the tumor size. In particular, if 3 < 1 < uwj; it will induce a regression
of the tumor to the quiescent state as mentioned above.

The qualitative behavior just described is put in evidence in Figures 13 and 14. The vertical
line in the figures represents the border of the tumor. Focusing on what happens inside the tumor it
can be seen that the nutrient (grey line) rapidly decreases with increasing distance from the tumor
surface. As a consequence living tumor cells (dot-dashed line) are only found very near the tumor
surface with formation of a larger and larger necrotic core (the dashed line represents the density
of dead cells.) However, proliferation in the small rim is strong enough to induce tumor growth. It
is importance to notice how the width of the proliferating rim is nearly constant as tumor evolves
as predicted analitically.

The dotted line represents how the Tumor Angiogenic Factor produced by the cells from the
beginning diffuses in the environment. In the first plot some TAF has already reached the pre-
existing capillary network (the bump in the figure outside the tumor). This induced the formation
of new capillary sprouts which start from the pre-existing network and rapidly tend toward the
tumor surface (the black line.) At a dimensionless time ¢* = 1 they have already reached the tumor
surface and penetrated into the tumor. From this point the simulation is developed having in mind
possible medical actions like those suggested in [57, 58]. The aim is then to focus on what happens
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when angiostatins are injected so that the endothelial cells are no longer sensitive to the presence of
TAF and do not feel stimulated in duplicating. Injection is simulated at ¢ = 1.4 by putting 75 = 0.
This brings up a progressive death of capillaries because the endothelial cells dying of natural death
are no longer replaced as they no longer feel stimulated. This well known process is similar to what
happens in wound healing. New capillaries form because there is a stimulus of doing so, but as the
wound is cured, the stimulus ceases and the new capillaries are destroyed leaving unchanged the
pre-existing network they originated from.

When the capillary network is destroyed, the tumor does not have enough nutrient. The outer
rim is not so proliferative any more and more and more cells start dying. The size of the tumor
starts decreasing. Actually, Figure 14 shows how a regression of tumor size is induced by the mass
lost as a result of disintegration of dead cells not balanced by proliferation.

The final plot represents the steady situation with the original configuration of capillaries (the
bump on the right) and a non expanding tumor with balance between new cells proliferating in the
outer rim and dead cells disintegrating in the necrotic core.

The above qualitative analysis is the preliminary step of the role of the parameters of the model
upon the asymptotic behavior of the solutions. Other qualitative results for a relatively simpler
model are given in some papers by Cui, Friedmann, and Reitich [59-61].

7. Control Problems

Mathematical control problems related to models of tumor immune system competition can be
developed on the basis of qualitative and computational analysis of the effect of external actions over
the dynamical response of the system. Also this topic can potentially become a useful cooperation
ground between mathematics and immunology. This statement is true if, at least, the following
conditions are verified:

i) The mathematical model describes realistically the evolution of the biophysical system;

ii) The parameters which are peculiar of the system can be effectively related to biophysical
quantities;
iii) Medical theurapetic actions can be developed in order to modify the above parameters.

Certainly research activity can avoid cooperation with mathematics. We are simply looking
at concevivable potential links between these two disciplines which are, at present, still very far
away. Mathematics cannot deal with the technical devices to obtain a certain medical action. It
can simply support such an action with the aim of addressing it more precisely or of reducing
quantitatively the time needed by experiments.

Within the above framework, we can now assess the sequential steps to develop a mathematical
theory concerning the control of the system. In detail, the following line is proposed:

1. Assessment of the mathematical model which is object of the control analysis. This also means
identifying the regime characterizing the physical system: cellular or continuum.

2. Identification of the parameters of the model which may be modified by suitable medical action
(chemiotherapy, cytokine signals activation, use of angiostatins, etc.).

