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Jlilia Tryoen Introduction
Parametric Uncertainty Quantification

e uncertainties in input quantities (model parameters,
initial and boundary conditions)

e uncertain quantities parametrized by random variables
with known distribution functions

e Stochastic spectral methods

Roe matrix

The upwind scheme

e decompose random quantities on suitable
approximation bases (Ghanem and Spanos 91)

o Stochastic expansion of the solution of a model :

U(x, t,€) ~ UP(x,t,€) = Zuaxt ().

U, (x, t) stochastic modes of the solution.
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Different computational strategies

e probabilistic collocation : stochastic modes evaluated
by polynomial interpolation

e non-intrusive projection : stochastic modes evaluated
by numerical integration

e stochastic Galerkin : reformulated deterministic
problem for the stochastic modes

Stochastic Galerkin methods :
e rely on a weak form of the problem
e well suited for mathematical analysis
e design of adaptive methods
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Stochastic hyperbolic

State of the art

Stochastic spectral methods applied to a large variety of
engineering problems (elasticity, thermal science, fluid
flows, chemical/biological systems,...) governed by elliptic,
parabolic ,ODE or incompressible NS models.

Hyperbolic models
Two main difficulties :

e solutions discontinuous in the spatial as well as in the
stochastic domains

e nonlinearities in the flux functions
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Stochastic hyperbolic

State of the art

Hyperbolic models

e non-intrusive approaches : multi-element probabilistic
collocation methods (Lin et al. 08)

e pseudo-intrusive methods : stochastic modes of flux
computed by quadrature methods (Ge et al. 08,
Poette et al. 09)

e intrusive methods : scalar linear wave equation
(Gottlieb and Xiu 08), mean flux upwinding
(Lin et al. 06)
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Objectives

e Develop an intrusive stochastic Galerkin method
e Investigate hyperbolicity of the Galerkin system
¢ Design a Roe-type solver with entropy corrector



Workshop

Torino
Julie Tryoen
@ Galerkin projection
Stochastic hyperbolic systems

ms

Stochastic discretization
The Galerkin system
Hyperbolicity of the Galerkin system

Galerkin system

weweoe @) Numerical method

Roe linearized matrix

Numerical scheme
Roe linearized matrix

Absolute value of the Roe matrix
The upwind scheme

© Results
Periodic Burgers equation
Euler equations
Entropy corrector

Periodic Burgers
equation

Euler

Entropy corrector

Outline



Workshop
Torino

: Outline
Julie Tryoen

Galerkin
projection

Stochastic hyperbolic
systems

@ Galerkin projection
- Stochastic hyperbolic systems
Stochastic discretization
The Galerkin system
Foereazod mati Hyperbolicity of the Galerkin system

Absolute value of the
Roe matrix

The upwind scheme

Periodic Burgers
equation

Euler equations

Entropy corrector



Workshop
Torino

Stochastic parametrization

Julie Tryoen

&= (&, o) ~UE =[01) = L2(Z,pe = 1)
sensionpenoe  COrresponding space of the second order random variables

systems

with the expectation operator (H) = |- H(y)p:(y)dy.

Stochastic hyperbolic systems
We seek for U(x, t,&)e R™ @ L2(=, pe) solving a.s.

0 0
61‘ (Xté-)—i_iF( (X,t,f);f)zo,

U(t - O,X,f) - UO(X7§)‘

(x,t,£) e Qx[0,T] x =, Q =10,1],

VyF € R™M g [2(=, p) stochastic Jacobian matrix
R-diagonalizable almost surely.
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We approximate U(x, t, ) in the stochastic space of fully
e tensorized piecewise polynomial functions SNONT

systems

Stochastic

i e Nr : resolution level — 2NN SE (stochastic elements),

The Galerkin syster

Hyperbolic

e No : expansion order — U(¢)sg ~ U"(¢)se € QR [¢]-

Case N = 2.
Nr =1 Nr=2 Nr=3

Numerical scheme

The upwind scheme

Periodic Burgers
equation

Euler

Entropy corrector

0 & 1] o & 1] o & L

dim SNoNT = (No + 1)N2NNr.— p,
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Stochastic discretization

