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Abstract  We consider the tracking problem for parabolic systems with boundary
control. Assuming that the reference signal is bounded and measurable,
we prove various regularity results as well representation formulas for
the optimal control and the optimal trajectory.
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1. Introduction and preliminaries

The quadratic regulator problem for distributed parameter systems
was analyzed in the monographs [1], [2] and [6]; in particular the (time
and space) regularity properties of the Riccati equations, arising in
boundary control of PDEs, is deeply studied in [6]. However variants of
the quadratic regulator problem like the tracking and cheap control did
not receive much attention in the boundary control case.

The aim of this paper is to partially fill this gap, by investigating
the tracking problem. This consists in finding a control v to force the
output z of a given system to follow a desired reference signal y; we
refer to [4, 9] for an introduction to this problem in finite dimensions.
We obtain regularity results for the optimal control v as well as useful
representation formulas involving v and the optimal trajectory w, see in
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particular Theorems 8, 10 and 13. These are extensions of known finite
dimensional formulas (see [4]) to the present boundary control case.

Since the presence of the reference signal y entails a lack of regularity
in the solution and a different form of the optimal control, our theorems
are not contained in the monograph [6]. Moreover the results which are
presented here will be applied to the study of the cheap control problem
in a forthcoming paper.

The system that we consider is described by

w(t) = Aw(t) + Bu(t), te (0,T), w(0) = wo, (1)

where A generates an exponentially stable holomorphic semigroup on a
Hilbert space X and v € L?(0,T; X). Exponential stability is assumed
only in order to simplify the notations. The operator B takes values in
(domA*)". Here A* denotes the adjoint of A and (domA*)" stands for
the topological dual of domA* (the space domA* is endowed with the
graph norm); see [6] for more details as well as for several applications
of (1). We assume that for some 7 € [0, 1),

D= (-A)"Be LU X), 2)

i.e. D is a bounded linear operator from U to X, where U is a second

Hilbert space (if A is not stable then the notation (—A)” is to be replaced

by (—A — rI)” with r large enough). Note that (2) is equivalent to

requiring that B € L(U, [dom(—A*)?)") and implies that, for some o

and M > 0,

Me—at
v

|B*e™|| < t>0. (3)

The tracking problem is the following:

T
min Jo(wn; ), Ja(wiv) = [ {I12(0) = u(O)| +allo(@)] P} de.
z(t) = z(t; wo, v) = Cw(t; wo,v),

(4)
where o > 0 is fixed, y is a prescribed reference signal and w(t; wg, v) de-
notes the solution to (1); further C is a linear and bounded operator from
X to a third Hilbert space Y. The cheap control problem consisting in
studying the limit for & — 07 will be studied in the sequel (it is for this
future use that we keep the penalization «; however since in this
paper o is fixed, we could take o = 1 without restriction).
The standing assumption on y is that it is measurable and bounded, i.e.

y € L®(0,T;Y).
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We note that we can reformulate the problem in an equivalent way: we
add the term Ce*wg to y and then consider system (1) with null initial
condition. We prefer not to follow this way, so to stress those results
which require stronger regularity assumptions of y.

Let us introduce the following operators

t
Lo(t) = / M=% By(s)ds, A=CL
0

T
L*w(t) = B*/ e Dw(s)ds, A* = L*C*; Two(t) = Cettwy,
t

wg € X. The properties of these operators have been precisely studied
in [6]. For further use we recall from [6, p. 13 and p. 23]

Theorem 1 Let v € [0,1) as in (2). We have:
L e L(L*0,T;U), L*(0,T; dom(—A)!™))
and
L€ L(L>®(0,T;U),C([0, T]; dom(—A)?%)), for every 0 <60 <1 —+.

We observe that we are in the second smoothing case studied in [6]
so that we can freely use all the regularity results in that book, which
concern the solutions of the Riccati equation and the operators L and
A. Using a result in [7], we can improve Lemma 1 as follows (as usual,
C? denotes the space of Holder continuous functions):

Theorem 2 For any 0 € [0,1 — ), we have:
L e L(L®(0,T;U),Ct=779(]0, T]; dom(—A)?).
In particular L € L(L>®(0,T;U),C*7([0,T]; X).
Proof We write:
Lo(t) = /Ot A9 By(s)ds = (—A)? /Ot A% Do (s)ds,

see (2). Now recall that in Proposition 4.2.2 in [7], see also Sec. 2.2.2 in
[7], it is proved that the operator R,

t

RY(t) = / A=) 1 (5)ds
0

belongs to £(L>(0,T; X),C'=2([0, T]; dom(—A)?), for any a € (0,1).