3. Analysis of the potential ability of the above action to modify the asymptotic behavior of the
competition.

The general ideas stated above do not substantially differ from the ones posed in the review
paper by Swan [5], which still is one of the main reference paper dealing with control problems in
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Figure 13 — Regression of capillary network as an effect of angiostatins. The vertical line is the
The dot-dashed line
The dashed line represents the distribution of

border of the tumor.

represents the distribution of living tumor cells.
dead tumor cells. The dotted line represents the distribution of tumor angiogenic factor. Dark full

The grey line represents the nutrient distribution.

line represents the capillary density. R is the dimensionless radius of the tumor.
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cancer therapy. The contents of the above paper refers to models stated in terms of ordinary differ-
ential equations. Indeed, until now, control problems seems organized for simple models described
by ordinary differential equations. In practice, models are obtained as suitable modifications of
population dynamics which describe the competition between tumors and immune system. This
feature is not only documented in [5], but also by more recent approaches such as [12] and [62].
These models are certainly based on crude simplifications of physical reality, although the above pa-
pers have the great merit of analysing the complex (and for certain aspects ambiguous) relationship
between medical actions and physical system.

The role of medical actions and their control is indeed object of interesting and effectively
useful studies. We refer, among others, to the activity by Agur and coworkers [63], [64]. The
effective contribution of this type of analysis appears highly useful. On the other hand, we forward
the idea that applied mathematicians should also study actions that are related to models which
are not oversimplified in order to reduce mathematical complexity. Indeed, we are convinced that
recent progress in tumor modelling which lead to more sophisticated models deserve a deep analysis
of the control problems. The mathematical problem is hard. As stated in [4], the physical system
we are dealing with is characterized by a great inner complexity, so that one cannot really hope, and
should not look for, simplification of the mathematical problem. May be, this is a great challenge
for applied mathematicians and this paper aims to focus on it.

Bearing this in mind, a description of some (among several ones) control problems is given
in what follows. Then we discuss how some of the simulations, already reviewed in the preceding
section, may contribute to the analysis of the above problem.

All problems described in what follows have to be regarded as research perspectives brought
to the attention of applied mathematicians. In fact, a suitable literature on the above topic is not
vet developed.

7.1 Medical actions on the parameter of kinetic models

We refer to kinetic (cellular) models which have been described in Section 5, and, in particular, to
model (3.36) in the case ¢y = ¢; = 0. Moreover, we assume that the time variable is rescaled with
respect to 19, while the parameters 3, v and § are, under suitable external actions, given function
of time.

The evolution problem can be formally written as follows:

J
O~y (s o3 5001, 7 (0),6(0).
o (7.1)
8—; :JZ <f17f27ﬁ(t)77(t)75(t)>7
The external action is supposed to be able to increase or decrease the initial value of each
parameter
B(t) = Po+AgU(t,ty), ~v({t)=v+AU(l,ty), () =20 +AsU(L,t,), (7.2)
where

U— { 1 ift €0,t,]; (7.3)

0 otherwise.

The above problem was posed and dealt with by a computational analysis in [38], where it was
shown that a parameter sensitive to define the output of the competition is 312, which refers to
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conservative encounters between tumor and immune cells. In fact, 815 is a bifurcation parameter
separating the asymptotic opposite behaviors: inhibition of the immune system and tumor growth,
or activation of the immune system and tumor depletion. This feature is confirmed in a few
systematic calculations developed in [64].

The above analysis suggests to operate on 315 by suitable cytokine signals which may modify
it, at least for a certain time interval thus reducing the inhibition action of tumor cells. Still several
problems are left open. The following ones are indicated among several ones:

i) Modification of the proliferative activity of tumor cells (increasing the parameter d;) by medical
actions such as chemiotherapy or use of proteins able to generate apoptosis (without increasing

82).
ii) Modification of the defence activity of immune cells (increasing the parameter v;1) in order to
have a faster response.

iii) Modification of the degenerative trend of immune cells (reducing the parameter f31) in order
to have still an active immune system when the tumor re-exhibits.

iv) Modification of the resistence of immune cells to mortal attacks (reducing the parameter ds1)
in order to avoid immuno depressive states.

v) Modification of the production of immune cells from the bone marrow (increasing the parameter
v2) in order to have a stronger immune system.

vi) Modification of the aggressivity of immune cells against the tumor (increasing the parameter
d12) in order to have a more efficient response.