We approximate U(x, t, ) in the stochastic space of fully
tensorized piecewise polynomial functions SNo-Nr

e Nr : resolution level — 2NN SE (stochastic elements),
e No : expansion order — U(¢)sg =~ U"(¢)se € QR [¢]-

dim SNeNr — (No + 1)N2NNr.— p,

Select the Stochastic Element (SE) orthonormal basis
{W4}a=1..p, Which corresponds to local fully tensorized
(rescaled) Legendre polynomial bases, s.i.

span(Vy,..., Wp) = SNoNr,
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The Galerkin system

Stochastic expansion of the solution :

P

Ux 1,8 ~ UP(x, 1,8) = (X, H)Wa(E).

o=1

U,(x,t) € R™ stochastic modes of the solution.

Galerkin projection of the original stochastic problem :

OUP OF (UP: )\ B
() (9N 0 v

(W UP) (t=0) = (WaUo(x,)), Ya=1,...,P.
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The Galerkin system

We seek for u(x, t) € R™ solving

au

(x,t) + %f(u(x, 1) =0, u(x,t=0)=u'(x),

u(x,t) = (ur(x,t),...,up(x, 1)) € R™,
flu(x,t)) = (f(v),...,f(u)" e R™,
fo(u) == <\|JaF(UP;-)>, a=1,...,P.

Is the Galerkin system hyperbolic ?
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Hyperbolicity of the Galerkin system

(Vuf(U) a1, p= (VuF(U"; ‘)Wawﬁ>a,ﬂ:1,..,,1>'

Is V,f(u) € R™ ™" R-diagonalizable ?

Diagonal block structure owing to the decoupling of the
problem over different stochastic elements :

[Vuf]SE=1 0 0
Vuf(u) = 0 c [V ASEET 0
0 e 0 s [Vf]SEEY

— It suffices to analyze one single block [V, ]5E of size
m(No + 1)N.
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Hyperbolicity of the Galerkin system

HYPERBOLICITY proven in two specific cases :

Theorem
HYPERBOLICITY, if the original stochastic system is a
scalar conservation law.

Theorem
HYPERBOLICITY, if the stochastic Jacobian matrix
VuF(:§)
e is either symmetric (almost surely)
e or its eigenvectors are deterministic
(independent of the uncertainty).

Applications : Scalar wave equation with uncertain sound
velocity. / Linear hyperbolic systems with uncertainty only on
initial or boundary counditions.
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Hyperbolicity of the Galerkin system

In the general case, we consider the approximate Galerkin
____-SE
Jacobian matrix [Vuf} whose coefficients are obtained

by approaching the coefficients of [V ,f] SE by a Gauss
quadrature

SE
[GZ00) P

(No+1)N
S @ V(U (&) 6)Val&)Vs(E,)

=1 a,B=1,....(No+1)N

{& }1=1,..,(No+1)N S€t Of the Gauss points in the SE, with
associated weights {@- },—1, . (No+1)N-
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Hyperbolicity of the Galerkin system

Assume VyF(U"(€);€) = LIEAE)R(E),
Theoreg_n
{Viuf} is R-diagonalizable.
Explicit expressions of the eigenvalues
N} = (A

and of the left and right eigenvectors

{1} = {(@, R*(€)V5(&0)) ),

{1} = {(@y LX) V(&) }-
— {N}, {r}},and {I'}, v =1,...,m(No+ 1),
approximations of the eigenvalues and eigenvectors of
[V.f]%E.
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Discretization of the Galerkin system using a FV method :

Stochastic hyperbolic
ms

ANt
’
Uimr =u - Ax (SO(U/n, UIILA) - @(UI(L‘I’UIU)) )

Ax (uniform) spatial step,
A"t time step,

+1/2)A
ufl = f((iI—Jr1//2))A; u(x, t")dx,

©(,-) 15t order numerical flux function :

Numerical scheme

Roe linearized matrix

of the

]

f(u?) + f(ul ) ul , —uf
QO(UI'n7 UIIZH) = I 2 = - |a(UID, Uin+1)‘ = 2
| S S ——
X t

centered part of the flux  upwind matrix
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e Assume that the original stochastic problem possesses
a Roe linearized matrix and a Roe state a.s.,

Stochastcyperboc (ULa UR) _ ARoe( UL» UR) VUF( URoe )

ion

e Given two states u; and ug of the Galerkin system,
Hyperbolicity of the
Galerkin system
P

u. — UL URoe
Numerical scheme LIF? - Ljﬁ; LR >
Roe linearized matrix
— @ (uL, up) = (VuF(UE: - )VaVs).
The upwind scheme
Periodic Burgers Th eo rem

equation

ak°® js a Roe linearized matrix for the Galerkin system.