Remark that this implies also that R € £L(L>(0,T; X),C*~([0,T]; X)),

for any o € (0,1). Applying this result to L we get the assertion.
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2. The tracking problem

Let us consider (4). The existence of the optimal control v, is clear,
Vo = (o + A*A)TA* (y — Twyp) - (5)

Let w, be the state produced by v,, i.e. the solution of Eq. (1) when
v = V4. Let moreover z, = Cws = Av, + I'wg be the corresponding
output. We easily obtain from (5) a second representation formula for
the optimal control:

Ve = éA* [y — 2a]. (6)

Using Young inequalities, we see that A*(y — T'wg) is continuous on
[0,7] and [|A*(y — Two)(t)|| < M(T — t)}=7. Moreover from [6, Theo-
rem 1.4.4.4] (o + A*A)~! is boundedly invertible on C,(0,7;U), where

C,(0,7:U) = {f : [0,T] — U continuous on [0,T") such that

sup (T —1)7|f(t)| < +oo}.
te(0,7)

Hence we have that v, is continuous on [0,7). In addition the usual
bootstrap argument shows:

Theorem 3 The optimal control v, is continuous on [0, T]. Hence, also
wa(t) and zo(t) are continuous too. Moreover, ||va(t)|| = O(T — )17,

The proof, based on Young inequalities, is sketched in the appendix.
Combining Lemmas 2 and 3 we obtain:

Theorem 4 The function w, is Hélder continuous on every compact
interval contained in (0,T] with values in X. The Hélder exponent is

1—7.

Proof From
t
wa (t) = ey +/ M=% By, (s)ds
0

we need only to prove Holder continuity of the integral (since the first

addendum is continuously differentiable for ¢ > 0, because e* is a holo-

morphic semigroup). To this end it is enough to apply Lemma 2.

In the next result, we give two representations of the minimum value
of the cost.

Theorem 5 We have:
Jo(wo;ve) = (y — Two, y — za) = (y — Two, a(e + AN*) " (y — Twy)) .
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Proof In the following computation, § = y — ['wg and norm and inner
product are in L2. We note that

1Ava = §I[* + al[val* = (Ava, Ava) — 2(Ava, §) + |[71I* + o |va||?
= (Va, A" Ao+ A*A)TIAG) = 2(va, A*G) + ||7]° + @ fva
= (Va, A" — e+ A" A)TTAG) = 2(va, A*G) + |71 + o [val
= —(va, A*G) + |I311* = (7,5 — Ava)
since
J—Avg =y —24.

This is the first representation. The second representation is obtained
from here, since

Al + A*A)7IA* = (a4 AA*)TTAA".
The proof is complete.

We introduce now the explicit form of (6):

T
va(t) = é /t B A D [y () — 2a(s)]ds = —éB*pa(t) (7)
where -
pal(t) = —/ AT (st o [Y(s) — za(s)]ds. (8)
t

We note that p, € C([0,T]; X), since C is a bounded operator and
()| < M(T — ).

For t = 0 we have the equality

pal0) =~ [ MO y(s) — zals)lds = Ty~ 2a)
so that we find a third representation for the optimal cost,
Ja(wo;va) = (Y, Y — za) r2(0,1;v) + (W0, Pa(0)) x -
The function p, is the weak solution of
p=—-Ap—C[Cuwa—y], p(T)=0. (9)

We have the condition p(T") = 0 since the final value of w is not penalized.
In this way we arrive at the usual hamiltonian system

{ W = Aw-—L1BB*p w(0) = wo,

p = —CCw—Ap+Cy  p(T)=0. (10)
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The functions p, and w, solve (10) in a weak sense. We improve the
regularity of p, in the next Lemma.

Theorem 6 We have p,, € C1=9([0, T]; dom(—A*)?), for every 0 < 0 <
1, and p, € L?(0,T;dom A*).

