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Run and Tumble




Run and Tumble
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ompact and symmetric.

,x,v): density of cells at time ¢ > 0, location x € §2 and velocity
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Directed M ovement

The equation
pt(ta L, ’U) TV vp(ta L, ’U) =0

IS solved by

p(t, z,v) = p(z —vi),

which describes movement in direction of v.
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With Directional Changes

(: turning rate.
T'(v,v"): probability density of a change from v’ to v.
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With Directional Changes

(: turning rate.
T'(v,v"): probability density of a change from v’ to v.

Transport equation:

pe(t,z,v)+v-Vp(t,z,v) = —up(t,z,v)

—I—,LL/ T(v,v")p(t, z,v")dv'
.

Stroock, 1974, Alt 1980, 1981,
Othmer, Dunbar, Alt, 1988, Dickinson 2000
Hillen, Othmer, 2000, 2001
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Notation

For o € L?(V') we write

To(y) = /V T 1) (v )dv

Lo = —u(l—"T)p turning operator
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Notation

For o € L?(V') we write

Tov) = /‘/T(U,v’)gp(v')dv’

Lo = —u(l—"T)p turning operator

n the transport equation reads

pr+v-Vp=Lp
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Some General Assumptions

(Hillen and Othmer, SIAP 2000)

m 7 is a compact Hilbert-Schmidt operator.
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Some General Assumptions

(Hillen and Othmer, SIAP 2000)
m 7 Is a compact Hilbert-Schmidt operator.

B 7 IS ug-positive (Krasnoselskit).
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Some General Assumptions

(Hillen and Othmer, SIAP 2000)
m 7 Is a compact Hilbert-Schmidt operator.
B 7 IS ug-positive (Krasnoselskit).
mL2(V) = (1)@ (1)*

|T]qy2|| <1, dissipativity
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Spectral Theorem

(Hillen, Othmer, SIAP 2000)

m kernelZ = (1) C L*(V). ¢(v) = 1 is unique eigenfunction
with leading eigenvalue 0.
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Spectral Theorem

(Hillen, Othmer, SIAP 2000)

m kernelZ = (1) C L*(V). ¢(v) = 1 is unique eigenfunction
with leading eigenvalue 0.

m Forall ¢ € (1)* we have

/ Ly < |||,
:

with
v = p(1 = [ T] gy ]):
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Spectral Theorem

(Hillen, Othmer, SIAP 2000)

m kernelZ = (1) C L*(V). ¢(v) = 1 is unique eigenfunction
with leading eigenvalue 0.

m Forall ¢ € (1)* we have

/ Ly < |||,
:

with
v = (1= | T]y )

There exists a pseudo inverse

f — (£‘<1>J_)_1 .
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Example 1. Pearson Walk

1

V =s9""1, T(v,0") =
Vi

petv-Vp = Lp
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Kerndl of L

Lop=0
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Kerndl of L

< —p + —@ =0
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Kerndl of L

Lop=0
po_
<~ —/L90—|—|—V.|g0—0
1
= p==0
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Kerndl of L

Lop=0
po_
<~ —,LLQO—|—|—‘/|Q0—O
— — 1 1,

@ 1S constant In v.
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Kerndl of L

Lop=0
po_
<~ —/L90—|—|—‘/|g0—0
— — 1 1,

@ 1S constant In v.

kernelZ = (1)
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Pseudo-inverse F

Given ¢ € (1)*, find y € (1) with Ly = «:
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Pseudo-inverse F

Given ¢ € (1)*, find y € (1) with Ly = «:

,u
—py + =y =Y
IVI
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Pseudo-inverse F

Given ¢ € (1)*, find y € (1) with Ly = «:

,u
—py + =y =Y
IVI

yc (1)t = 5 =0.
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Pseudo-inverse F

Given ¢ € (1)*, find y € (1) with Ly = «:

,u
—py + =y =Y
IVI

ILL Transport Equations — p.10/3:



(1) The Parabolic Scaling

T =%t E=c¢x

e2p, +€v - Vep = Lp.
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(1) The Parabolic Scaling

T =%t E=c¢x

e2p, +€v - Vep = Lp.
Hilbert expansion:

p(Ta‘S)U) — pO(Taé.av) T 5]71(7'757”0) + 82]?2(7,&.,?}) + ...
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(1) The Parabolic Scaling

T =%t E=c¢x
e2p, + ev - Vep = Lp.

