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(1) Movementin Fibr e Networks

m Fibrenetwork in IR".
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(1) Movementin Fibr e Networks

m Fibrenetwork in IR".
m Orientation 2 S" 1.
m Distribution of bres:

ax; )=Pr (x)= X =X :

Z
g(x; )d = 1.

Sn
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Cell Velocities

Setof all possiblecell velocitiesV:

V =[s;;s] S" 1 0 s; s,<1:
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Setof all possiblecell velocitiesV:

V =[s;;s] S" 1 0 s; s,<1:
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0 Versusg

qis adistributionon S" 1. To makethisinto a
distributiononV wede ne

g(x; V) = q(>!<; %

_ . _ ; S1<Syn>1
| = g(x; ¥)dv = ?_1[ B o
Y, S S1= S = S
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Transport Equation

0(t; x; v): cell distribution attimet, locationx, velocity v.

pe(t; X;v)+ v or p(t; x;v) = pét; X; V)
+gx; v)p(t; x; v)dv
V

> (0 constanturningrate.

g(X; v): probabilitydistribution of new choserdirections
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pp+tv rp= (9o p

[
—
©

P p(t; X; v)dv:
Vv
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Timely Varying Tissue

petv rp= (9tx;v)p p)
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(2) Modelling TissueChanges

Fibreorientation: 2 S™ 1.
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(2) Modelling TissueChanges

Fibreorientation: 2 S 1.

Undirectedbres (suchascollagen),

\ \/\N/N

/
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(2) Modelling TissueChanges

Fibreorientation: 2 S 1.

Undirectedbres (suchascollagen),

LAY

Directed bres (suchastubulin or actin), 6
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Tissueequation

In generale arelooking for anequationof the form
G (t; X;v) = G(v; 9, p):

with the condition
G( vig;p) = G(v;g:p)

for undirectedbres.
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Fibr e Variables

m Q(t; X; ): bre density
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Fibr e Variables

m Q(t; x; ): bre density

m ((t; X; ): directionaldistribution of the bre
network.

m g(t; x; v): distribution of newly chosernvelocities.
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Assumptions: Undir ectedFibres

. bre direction,v: cell velocity.

m () If Isorthogonalo v thenthereis ahigh
probabilityof cutting.(j] % 0).
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Assumptions: Undir ectedFibres

. bre direction,v: cell velocity.

m () If Isorthogonalo v thenthereis ahigh
probabilityof cutting.(j] % 0).

m (il) If Isparalleltov thenthereis no cutting
0 9 D),
De ne aprojectionoperator:
1 Z

| p(t; x; v)dv:
p(t; X) vJ It )

u( X ) =

which satis es
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Assumptions: Undir ectedFibres

m (li) Frequeng of encountepf celland bre is
proportionalto pQ.
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Assumptions: Undir ectedFibres

m (li) Frequeng of encountenf cell and bre is
proportionalto pQ.

m (Iv) > O: proteaseuttingefciency.

Qi(t; x; ) = u(GX; ) 1 pQ

MathematicaModelsfor MesenchymaMotion — p.14/4



Equation for q(t; X; )

We de ne g by

_p Qtx )
o 1 QX )d

q(t; x; )
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Equation for q(t; X; )

We de ne g by

_p Qtx )
o 1 QX )d

q(t; x; )

Then

G(t;x; ) = Z( u(t X ) At X)) pa
Au(t; X) (6 X5 )q(t; x; )d

Snl
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Cutting

fo)
> =
P4

N N
1 1

( u(tx;
R

Sn 1 u(t,

b)

) Au(t; x))pg
X; )d(t; x; )d

L

P-A
/%

e

cut
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Equation for g

Theabove equationfor g canbereformulatedn termsof
the probability distribution of nev chosenvelocities

o(t: X: V) = a(t; !x; ?).
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Equation for g

Theabove equationfor g canbereformulatedn termsof
the probability distribution of nev chosenvelocities

o(t: X: V) = a(t; !x; ?).

a(t; x;v) = Z( (6 X 9) - Bu(t; X)) p(t; X)g(t; X; v)

Bu(t; x) = o(6 X Wa(t; x; v)dv
V
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Assumptions: Dir ectedFibres

. bre direction,v: cell velocity.

m (i) If isorthogonalo v thenthereis ahigh probability of
cutting.( ¢ 0).
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Assumptions: Dir ectedFibres

. bre direction,v: cell velocity:

m (i) If isorthogonalo v thenthereis ahigh probability of
cutting.( ¢ 0).

m (i) If Isparalleltov thenthereis nocutting( ¢ 1).
| (i) If pointsoppositeto v, thenthe probability of cuttingis
evenhigher( ¢ 1).
De ne aprojectionoperator:

1
p(t; X) v

whichsatises 1 4 1L

Z

a(t; x; ) = op(t; X; v)dv;
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Assumptions: Dir ectedFibres

m (Iv) Frequeng of encountepf cell and bre is
proportionalto pQ.

m (V) > O: proteaseuttingefciency.