Proof The first assertion follows from (8), taking into account that the
function C*[Cw,, — y] is bounded and applying Proposition 4.2.2 in [7].
The second statement can be proved as in [5], see also [6, p. 4].

Let us consider now the special but important case when ¥y is Holder
continuous. Using [7, Theorem 4.3.4] and [8, Theorem 3.5.], we get:

Theorem 7 If there existsn € (0,1), n < 1—~, such thaty € C"([e,T];Y)
for every e > 0, then py is continuously differentiable, and the derivative
is Hélder continuous too, i.e., po, € C*([e,T], X), for every ¢ > 0.

In the next result we consider the regularity of the map B*p, = —awv,.

Theorem 8 Let n € (0,1) and y € C"([¢,T};Y), for any € > 0. The
functions B*p,, (and so also vy) is Hélder continuous on compact inter-
vals contained in (0,T], of exponent min{n,1 —~}.

Proof Let f = —C*[Cw, — y]. The function f is bounded. Now fix
€ > 0 and take t’ > t' > e. We obtain

Tt

T—t"
palt') =pal!)] = [ N5+ tds— [T N (s 4 t)ds.

Hence,

Tt .
Bt = B'p(t)] =B [ (s +t)as
T*t” .
+B*/ A5+ 1) — f(s+t)]ds.
0

The function f is bounded so that the first addendum is less then
T—t" M.
/ s SM{(T =)' = (T ¢) T < M —£)1
T s

The second integral is the sum of the following two terms:
Tt
B[O [yl + ) — y(s + )] ds, (11)
0

T—¢"
B* / eNCHC [wa(s +1") — wa(s +1)] ds. (12)
0
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Holder continuity of y and condition (3) imply that the norm of (11) is
less then

Mt — ).

The second integral is treated analogously, and we get a similar estimate,
with exponent 1 — + on every interval [e,T], € > 0, see Lemma 4.

A further regularity result that is needed below is as follows:

Theorem 9 Let xg € dom A*. The function:
t t
t— <x0,/ eA=%) By, (s)ds) = <(—A*)'Ya:0,/ eA=%) Dy (s)ds),
0 0

is differentiable on [0,T] and moreover

d t
%<$0,/0 A5 Bug (s)ds)
t

— (= A*) 2o, Dua(t)) + (A*z0, /O A=) By (r)dr)

Proof First recall that the function ¢ — Du,(t) is continuous on [0, 7.
Then let § > 0; because the semigroup is holomorphic, we have

d t—6 A d t—6 A
G0 [N Bua(9)ds) = (=AY a0, [ e Dy (s)ds)
dt 0 dt 0

— ((—A") 20, e Dug(t — 6)) + (A7) o, A /OH A1) Do (s)ds)

= ((—A*) g, M Dug(t — 8)) + (A*xg, (—A)7 /Ot_6 eA=%) Dy (s)ds) .

We see from here that

Thanks to this estimate, we can use dominated convergence theorem
and we can pass to the limit for § — 0" in the following equality:

d t—0 s N N
@@co,/o %) Bug(s)ds) || < M|[valloo {||(—A%) @ol| + || A*z0l[} -

t—6 t—4
(= A", /O A9 Dy (5)ds) = /5 {<(—A*)'Yx0,eA5Dva(s—5)>

s—0
+ (A*zp, / eA(ST)Bva(r)dr)} ds.
0
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We differentiate both sides of the resulting equality and we get:

d t
g — (o, /0 A% By, (s)ds)

t
= (=A%) @, Dva (b)) + (A*zo, / A=) B (r)dr) .
0
The proof is complete.

If y = 0 it is well known that the optimal control can be put in
feedback form. This is not possible if y # 0 since at a given time ¢ the
future values of y, which affect the optimal control, are unknown. But,
if dim X < 400, a special representation formula for p, is known, which
precisely shows the effect of noncausality. We extend this result:

Theorem 10 We have
Pa(l) = Po(t)wa(t) + da(t)

where P, solves the Riccati differential equation

(S Pat)r, ) = ~(Pa(t) Az, ) — (Pa(t)e, Ay) (13)
(O, Cy) + (B Pa(t)e, B Pa(t)y), Pa(T) =0,

Here x and y are arbitrary elements in dom A. The function d,, is con-
tinuous on [0,T] and is zero for t = T. It depends on y but not on wy
and it is given by

T
dalt) = = [ X0y (s)ds
t
_|_/ A*(s— tC*C/ A=) Bl(o + AAF) T ASy) (r)dr ds,
where (Aqu)(r /Ce " SBU (s)ds.

