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(1) Movementin Fibr eNetworks

Fibrenetwork in IRn.

Orientation� 2 Sn� 1.
Distributionof �bres:

q(x; � ) = Pr
�

�( x) = � jX = x
�

:

Z

Sn � 1
q(x; � )d� = 1:
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Cell Velocities

Setof all possiblecell velocitiesV:

V = [s1; s2] � Sn� 1; 0 � s1 � s2 < 1 :

v̂ :=
v

kvk
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q versusg

q is adistributiononSn� 1. To make this into a
distributiononV wede�ne

g(x; v) :=
q(x; v̂)

!

where

! =
Z

V
q(x; v̂)dv =

� sn
2 � sn

1
n� 1 ; s1 < s2; n > 1

sn� 1 s1 = s2 = s:
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Transport Equation

p(t; x; v): cell distribution at time t, locationx, velocityv.

pt (t; x; v) + v � r p(t; x; v) = � �p (t; x; v)

+ �
Z

V
g(x; v)p(t; x; v0)dv0

� > 0 constantturningrate.

g(x; v): probabilitydistribution of new chosendirections.
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pt + v � r p = � (g�p � p)
= Lp

�p =
Z

V
p(t; x; v)dv:
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Timely Varying Tissue

pt + v � r p = � (g(t; x; v) �p � p)
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(2) Modelling TissueChanges

Fibreorientation:� 2 Sn� 1.

Undirected�bres (suchascollagen),� � � � .

Directed�bres (suchastubulin or actin),� 6= � � .
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Tissueequation

In generalwearelooking for anequationof theform

gt(t; x; v) = G(v; g; p):

with thecondition

G(� v; g; p) = G(v; g; p)

for undirected�bres.
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Fibr eVariables

Q(t; x; � ): �bre density.

q(t; x; � ): directionaldistributionof the�bre
network.
g(t; x; v): distributionof newly chosenvelocities.
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Assumptions:Undir ectedFibr es

� : �bre direction,v: cell velocity.

(i) If � is orthogonalto v thenthereis ahigh
probabilityof cutting. (j� � v̂j � 0).

(ii) If � is parallelto v thenthereis nocutting
(j� � v̂j � 1).

De�ne aprojectionoperator:

� u(t; x; � ) =
1

�p(t; x)

Z

V
j� � v̂jp(t; x; v)dv;

whichsatis�es
0 � � u � 1:
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Assumptions:Undir ectedFibr es

(iii) Frequency of encounterof cell and�bre is
proportionalto �pQ.

(iv) � > 0: proteasecuttingef�ciency.

Qt(t; x; � ) = �
�

� u(t; x; � ) � 1
�

�p Q
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Equation for q(t; x; � )

Wede�ne q by

q(t; x; � ) =
Q(t; x; � )R

Sn � 1 Q(t; x; � )d�
:

Then

qt(t; x; � ) = � (� u(t; x; � ) � Au(t; x)) �pq

Au(t; x) =
Z

Sn � 1
� u(t; x; � )q(t; x; � )d�
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Cutting

qt (t; x; � ) = � (� u(t; x; � ) � Au(t; x)) �pq

Au(t; x) =
R

Sn � 1 � u(t; x; � )q(t; x; � )d�

c)

a)

v

v
s

s

s

b)

d)

P

A

P - A

cut
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Equation for g

Theabove equationfor q canbereformulatedin termsof
theprobabilitydistributionof new chosenvelocities

g(t; x; v) =
q(t; x; v̂)

!
:

gt(t; x; v) = � (� u(t; x; v̂) � Bu(t; x)) �p(t; x)g(t; x; v)

Bu(t; x) =
Z

V
� u(t; x; v̂)g(t; x; v)dv
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Equation for q(t; x; � )

qt(t; x; � ) = � (� d(t; x; � ) � Ad(t; x)) �pq

Ad(t; x) =
Z

Sn � 1
� d(t; x; � )q(t; x; � )d�

Equationfor g:

gt(t; x; v) = � (� d(t; x; v̂) � Bd(t; x)) �p(t; x)g(t; x; v)