Qi(t; x; ) = a(t;x; ) 1 pQ
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Equation for q(t; X; )

G(t; x; )
Aq(t; X)

Z( a(t; x; ) Aq(t; x))pg
a(t; x; )q(t; x; )d

Snl
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Equation for q(t; X; )

a(tx; ) = S0 atx ) Aa(t X))
Aq(t; X) = o a(t; x; )q(t; x; )d
Equationfor g:
a(t X v) = ( a(tx9)  Ba(t x))p(t; X)9(t X; v)

Bq(t; X) = y 4(t; X; ¥)g(t; x; v)dv
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Transport Model for Mesenclymal Motion

pe+tvrp= (9p p
a(t; x;v) = G(¥%;p;0)

MathematicaModelsfor MesenchymaMotion — p.21/4



The 1-D Case: Dir ected

SP=1f+1; 1g; V =f+s; sg
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The 1-D Case: Dir ected

SP=1f+1; 1g; V =f+s; sg

p" = p(t; x; +5) p = p(t;x; s)
= g(t; x; +9) g =9(tx s
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The 1-D Case: Dir ected

SV=f+1;

Py
Py

1g; V =1+s; sg

p(t; X; +S) p = p(tXx; S
g(t; x; +5) g =9t x s
tspgp = pTt+tgt(pttp)

SBx

p +9g (pP°+p)
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Z

a(t; X; ) p(t; x; v)dv

Tl

V
= (@Dp+ ( Dp)

p*+p
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Z

a(t;x; ) = - op(t; x; v)dv
P v
1
= +1)p* + 1
S (DR (Dp)
. ey _ PP
d d(t’ X, +1) B Pt +p
o . a_ P P
d 0= d(t, X, 1)— p+ + p

MathematicaModelsfor MesenchymaMotion — p.23/4



Ba(t; X)

[
Q
Q

o
<

[
Q
Q

+

49
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Ba4)po

d

SR N N , n
+

+p p+p g 9) (Frp)g

p)g g + 1)

o (

(p
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Ba4)po

d

SR N N , n
+

+p p+p g 9) (Frp)g

p)g g + 1)

o (

(p

+

g = (P p)g g 1yg
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1-D Model, Dir ected

P, + SPy
Pe  SBk
g+

G

yt
D
7t
a3t

+ g (p"+p)
+g (P+p)
p)g g +1)3
p)g g 1o
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1-D Case.,Undir ected

1
p* +p

(ip"+jip)=1

u
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1-D Case.,Undir ected

1
p* +p

(ip"+jip)=1

u

Hence
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1-D Model, Undir ected

pptspy = p t+tgi(p tp)
PP sp = p +g (pPP+p)
g = 0

[
o

G
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(3) Drift-Diffusion Limits

= (a) momentexpansions(Hillen, Preziosi)
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(3) Drift-Diffusion Limits

= (a) momentexpansions(Hillen, Preziosi)
m (b) parabolicscaling,(Othmer Hillen andothers)
= (c) hydrodynamicscaling

(seealsoDolak + Schmeise005)
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Hydr odynamic Scalingfor Dir ectedTissue

=, = X ‘P +vVr p=Lp
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Hydr odynamic Scalingfor Dir ectedTissue

t; = "X; " +v r p=Lp

kernelof L:
L =0() = dg.:

Hencethekernelof L is spannedy Q.
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Hydr odynamic Scalingfor Dir ectedTissue

=, = X ‘P +vVr p=Lp

kernelof L:

L =0() g:

Hencethekernelof L is spannedy Q.
We usethe Chapmarknslog expansion:
p( 5 ;v)=p(;5 )9 sv)+"g7(; V)

with 7
g’dv= 0:

Vv
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We substitutehe Chapman-Engdg expansioninto the scaled
transportequationandget:

"pg+ "G’ + (v 1 )(pg + (v r)g’ = "Lg’:
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We substitutehe Chapman-Engdg expansioninto the scaled
transportequationandget:

"pg+ "G’ + (v 1 )(pg + (v r)g’ = "Lg’:

We integrateto obtain
Z Z

D+ vgdvp+" vg'’dv =0

Vv
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We substitutehe Chapman-Engdg expansioninto the scaled
transportequationandget:

"pg+ g+ "(v r)(pg + "H(v r)g’ = "Lg’:

We integrateto obtain

Z Z
D+ vgdvp+" vg'’dv =0
V
Which canbewritten as
Z
Dp+r up+" vgdv = 0
Z

Uec vgdv

Vv
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L eading Order

p+r (Uup) = 0
Uc( 5 ) = vg( ; ;¥)dv
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L eading Order

p +r (uUcp) Q:
Uc( 5 ) = vg( ; ;¥)dv

V

Thedrift velocity u¢ Is themeanvalueof g over V.
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L eading Order

p +r (uUcp) Q:
Uc( 5 ) = vg( ; ;¥)dv

V

Thedrift velocity u¢ Is themeanvalueof g over V.

Notethatu. = O for undirectedissue.
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Correctionterm g’

We nd

5 1 .
g= —9Vv U) rp+t(vrg g u+g)p +0O():
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Correctionterm g’

We nd
5 1 "
g°= —9(v U) rpt(vrg g u+g)p +O():
which we substitutanto
Z Z
D +r vgdvp+ " vg’dv =0
V

andwe obtainafterrearrangements.
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With Diffusion Correction

. h i
p+r (uUp) = —r r(Dp)+ U(r ug)+ug p
7
De( ;) = (v u)(v ug)'g(; ;v)dv
ZV
Uue( ;) = vg( ; ;v)dv
V
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With Diffusion Correction

. h i
p+r (UpP) = —1 1r(DP)+ U(r ug)+ Ue p
v4
De( ;) = (v uld(v ug)'g(; ;v)dv
ZV
Ue( ;) = vg( ; ;v)dv
V

ThediffusiontensorD. Is the variance-cwariancematrix of the dis-

tributiong overV.

MathematicaModelsfor MesenchymaMotion — p.34/4



The g-equation

a= ( qf ;%)) Ba)pg;
with 7

. o — 1
dBX) = 565

¢p(t; X; v)dv
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The g-equation

a= ( qf ;%)) Ba)pg;
with 7

. o — 1
dBX) = 565

¢p(t; X; v)dv

Useagnin the Chapman-Enskg expansionp = pg+ "g”:

1

d(t; X; ) = U
Ba(t; ) =  “ug;
where
38
S (st s)=n! fors, < s;

n thematicghJodelsfor MesenchymaMotion — p.35/4
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TissueEquation

g = ( u “u’)pg
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MacroscopicModel, DirectedTissue

. h i
p+r (uUp) = —r r(Dp)+ U(r ug)+ug p
"9 = ( u ud)pq
Z
De( ;) = (v ud(v ug)'g(; ;v)dv
ZV
Ue( ;) = vg( ; ;v)dv

Vv

MathematicaModelsfor MesenchymaMotion — p.37/4



MacroscopicModel, UndirectedTissue

u. = 0
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MacroscopicModel, UndirectedTissue

u. = 0
. h |
p = —r r (Dcp)
"9 = ( ulv;p;9) Bu)pg
7
De( ;) = vvig(; v)dv
ZV
a( 5 ;) = gl ; ;v)dv
ZV
By = a( 5 ;99 5 ;v)dv:




Discussion

m Dickinson+ Tranquillo 1996,Dickinson2000:
They studythe caseof g independendf time, or g
variesslowly overtime. They usprojection
methods.
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Discussion

m Dickinson+ Tranquillo 1996,Dickinson2000:
They studythe caseof g independendf time, or g
variesslowly overtime. They usprojectionmethods.

m Barocas+ Tranquillo,1997:
AnisotropicBiphasicTheory(ABT). Useof mass
andmomentunbalancesquationdor the cell-tissue
phaseandaninterstitial uid phase.

m Dallon, Sheratt, Maini, 1997: Woundhealingand
tissueformation.
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Example: Spatially Homogeneousdir ected

Assume

a( ; 5 ) =q( ):

Then

p+r (up)=—r Decrp

andD . IS aconstanmatrix.
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Exercise3: Directed,Uni-dir ectional Tissue

Assume 3
5 0:5 for = e
a( ; 5 ) = 5 0:5 for = e

0 otherwise

andassumehatV = sS" 1,

Find thedrift diffusionlimit.
(Note: You needto calculate ;uc;D¢.)
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