Euler

Entropy corrector

Choice of upwinding :
f(u’.n) ( l+1)
2

— Consistency of the numerical scheme
— Conservativity through shocks

ut . —uyn
R +1
— JaFo(uf, uf )| L

(p(uin7 UI'IZH) =
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The Galerkin system

Hyperbolicity of the mP

aRoe(ul, ul ) =S A
akee(up, uf, i alle ® 1o

Numerical

method

, SE
Numerical scheme aRoe(ul[77 Uln-i-1) = dlag( |:aRoe(uln7 u1n+1 )] )

Roe linearized matrix

Aosolt value o tho ‘aROe(uIﬂ’ ui,Lr1 )‘ — d,ag(’ |:aRoe(uir)7 UIIZFI )] SE |)

The upwind scheme

Results = Procedure on each SE.

Periodic Burgers
equation

Euler equations
Entropy corrector
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e Efficient approximation of [a%°¢(u7, ufl, )|

systems
Stochastic

s @ (ul, ul ) =T Nalle @ ra.

Hyperbolicity of the

, SE
’\Ta\erkmsystjm aRoe(uln7 Uin+1) — d/ag( [aRoe(uln7 uin+1 )] )

umerical . SE
i |@e(u, ufl4)| = diag(] [@*(u7, uf 1)) ).
Roe linearized matrix

meoweveotve = Procedure on each SE.

The upwind scheme

. . SE
Resulls 1) Evaluate approximate eigenvalues of [a**¢(uf, uf. ;)]

S N} = (N (U &)
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Efficient approximation of |a*(u?, u, , )|
’aRoe(U/nv u/n+1)’ = 22721 |)‘a|/a @ Iy
aree(un, uf, ) = diag([ae(up, u? ;)] %5).
@R (uf, uf, )| = diag(| [ak(u, uf, )] 5 ).
= Procedure on each SE.

1) Evaluate approximate eigenvalues of [a®*(u?, u? ;)] SE

i+1
{)‘/v} = {AK(U}?;)E 2 §n)}-

2) Determine a local polynomial qﬁ’i, ) of low degree d
kl ¥
(d < 10 in practice) minimizing the least-square error

>IN = a5 (V))2.
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Efficient approximation of |a®(u?, u , )|
|aRoe(U,na Uﬁ.1)| = ZZL [Aalle ® ra
atoe(up, uf ;) = diag([a*(uf, ufl, )] SE).
oe H oe SE
a%oc(uf, up )| = diag(| [&°(up, uf )] 7" ).
= Procedure on each SE.

1) Evaluate approximate eigenvalues of [a*°¢(u]’, uf ;)] SE

[N} = {AK(UReE 6}

2) Determine a local polynomial g7, , of low degree d

(d < 10 in practice) minimizing the least-square error
(X = a5, ()2,
SE
)|

3) Approximation of | [a%¢(u], u?

SE SE
| [aRoe(ulﬁ7 u’,”_H )] ‘ ~~ qgfi\g}( [aROe(UI-n, u’_n+1 )] )
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The upwind scheme

ANt
]
U,n+ =u — Ax (SO(UIn7 Ui':q) - SD(Uf—1aUF)) )

where the numerical flux p(uf’, uf!, ;) is computed in this way

f(u) + f(u? 4)
U, U ) = =

; SE aRoe n ,n SE UI'IZH _ul{7
— dliag(SE,, ([a*(uf, uf,))] %)) L

Procedure on each SE.