Proof The operator valued function P,(t) is the solution of the usual
Riccati equation. For each x € X, P,(-)z is continuous on [0,7] and it
is zero for t = T'. Moreover, it is differentiable on (0,7"), with continuous
and bounded derivative in closed subintervals, see Theorem [6, p. 19-20].
In order to prove the theorem, it is sufficient to show that the continuous
function
da(t) = pa(t) - Pa(t)wa(t)

only depends on the tracking signal y. In particular, we want to show
that it does not depend on wy. We introduce the functions v* (s;t, zg)
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and wT(s;t,z9), zo € X, the solutions of the optimization problem
under study, in the case that y = 0 and with initial condition zy at time
t instead then 0. Hence,

v = —(a+ AfA) TIAIT g, where Tyao(s) = Ce®DAg,

(note that v™ depends on «). Moreover, we use the following represen-
tation formula for P,(t):

T
Pa(t)m:/ A Cwt (it ) dr
t

Hence,

Palt) = Pa(t)walt) = — /t A 0 0y (s)ds

T
+ / eA*(87t)C*C[wo¢(5; 07 U)O) - w+(s; t’ wa(t; 07 ’w()))]dS :
t

For clarity, in this formula we indicated explicitly the initial time and
initial value of w,. Now we use dynamic programming: the optimal
control on [t,T], with initial condition we(t;0,wp) is the restriction to
[t,T] of v,. This holds for every given reference signal y. Hence,

wa(s; Oa ’LUO) - w+(s; t, ’U.Ja(t, Oa wO))
= wa(s;t, wa(t;0,w0)) — w (s;t, wa(t; 0,w0))

= (A wa(t:0,w0) — walti 0, wo)]) + [ A Blua(r) — v ()ldr
t
_ /t A= B { (+ A A) A (y — Do) + Af (Tywo)] } ()
- /t A (o + AjA) ALY (r)dr,
as wanted.
In fact, in finite dimensions d, solves
. 1
dolt) = = (4" = SPAOBB ) dal) + Cu(®). da(D) =0, (10

We will show that an analogous result holds in general. We prove first:
Theorem 11 We have, for every x € domA,

i dalt)) (15)

— (— Az, do(t)) + é(B*Pa(t)x, B da(t)) + (z, C*y(t)), da(T) =0.
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Proof We already know the continuity of d, and that dn(T) = 0.
Moreover, from [6, p. 21, formula 1.2.2.19], B*P, € L(X;C([0,T];U)).

Recall that dy(t) = pa(t) — Pa(t)wa(t). First let us treat p,. Using
the Hamilton equation (10), we see that

d

7 (@ Pa(t)) = —{C7Cz,wa(t)) — (Az,pa(t)) +(Cz,y(t)) . (16)

Now we consider differentiability of P,(t). We use formula [6, (1.2.2.14)]

and Lemma 9 in order to compute

d d

%@37 Po(t)wa(t)) = %@a Pa(r)wa(t»lr:t +

The first addendum is

d
o (x, Po(t)we(r)) lr=¢ -

(—=A*P,(t)x — Py(t)Az — C*Cz + éPa(t)BB*Pa(t)x, we(t)).  (17)
The second addendum is computed from Lemma 9 (recall that P,(t)x €
dom A* since x € dom A, see [6, property vii), p. 20]). We get

((mA™)TPy(t)x, Dua(t)) + (A" Py (t)x, wa(t)) (18)
= —é(B*Pa(t)a?, B*pa(t)) + (A" Py (t)x, wa(t)) .
Now we subtract (17) and (18) from (16). The result follows.

Now we improve our information on the regularity of dq(t):

Theorem 12 We have d, € C'=9([0,T]; dom(—A*)?), for every 0 <
6 <1, and do € L?(0,T;dom A*).