Hilbert expansion:

p(Ta‘S?v) — pO(Taé.aU) T Epl(Taé-an) + 82]92(7,5,?]) + ...

mpare orders of ¢:

0(1) 5 0= ,Cpo
O(e) : v-Vpo = Lp;
O(e?) - Por+ v Vpr = Lps
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0(1) : 0= Lp()

ce po(7,&) does not depend onv € V.
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Ole) : v-Vpo = Lp;
Can be solved for p; if v - Vpy € (1)+.

|.e.

O:/U-Vpodv:/vdv-Vpo.
1% 1%

Ich Is true, since V' Is symmetric.

Transport Equations — p.13/3:



Ole) : v-Vpo = Lp;
Can be solved for p; if v - Vpy € (1)+.

|.e.

O:/U-Vpodv:/vdv-Vpo.
1% 1%

Ich Is true, since V' Is symmetric.
n

p1 = Fv- Vpy.
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O(E*):  por+v-Vp=Lp
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O(E*):  por+v-Vp=Lp
Solvability:

/po,Tvar/v-V(]:v-Vpo)dv:O
% %
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O(E*):  por+v-Vp=Lp
Solvability:

/po,Tvar/v-V(]:v-Vpo)dv:O
% %

Vipor+ V- / vFvldv - Vpy =0
1%
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Diffusion M atrix

Define a diffusion matrix

1
D:=—— [ vFoldv.
VI Jv
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Diffusion M atrix

Define a diffusion matrix

1
D:=—— [ vFoldv.
VI Jv

Then the limit equation reads:

Po,r = VDVpy.
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Pear son walk
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Pear son walk

p

- ol
V]

S —

n the diffusion matrix becomes

1
D = —/vadv.
M|V| 1%
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Pear son walk

p

- ol
V]

S —

n the diffusion matrix becomes

1
D = —/vadv.
M|V| 1%

can show that for V = sS™ ! we have
V 2
/ vl dy = Vis I,,
v n

ere [n iS the (n X n)'identity Transport Equations — p.16/3:




Per son walk

Hence

Isotropic diffusion.
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Per son walk

Hence

Isotropic diffusion.

parabolic limit of the Pearson walk is

Po,r — dApOa d=—.
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Approximation Theorem

Assume p, solvesthe diffusion [imit equation and

P1 = fv'vp()a
p2 = Fpor+v-Vpy,

then for al ¢ > 0 thereexistsa C' > 0 such that
lp — (po +ep1 + 82]?2)“2 < C¢e’

for al

9
O<—2<t<oo.
e
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(2) The Hydrodynamic (Hyperbolic) Scaling

0 = et E=c¢x
epg +cv-Vep = Lp. (H1)
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(2) The Hydrodynamic (Hyperbolic) Scaling

0 =ct E=c¢x
epg +cv-Vep = Lp. (H1)

kernel £ = (1), hence we consider the Chapman-Enskog expansion:
p(8,&,v) = a(8,8) +ea™(8,€,v),

hat e (1)*.
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Substitute into (H1):

cag +e*ay +ev-Va+e*v -Vat = Lla+eat)

— eLa~

ap+eay +v-Va+ev-Va- = Lot (H2)
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Substitute into (H1):

cag +*ay +ev-Va+e®v-Vat = L(a+eab)

— eLa~

ap+eay +v-Va+ev-Va- = Lot (H2)

grate (H2):

|V|049—|—5/Oéé‘—|—/U-VO&-I-E/?)-VO&J‘:/ﬁC\JJ‘.
1% 1% 1% 1%
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/ozldv:O :/Ozédvzo.
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/ozldv:O :/Ozédvzo.
/U-Vozdv:/vdv-Voz:O.
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/ozldv:O :/Ozédvzo.
/U-Vadv:/vdv-Va:O.
/Eoﬁdv:().
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/ozldv:O :/Ozédvzo.
/U-Vadv:/vdv-Va:O.
/Eoﬁdv:().