CFL condition :

[ - CFL
Ax  1<sE<2w max M|
LReTI,y
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Outline
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ouU  OF(U) R
ot T Tax 0, F(U)= 27

Stochastic

initial random shock locations :

The Galerkin system

e X12=014014, Xo3=03+01&, &6 ~ U0, 1]

Numerical scheme
Roe linearized matrix 1.2

Absolute value of the
Roe matrix

The upwind scheme

Periodic Burgers
equation

Euler equations
Entropy corrector

value

SE realizations
<U(x,t=0)>
oU(xt=0) ——

0 0.2 0.4 0.6 0.8 1
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Periodic Burgers equation

t=0s

t=02s

12

0.8

° ®
H 2 06
g g
0.4
SE realizations
<U(x,i=0)> 1 02 <U(x,t=0.2)> ———
 olUx=0) —— R ) i | o(U(t=02) ——
06 08 0 0.2 0.4 06 08 1
x
12 12
1 1
0.8 0.8
] ]
2 06 2 06
g g
04 | 0.4
SE realizations SE realizations
02| <U(xt=0.4)> —— 02} <UMXt=0.6)> —— R
o(U(xt=0.6)) ——
0 . . . 0 . .
0 0.2 0.4 06 0.8 0 0.2 0.4 06 0.8 1

Computations with No = Nr = 3.
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Periodic Burgers equation

x=0351t=02s x=0451=04s x=0551t=06s

Stochastic solution U(x, t, (£1,&2)) as a function of (&4, &) for
different spatial positions and times. No = Nr = 3.
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Periodic Burgers equation

Expectation Standard Deviation

time
time

Space-time isolines of the expectation (U(x, t,-)) and standard
deviation o(U(x, t,-)) of the stochastic solution. No = Nr = 3.
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Stochastic solution of the Burgers equation as a function of
(&1,&) at x = 0.5 and t = 0.5 for different Nr and No.
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The upwind scheme

Periodic Burgers
equation

ic hyperbolic

Burgers equation

0.1 : : ,
001k
0.001 . '\»\‘.\_.\ N
: . .
N 0.0001 \\O\ - a
AL _
le-05 t=0.6 - No=1 {1 - S
t=0.6 - No=2 ---O- \ﬁ\ _
t=0.6 - No=3 A R
1e-06 t=1.8-No=1 - M-
t=1.8-No=2 @ -
t=1.8-N0o=3 ----A---
le-07 1 | |

=
N
w
N

Nr

M

(&)]

(1) = ,37 Z/Q (URN(x, €)= Upe(x, . 5(")))2 :

i=1
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—— 0 0.5 1

Roe linearized matrix

ag:orl::ri\;alue of the 6 U a F ( U )
+

The upwind scheme

Results at aX

Periodic Burgers U
equation

JE)T, F(U) = (pv,pv® + p,v(E +p))

(e,
Entropy corrector _ 9 — _ p— 1
V= o’ =(v-1) (E 2 ) )

=0,

v(§)=14+02¢, ¢~ U[0,1].
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Euler equations

Computation of the Galerkin flux and Jacobian matrix : using
a pseudo-spectral approximation (Debusschere et al. 04)

saxbraxb=>"_(axb)V,,

(axb)a = 550830, Mapy,  Magy = (WaWpV,)
e 1/a~ a * obtained by solving axa—* = 1
e a~ a/? obtained by solving (a*/?)  (a*/?) = a

—prp =(-1)*x(E-((g*q)*xp~™)/2)
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Computations with Nr = 3 and No = 2.
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Euler equations

Expected density

Standard deviation

25

5

0.5

time

Computations with Nr = 3 and No = 2.
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Euler equations

t=025s

t=075s

t=125s

Stochastic density as a function of (x, ¢). Nr = 3 and No = 2.
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Entropy corrector
Euler equations with sonic points

p=14
P =005

Maj,

0 0.25 1

Mad(¢),x € [0,1/4],

MeP(x. ) = Ma(€), x €]1/4,1],

s.t. 3 sonic points for £ € [0,0.6].
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Entropy corrector

Non-parametrized entropy corrector proposed by Dubois
and Mehlmann (96) for Roe solver in the deterministic case

¢ Nonlinear modification of the numerical flux in the
vicinity of sonic points

e Detection of sonic expansion waves based on
reconstruction of intermediate states for each couple of

left and right states and test on sign of eigenvalues of
the Roe linearized matrix

— Adaptation to the present context using the approximate
eigenvalues and eigenvectors of a*¢(uf", uf’.,).
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Entropy corrector

Entropy corrector
Euler equations with sonic points

Stochastic density p(x, t,£) at t = 1 obtained without (left) and
with (right) the entropy corrector using Nr = 3 and No = 2.