A preliminary analysis of the behavior with respect to the actions in i) and v) has been
performed in [37]. Analyzing separately the role of the variation of each class of parameters allows
a direct insight over their role. However, also joint actions can be analyzed, which may be studied
also in connection to those described in the next subsection. What one hopes to observe is that after
a certain action time the external action is effectively able to modify the output of the competition,
although this ability may not be observed. The opposite trend may also be studied. For instance,
one can analyze if a temporary weakening of the immune defence, may negatively modify the desired
trend.

The above posed problems have not yet been dealt with systematically in the literature, and
are here indicated as research perspectives. The only effects which are studied in some detail are
the bifurcation phenomena already discussed in Section 6.

7.2 Medical actions operating on the intrinsic activity of tumor and immune cells

This type of analysis does not formally differ from the one described in the preceding subsection.
Again, we refer to kinetic (cellular) models which have been described in Section 5, and, in par-
ticular, to model (3.35) in the case ¢; # 0 and/or ¢; # 0. While the parameters 3, v and ¢ are
assumed to be constant in time.

The evolution problem can be formally written as follows:

% + ;[Cl(?ht)fl] :Jl <f17f2;ﬁ0770750> ’

: (7.4)
0 0
% + %[CQ(u7t)f2:| :J2 <f17f2;ﬁ0770750> ’
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where for instance
cr(u,t) = af (1 —u) — a7 Ut to) (1 + u) (7.5)

is related to externally induced reduction (or increase) of the activation (rate of growth) of tumor
cells, and
ca(ut) = o U(t, ) (1 — u) (7.6)

is related to externally induced increase (or reduction) of the immune defence.

As before, analyzing separately the role of the variation of the two terms above allows a direct
insight over their role. However, also joint actions can be analyzed. What one hopes to observe is
that after a certain action time the external action is effectively able to modify the output of the
competition, although this ability may not be observed. The opposite trend may also be studied.

The above posed problems have been posed in [37] where a preliminary analysis was also
developed as already discussed in Section 6. The above analysis can be developed in connection
with the one described in Subsection 7.1.

7.3 Control problems for continuous models

The analysis of mathematical control problems for continuous models described in Section 4 can
be developed again to analyze the effect of external medically induced actions over the evolution
of the system.

In particular, the qualitative and quantitative analysis of Section 6 has put in evidence that
for several values of the parameters there exists a stationary configuration with equilibrium of
disintegration of dead cells and proliferation of new cells. The fact that for a given amount of
nutrient the width of the proliferating rim is nearly independent of the tumor size has also been
stressed. The equilibrium size of the tumor depends on the amount of nutrient. In particular, it
increases with the amount of available nutrient reaching the tumor surface. If the tumor is reached
by the capillary network the amount of nutrient available becomes incredibly high. Therefore, a
possibility of controlling the tumor size depends on the ability of controlling the angiogenic process
and of inducing capillary regression.

One of the crucial issues in medical research consists then in conceiving drugs which, for
instance, make the endothelial cells less sensible to the presence of tumor angiogenic factors either
by decreasing their proliferation (related to the parameter v) or their chemotactic motility (related
to the parameter we.) This can be done by the use of proteins like angiostatins and endostatins,
see for instance [57].

In the simulation of Figures 13 and 14 the response predicted by the mathematical model to
a drastic decrease of the growth coeflicient of the capillaries v~ was studied.

One of the points in which mathematical modelling can be of help consists in understanding

— to which degree one need to decrease y¢ (or w¢) in order to have an efficient action on the
tumor;

— for how long that parameter has to be kept low;

— when the therapy can be stopped;

— when the therapy need be repeated.

This is particularly important when one considers also the fact that the use of a drug is
usually toxic and can not be given to the patient forever and in indefinite amounts. Therefore,
the minimization problem involved in defining the control action is not as trivial as one can think.
Actually, it is very hard to be defined. In fact, to be more specific, it is not just a matter of killing
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a tumor in the shortest time possible, but reducing its size in a suitable time with a therapy the
patient can stand.