Bd(t; x) =
Z

V
� d(t; x; v̂)g(t; x; v)dv
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Transport Model for Mesenchymal Motion

pt + v � r p = � (g �p � p)
gt(t; x; v) = G(v̂; p;g)
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The 1-D Case:Dir ected

S0 = f +1; � 1g; V = f + s; � sg

p+ := p(t; x; + s) p� := p(t; x; � s)

g+ := g(t; x; + s) g� := g(t; x; � s)

p+
t + sp+

x = � �p + + �g + (p+ + p� )

p�
t � sp�

x = � �p � + �g � (p+ + p� )
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� d(t; x; � ) =
1
�p

Z

V
� � v̂p(t; x; v)dv

=
1

p+ + p�
(� (+1) p+ + � (� 1)p� )

� +
d := � d(t; x; +1) =

p+ � p�

p+ + p�

� �
d := � d(t; x; � 1) =

p� � p+

p+ + p�
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V
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Bd(t; x) =
Z

� dgdv

= � +
d g+ + � �

d g�

=
p+ � p�

p+ + p�
(g+ � g� )
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g+
t = � (� +

d � Bd) �pg

= �
�

p+ � p�

p+ + p�
�

p+ � p�

p+ + p�
(g+ � g� )

�
(p+ + p� )g+

= � (p+ � p� )(g� � g+ + 1)g+

g�
t = � (p+ � p� )(g� � g+ � 1)g�
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1-D Model, Dir ected

p+
t + sp+

x = � �p + + �g + (p+ + p� )
p�

t � sp�
x = � �p � + �g � (p+ + p� )

g+ = � (p+ � p� )(g� � g+ + 1)g+

g�
t = � (p+ � p� )(g� � g+ � 1)g�
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1-D Case,Undir ected

� �
u =

1
p+ + p� (j� jp+ + j� jp� ) = 1

Hence
g�

t = 0:
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1-D Model, Undir ected

p+
t + sp+

x = � �p + + �g + (p+ + p� )
p�

t � sp�
x = � �p � + �g � (p+ + p� )

g+ = 0
g�

t = 0
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(3) Drift-Diffusion Limits

(a)momentexpansions,(Hillen, Preziosi)

(b) parabolicscaling,(Othmer, Hillen andothers)
(c) hydrodynamicscaling
(seealsoDolak+ Schmeiser2005)
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Hydr odynamicScalingfor Dir ectedTissue

� = "t; � = "x; "p� + "v � r � p = Lp

kernelof L :

L � = 0 ( ) � = ��g :

Hencethekernelof L is spannedby g.
We usetheChapmanEnskog expansion:

p(� ; � ; v) = �p(� ; � )g(� ; � ; v) + "g? (� ; � ; v)

with Z

V
g? dv = 0:
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We substitutetheChapman-Enskog expansioninto thescaled
transportequationandget:

" �p� g + "2g?
� + "(v � r )( �pg) + "2(v � r )g? = "Lg? :

We integrateto obtain

�p� + r �
� Z

V
vgdv �p + "

Z
vg? dv

�
= 0

Whichcanbewrittenas

�p� + r �
�

uc �p + "
Z

vq? dv
�

= 0

uc =
Z

V
vgdv
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� + "(v � r )( �pg) + "2(v � r )g? = "Lg? :

We integrateto obtain

�p� + r �
� Z

V
vgdv �p + "

Z
vg? dv

�
= 0

Whichcanbewrittenas

�p� + r �
�

uc �p + "
Z

vq? dv
�

= 0

uc =
Z

V
vgdv
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Leading Order

�p� + r � (uc�p) = 0:

uc(� ; � ) =
Z

V
vg(� ; � ; v̂)dv

Thedrift velocityuc is themeanvalueof g overV.