1V |ag + 5/ v - Vatdv = 0.
14
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o Vatdv  (H3)
il
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oy = / Votdv  (H3)
4
Now we substitute (H3) into (H2) to find

Lot = v-Va

-I-E( |V|/ -Vatdv+ay +v-Va )
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Qg = Vatdv  (H3)
4 /
Now we substitute (H3) into (H2) to find

Lot = v-Va

-I-E( |V|/ -Vatdv+ay +v-Va )

right hand side is to leading order in (1), hence

= Fv-Va+ O(e).
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We substitute o+ into (H3) and erase O(&?)-terms:

ay = . v-VF(v-Va)dv
\V| v

= V / vFuldvVa
V]
— VDV
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Diffusion equation

ag = eVDVa
D ! Fold
= ——— | vFv dv.
V] Jy
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Diffusion equation

ag = eVDVa
D ! Fold
= ——— | vFv dv.
V] Jy

= 6, then this Is identical to the parabolic limit.
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Pear son walk

Diffusion equation
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Summary

m parabolic scaling:
T =¢%,€ = ez,
Hilbert expansion in . Use solvability conditions.
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Summary

m parabolic scaling:
T =¢%,€ = ez,
Hilbert expansion in . Use solvability conditions.

m hydrodynamic scaling

0=ct,& =cx

Chapman-Enskog expansion, where the part from (1)- is of
lower order: p = o + ca™.
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Applications
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O(1) Perturbations

Let b be any given external information. We consider

T(v,0v") = To(v,v") + Ty (v,0",b).
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O(1) Perturbations

Let b be any given external information. We consider
T(v,0v") = To(v,v") + Ty (v,0",b).

Example 2: Guided Movement

V =s5""1 belIR"

Ti(v,0',b) := k(v -b)(v - b)
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O(1) Perturbations

Let b be any given external information. We consider
T(v,0v") = To(v,v") + Ty (v,0",b).

Example 2: Guided Movement

V =s5""1 belIR"

Ti(v,0',b) := k(v -b)(v - b)

/ Transport Equations — p.28/3!
d



The parabolic limit gives nonisotropic diffusion

2 2 2 —1
D=2 (1+ VIS pr (1— A5 /ﬁ)bbT) )

[n n n
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O(e)-Perturbations

T(v,v") =Ty(v,v") + Ty (v, v, S(.))

S(.) external chemical signal.
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O(e)-Perturbations

T(v,v") =Ty(v,v") + Ty (v, v, S(.))

S(.) external chemical signal.

Bi(v,S) 1=/T1(v,v’,5)dv’ directional bias
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O(e)-Perturbations

T(v,v") =Ty(v,v") + Ty (v, v, S(.))

S(.) external chemical signal.

Bi(v,S) :=/T1(v,v’,S)dv’ directional bias

abolic limit;

Por = V(Dva_uch)

L4
U, = ——— [ cFPpi(v)dv
v J, e

Transport Equations — p.30/3:



Example 3

1
Ty = — V=s5""
0 ‘V‘a S

Ti(v,0",S) KW, Sv-VS
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Example 3

1
Ty = —, vV =sS" !
V]

Ti(v, v, S) K@, S)v-VS

Bi(v,S) = ky(S)v- VS  ki(S) = /V K (v, S)dv
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Example 3

1 o n—1
TQ = m, V =55
Ti(v,v",S) = KQ{', S)v-VS

Gi(v,S) = k1 (S)v - VS ki(S) = /VK(U’,S)de’

parabolic limit reads:

Por = V(deo—pOX(S)VS)
d p—

ansport Equations — p.31/3:



Summary

From the knowledge of individual movement
characteristics such as velocity v € V/, turning rate g,
directional distribution 7'(v, v"), we can deduce
macroscopic guantities, such as diffusion tensor D, and

drift velocity w..
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Exercise 2

In one space dimension with two possible velocities, V' = {+s, —s},
and with T'(v,v") = 1/2 we obtain the Goldstein-Kac model for
correlated random walk.

1. Write p(t, z, &=s) = u=(¢, z) and show that the Pearson walk
has the form
ul +sul = p/2(u” —uh)
. = p/2ut —u)

2. Define £ on L?(V) = IR? and find its kernel and the
pseudo-inverse.

u, — Su

3. Find the parabolic limit.
4. Find the hydrodynamic limit.
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