It need be mentioned that in the framework of medical actions which can be modelled from a
macroscopic viewpoint the control of angiogenesis by angiostatins and endostatins is one possibility.
One can also use control parameters which describe a medical action aimed at increasing the effects
of growth inhibitory factors, or at introducing in the tumor genetically engineered macrophages
which carry drugs which kill tumor cells, and so on.

8. Critical Analysis and Research Perspectives

A critical analysis concerning the state-of-the-art may start from some of the questions posed in the
first section. In particular, we will first consider the effective possibility of mathematics to cooperate
with immunology. Then also on the basis of the critical analysis some research perspectives may
be indicated.

8.1 Kinetic cellular models

The first remark concerning the kinetic cellular approach is that models reviewed in this paper can
be technically improved in order to provide a relatively more accurate description of the biophysical
system we are dealing with. It is not difficult to indicate some perspective ideas, although it is
certainly not easy developing them at a technical level. In detail:

i) The number of cell populations can be increased in order to include, at least in part, the large
variety of interacting populations. For instance, populations of immune cells can be further
specialized in order to take into account different activities and specializations of the immune
system which reacts to tumor cells and acts over it.

ii) Enlarging the number of cell populations may necessarily lead to increase the dimension of the
state variable u to a vector one in order to include the relevant different activities of the cells.

iii) Development of models with transition of cells from one population to another. This type of
modelling can even take into account the onset of neoplastic cells, and may be related to various
complex phenomena, e.g., DNA modifications [50], corruption of the mechanical structure of

cells [65].

iv) Looking for new mathematical structures such as the one related to the phenomenologic de-
scription proposed in [51] concerning the statistical evolution of the progression factor.

A technical difficulty is that the increasing number of parameters may lead (despite some
valuable efforts, e.g., [66]) to unsolvable identification problems. The challenging problem refers to
the possibility that the phenomenologic description of cell interactions given in Section 4 may be
replaced by microscopic models related to cellular properties and, in particular, of cell signalling

[67].

8.2 Continuous models

A critical analysis and the indication of perspectives concerning macroscopic diffusion models can
be developed in a way similar to that related to microscopic models. Specifically, technical im-
provements can be developed by increasing the number of cell and substances and by describing
more carefully their activities.

The main problem is still the analysis of the links between microscopic and macroscopic be-
haviors. In particular, it should be analyzed how cellular behaviors are properly related to the
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various diffusion processed described in the the macroscopic model. Maybe a deeper analysis of

the above problem may lead to a modelling somehow different from the one reported in Section 5.

The model recalled in Section 4 is already able to predict several interesting phenomena:
Diffusion of nutrient through the surface of the tumor and the capillary network and its diffi-
culty in reaching the central region of the tumor;

Formation of necrotic regions as a result of lack of nutrient, even starting from a situation of
all living cells in an environment full of nutrient;

Existence of an outer proliferating layer in condition of sufficient nutrient, which for large
tumor size has nearly a constant depth.

Existence of a layer of quiescent cells which can activate when the amount of nutrient present
in the environment increases, e.g. after the formation of the induced capillary network;
Existence of a limit tumor radius in the avascular phase depending on the amount of nutrient
present in the environment;

Tumor expansion due to the birth of new cells;

Control of tumor mitosis by the presence of inhibitory factors;

Angiogenic process with proliferation of capillaries just outside the tumor surface and penetra-
tion of capillary sprouts inside the tumor and increase of tumor growth rate with the formation
of capillary sprouts;

Regression of the new capillary network induced by the tumor as an effect of proteins inhibiting
angiogenesis as angiostatins.

Shrinking of tumor radius when the induced capillary network is destroyed.

On the other hand, the model should be further improved going in deeper detail in describing

some phenomena, or including several other phenomena. Specifically, we point out the following

perspectives:

i)
ii)
i)
iv)

v)

vi)
vii)

Cell-to-cell interaction, e.g. adhesion, response to compression, and formation and diffusion of
metastasis;

Competition with the immune system similarly to that one considered in cellular models;
Inclusion of the extracellular liquid as the phase in which tumor cells live;

Inclusion of other chemical factors, e.g. Growth Promoting Factors, Growth Inhibitory Factors
for endothelial cells.