Notethatuc = 0 for undirectedtissue.
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Corr ection term g?

We �nd

g? = �
1
�

�
g(v � uc) � r �p + (v � r g � gr � uc + g� ) �p

�
+ O("):

whichwe substituteinto

�p� + r �
� Z

V
vgdv �p + "

Z
vg? dv

�
= 0

andweobtainafterrearrangements...
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With Diffusion Corr ection

�p� + r � (uc�p) =
"
�

r
h
r (Dc�p) +

�
uc(r � uc) + uc;�

�
�p
i

Dc(� ; � ) =
Z

V
(v � uc)(v � uc)T g(� ; � ; v)dv

uc(� ; � ) =
Z

V
vg(� ; � ; v)dv

ThediffusiontensorDc is thevariance-covariancematrix of thedis-

tributiong over V.
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The g-equation

gt = � (� d(� ; x; � )) � Bd) �pg;

with

� d(t; x; � ) =
1

�p(t; x)

Z

V
� � v̂p(t; x; v)dv

Useagain theChapman-Enskog expansionp = �pg+ "g? :

� d(t; x; � ) = 
 � � uc

Bd(t; x) = 
 2u2
c;

where


 � 1 =

8
<

:
(sn+1

2 � sn+1
1 )=n! for s2 < s1

sn for s1 = s2 = s:

MathematicalModelsfor MesenchymalMotion – p.35/41



The g-equation

gt = � (� d(� ; x; � )) � Bd) �pg;

with

� d(t; x; � ) =
1

�p(t; x)

Z

V
� � v̂p(t; x; v)dv

Useagain theChapman-Enskog expansionp = �pg+ "g? :

� d(t; x; � ) = 
 � � uc

Bd(t; x) = 
 2u2
c;

where


 � 1 =

8
<

:
(sn+1

2 � sn+1
1 )=n! for s2 < s1

sn for s1 = s2 = s:MathematicalModelsfor MesenchymalMotion – p.35/41



TissueEquation

"g� = � (
 � � uc � 
 2u2
c) �pg
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MacroscopicModel, Dir ectedTissue

�p� + r � (uc�p) =
"
�

r
h
r (Dc�p) +

�
uc(r � uc) + uc;�

�
�p
i

"g� = � (
 � � uc � 
 2u2
c) �pq

Dc(� ; � ) =
Z

V
(v � uc)(v � uc)T g(� ; � ; v)dv

uc(� ; � ) =
Z

V
vg(� ; � ; v)dv
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MacroscopicModel, Undir ectedTissue

uc = 0

�p� =
"
�

r
h
r (Dc�p)

i

"g� = � (� u(v; �p;g) � Bu) �pq

Dc(� ; � ) =
Z

V
v vT g(� ; � v)dv

� d(� ; � ; � ) =
Z

V
j� � v̂jg(� ; � ; v)dv

Bd =
Z

� d(� ; � ; v̂)g(� ; � ; v)dv:
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Discussion

Dickinson+ Tranquillo 1996,Dickinson2000:
They studythecaseof q independentof time,or q
variesslowly over time. They usprojection
methods.

Barocas+ Tranquillo,1997:
AnisotropicBiphasicTheory(ABT). Useof mass
andmomentumbalanceequationsfor thecell-tissue
phaseandaninterstitial�uid phase.
Dallon, Sherratt, Maini, 1997: Woundhealingand
tissueformation.
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Example: Spatially Homogeneous,dir ected

Assume
q(� ; � ; � ) = q(� ):

Then

�p� + r � (uc�p) =
"
�

r � Dcr �p;

andDc is aconstantmatrix.
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Exercise3: Dir ected,Uni-dir ectionalTissue

Assume

q(� ; � ; � ) :=

8
>><

>>:

0:5 for � = e1;

0:5 for � = � e1;

0 otherwise:

andassumethatV = sSn� 1.

Find thedrift diffusionlimit.
(Note:You needto calculate! ; uc; Dc.)
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