Workshop
Torino

Julie Tryoen

Stochastic hyperbolic
systems

Stochastic
discretization

The Galerkin system

Hyperbolicity of the
Galerkin system

Numerical scheme
Roe linearized matrix

Absolute value of the
Roe matrix

The upwind scheme

Periodic Burgers
equation

Euler equations
Entropy corrector

Entropy corrector
Euler equations with sonic points

0.14
14 ' Com‘puted ‘mean (‘)f P ! i ‘Comp‘uled s!ﬁ-dev (;l [
MC meanofp  + MC std-devofp  +
012 |
12| B ‘T
0.1
& ] |
I
0.08 |-
0.8 - B f
N i 0.06 - 1
0.6 1
/
0.04 -
04 i
/ 1
1
02} 4 002 1 !
[
{
0 I I I I I I I I I 0 L I I I I I 1 I L
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09

Comparison of the mean and standard deviation of the numerical
density at t = 1, computed with a Galerkin method (using Nr = 3
and No = 2) and a MC method.
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Euler equations with sonic points

CPU improvements

e Only the eigenvalue v — ¢ can change its sign.

e Mean value averaged criterium — for each in-
terface LR, only test the entropy correction for the SE s.t.

ESE[(v. — ¢L)] — ctol < 0 < ESE[(vgp — cg)] + ctol.

No=1,Nr=3 | No=2,Nr=3 | No=3,Nr=3
dim SNnNe 16 24 32

7-CPU Rcor TCF’U Hcor 7-CPU Rcor
ctol = +o0 11.7  49% 16.1  42% 21.6 38%
ctol = 1e~! 82 19% 11.8 16% 16.4 14%
ctol =1e72 6.5 4% 9.8 3% 13.9 2%
ctol =1e~® 6.1 <1% 9.3 <1% 135 <1%

€n 1.32e-3 717e-4 2.88e-4
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The Galerkin system
Hyperbolicity of the
Galerkin system

Numerical scheme

Roe linearized matrix

Absolute value of the
Roe matrix

The upwind scheme

Periodic Burgers
equation
Euler equations

Entropy corrector

Conclusion

e intrusive stochastic Galerkin method

» Roe-type solver with upwind matrices efficiently
computed by an original and fast method

e entropy correction in the presence of sonic points only
requiring marginal costs

e accurate, stable and robust method

» computational costs scale as dim SNoNf
(at least for moderate No)

Under investigation :

savings in computational costs for problems with higher
stochastic dimensions

— adaptive stochastic mesh refinement
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Adaptive stochastic mesh refinement
Periodic Burgers equation

Julie Tryoen

Stochastic hyperbolic

x=0351t=02s x=0451t=04s x=0.55t=06s

The Galerkin system

Hyperbolicity of the
Galerkin system

Numerical scheme
Roe linearized matrix

Absolute value of the
Roe matrix

The upwind scheme

Periodic Burgers
equation

Euler equations

Entropy corrector

Stochastic solution U(x, t, (£1,&2)) as a function of (&1, &) for
different spatial positions and times.
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Adaptive stochastic mesh refinement
Burgers equation

Julie Tryoen

Stochastic hyperbolic
ms

jon
The Galerkin system
Hyperbolicity of the
Galerkin system

Numerical scheme ]

Roe linearized matrix b
Absolute value of the

Roe matrix

The upwind scheme

Periodic Burgers
equation
Euler equations

Entropy corrector

2 4 6 8 10 12

Partition of the parameter space = at times 0.2, 0.4 and 1.5 (from
top to bottom) and spatial locations x = 0.48, 0.5 and 0.52 (from
left to right). The color scale gives the depth of the leafs.