Modelling cell aggregation phenomena which play an important role in the formation of solid
tumors. In order to model them, one has to look at the dynamics in a space of cells. Interactions
generate a sticking phenomena similar to those of cluster formation.

Mechanical interactions between tumor and external tissues.

Degradation of external tissues by the production of chemical factors.

8.3 Control problems

The main remarks concerning the development of a mathematical control theory have been already

posed in Section 7. This topic related to the rather sophisticated models reported in this paper

is totally open to reserch activity. Indeed, as reported in the review paper by Swan [5], the

mathematical literature on optimal control on cancer therapy is limited to simple models with a

structure similar to those of population dynamics.

Now the main question concerns again the ability of the model to retain the main features of

the real system. Moreover, the modelling of the external actions should be effectively related to

the possibility of producing actions in the real system. However, the feeling on the possibility of
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describing the real behavior of the biophysical system, and hence of developing a real control action
is pessimistic. This may be a personal, however questionable opinion. On the other hand, simple
mathematical models can possibly simulate the evolution of gross quantities, but very little of the
inner behavior of the system itself. Dealing with the description of the real system may even bring
to design sophisticated computer simulators as indicated in the promising paper [68].

More specifically, the parameters of the model are based on phenomenologic interpretation, so
that it seems difficult both assessing them and referring the external actions to them. Moreover,
these models neglect all relevant geometrical features, which are peculiar of continuous models
and, indeed, play an important role in the evolution of real systems. They are, in fact, related
to relevant phenomena such as angiogenesis, effects of angiostatins and detachment of metastasis,
which cannot be described without assumptions on the geometry. These information are totally
lost by simple models.

9. On the Interactions between Mathematics and Immunology

As already announced in the introduction, we conclude this review paper with a critical discussion
concerning the interaction between mathematics and immunology. The question already posed
was: how far this interaction is useful to research activity in immunology and which are the correct
directions to be developed within such a collaboration.

This paper attempted to show that it can be useful. Indeed, a great amount of work was
already developed, as documented in the vaste literature cited. Although, one cannot hope that
mathematics can directly solve problems in immunology. However, it can contribute to a research
program by means of modelling and simulation referred to particular aspects and behaviors of the
immune system: for instance, developing a simulator of the immune system in competition with
pathology carriers. This target keeps its relevance even if it is restricted to some very special
physical situations. In fact, if one considers that in this research field it is necessary to perform
expensive and lenghty experiments in vivo, then one has to make any effort to reduce the amount
of experiments and, indeed, the simulation of the behavior of the system can serve to this scope.

This last consideration is the one which induced to deal mainly with models closely related to
the real phenomenologic behavior of the system. Relatively simple models, such as those generated
by Gompertz model, can even provide realistic overall descriptions. On the other hand, if one
operates with models which have to be related to experiments, then the description need to become
relatively more sophisticated and able to retain all relevant cellular phenomena.

This appears to be a correct direction to develop mathematical research activity. Mathemati-
cians should develop models and related simulations as close as possible to the real behavior of
the system. Possibly, the simulation should specifically refer to experiments either substituting or
properly addressing them.

On the other hand, sophisticated descriptions should be made understood to immunologists.
In frameworks where the dialogue is consistent several useful results can be achieved starting from
the reduction and qualification of the experimental activity.

This difficulty may be tackled with a gradual approach. The first step refers to the statement
of the physical assumptions concerning the derivation of the model. These assumptions should be
carefully and critically examined by immunologists. Then the derivation of the evolution equations
and the related simulations should be again handled by applied mathematicians. The dialogue with
immunologists will continue with a joint analysis of the simulations. This analysis may contribute
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to the efficiency of the experimental activity and possibly improve the model. A first step of the
type of collaboration s documented in the WEB page
http://calvino.polito.it/preziosi/bioweb.html

In some cases, the joint cooperation between immunology and mathematics can hopefully pro-
vide an immuno-mathematical theory suitable to intrinsically contain information on the evolution
of the system based on a direct measurement of biological parameters. It can be hoped that mathe-
matical models anticipate aspects of such a theory. This aim may be ambitious and even unrealistic.
However, it is worth trying.
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