Workshop
Torino

Julie Tryoen

Stochastic hyperbolic

ms

jon
The Galerkin system
Hyperbolicity of the
Galerkin system

Numerical scheme

Roe i

Absolute value of the
Roe matrix

The upwind scheme

Periodic Burgers
equation
Euler equations

Entropy corrector

ized matrix
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Nr=2 Nr=3 Nr=4
TCPU dim SNr:No TCPU dim SNr.No TCPU dim SNr:Ne
No =0 4.0 @) 8.1 ®) 16.1 (6)
No=1 6.9 (8) 13.9 (16) 27.8 (32)
No=2 11.8 (12) 23.2 (24) 46.5 (48)
, No=3 17.1 (16) 34.1 (32) 68.1 (64)
el No=4 24.8 (20) 49.3 (40) 98.0 (80)

The upwind scheme

Normalized computational times Tgpy for different stochastic
discretization parameters Nr and No. Nc¢ = 250.

equation
Euler equations

Entropy corrector

— computational costs scale as dim SNoN* at least for
moderate No.
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Stochastic hyperbolic
ms

Hyperbolic
Galerkin system

Numerical scheme

The upwind scheme

Periodic Burgers
equation

Euler

Entropy corrector

Some details

Parallelisation of the procedure on each stochastic
element a,, 1 < a, <P,

Compute the mP,. characteristic variables {6’7}7:17_._7,,,%

U — up ~ YT B (URR).

Reconstruct the mP,. intermediate states at each
physical interface

) !yl R
uy, =u,_y + By (uiR)-

Determine the set of sonic indices :
S = {7, N, (t,_y) <0 < N,(u))}.

The indexing of {\.}, and {r}},,v=1,...,mP,
provides a correspondence between approximate
eigenvalues and eigenvectors and is central to
determine S'.
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Case of random variables with
non-uniform distribution functions

Julie Tryoen

sersemetoc Gtochastic parametrization

€ = (&,...,&n) vector of random variables with known
Hyperbolicity of the . . . . .
independent distribution functions.

Numerical scheme

Change of variables
e X(€) = 06 (&), (€)= (o1(&) - P(EN)) with
(Pa(&a))a=1,..~ cumulative density functions

— [ x(&) ~ U0, 1N).

Entropy corrector

Expansion of a process
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Burgers equation

oU  OF(U) LR
St =0 FU =%

Julie Tryoen

2 M
UH(e) =1+01(26 — 1), & ~U0,1],
U~ (&) = —1+0.05(2¢ — 1), & ~U[0,1].

Numerical scheme 1 "SE realizations ] 1 SE ]
<U(x,t=0)> —— <U(x,t=0.4)> ——
Roe i matrix o(Uxt=0) —— o(U(x,t=0.4)) ——
Absolute value of the 05 05
Roe matrix o 2
The upwind scheme E g OoF
-0.5 -05
Periodic Bur 1 af
equation L L L L L L L L
0 02 0.4 06 0.8 1 0 02 0.4 06 038 1
x x
Entropy corrector
15 T 0.01
N | o
-0.01
05 1 -0.02
0 xR xRRRE 003
-0.04
08 Computed mean 005
Exact mean a
-1 computed Std-Dev -- 0.06
Exact Std-Dev *
15 . i ! . . . . 0,07 h P .
04 042 044 046 048 05 052 054 056 0.58 0.6 04 042 044 046 048 05 052 054 056 058 0.6

X x
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T T T T
Non Intrusive

Galerkin
projection

Stochastic hyperbolic
systems

value

Stochastic
discretization

value

The Galerkin system

Hyperbolicity of the
Galerkin system

Numerical -2 . - L L AR T T T SO S S '
method 0 010203040506070809 1 0 0.10203040506070809 1

Numerical scheme X

X
Roe linearized matrix

Absolute value of the No =2 and Nr = 5 No = 2 and Nr = 5

Roe matrix

The upwind scheme 15

Galerkin

T T
Non Intrusive
Results

Periodic Burgers
equation

Euler equations
Entropy corrector

value
value

5 ! ! ! ! 15 ! !
0 010203040506070809 1 0 010203040506070809 1
X X
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