Proof We derive an integral representation formula for d,, which dis-
plays the desired regularity properties. For any s € [0, T}, set [P, (s)B] =
[B*Py(s)]*. From [6, p. 21] it follows that P, B is linear and continuous
from U to C(]0,T]; X). Moreover,

B*da(s) = B*pa(s) — B* Pa(s)uwa(s)

is well defined and continuous, the first addendum from Lemma 3 and
the second one from the continuity of w,(s) and of B*P,(s). For the
same reason, s — [Pn(s)B]|B*dq(s) is continuous so that, from (15), the
following representation formula holds:

do(t) = — /t QN {1[Pa(s)B]B*da(s) 4 C’*y(s)} ds

«
T *
= [ et (s)as,
t
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where f(s) is bounded on [0, 7] with values in X. Now we conclude as
in Lemma 6.

We are going to prove a variation of constants formula for d,(t).
Namely, we want to prove

Theorem 13 The function d,(t) is given by
T
do(t) = —/ U(T —t,T — $)C*y(s)ds
t

where U(t,s) is an evolution operator which is exponentially bounded,
strongly continuous and which transforms X into domB* = dom(—A*)7,
for a.e. t>s.

In order to reduce the notation to a more usual form, it is convenient
to replace £(t) = do(T —t). A simple transformation shows that £(t)
solves

) = [ I {PWBIB ) - O} dr

0
where P(r) = —1P,(T =), §(r) = y(T —r). To prove the previous
theorem we need the next result.

Theorem 14 There exists a unique strongly continuous and exponen-
tially bounded evolution family U (t,s) which is defined by

t ~ *
U(t,s)x = eA*(t_s)x—i—/ Ul(t,r) [P(r)B]B*eA =)z, t>s,s€R,

for every x € X. Moreover, for a.e. t > s, we have U(t,5)X C dom B*
and [P(-)B|B*U(-, s)x is locally integrable on [s,+00), for every x € X.
The evolution family U(t, s) verifies

Ult,s)z = et x+/ "= P(r)B|B*U (r, s)zdr, (19)

fort>s andx € X.

Proof We use Theorem 9.19, p. 487, in [3]. Let Up(t,s) = eA"(t=3) and
let B(t) = [P(t)B]B*. Then, domB(t) = dom B* is constant and we
have B(-)Uy(+, s) strongly continuous for ¢ > s, with

M
(t—s)7’

1B()Us(t — s)I| = || [P(t) B]B* ™" )] <

locally integrable, from (3). The conclusion follows from this.
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Proof of Theorem 13. We introduce

Et) = — /O Ut $)CH(s)ds

We are going to prove that £(t) = £(t). We see from (19) that s —
B*U(t, s)x is integrable on [0, t], for any « € X. Since B* is closed, it is
straightforward to check, by using suitable Riemann sums, that

BE(t) = — /0 "Bt 5)C(s)ds

Moreover, we see from (19)
y t t ~
() = — / A9 (5 ds + / A9 [P(s) B B*E(r)dr .
0 0

Hence, £(t) and £(t) solve the same Volterra integral equation, and

60— 0] = [ X IPOBBIE) a0

so that also

(B*[E(t) = £(®)]) :/o B IIP(r) B(BYE(r) — £(r)])dr

Thanks to the inequality (3), Young inequalities and continuity of [P(r)B],
the operator on L?(0,T) defined by

o) — /Ot B* e I [P(r) Bg(r)dr

has norm less then MT" for a suitable number M; so it is a contraction
on L2(0,T1), Ty < (1/M)Y7 = Ty. Hence B*[£(t) —£(t)] is zero on [0, T1]
and, for ¢ > 11,

& ¢ *(t—r)T *

(B*[E(t) — &()]) = /T B* eI [P(r) B)(B[E(r) — £(r)])dr .
1

The same argument shows that (B*[£(t) — £(t)]) is zero on [T7, 2T1] too.

In fact, it is easily seen that the norm of the operator

t -
o() — | N UDP(r)Blo(r)dr
T
from L?(Ty,2Ty) in itself, is less then MT}, with the same coefficient
M as above. After a finite number of steps we see that B*[£(t) — £(t)]
is zero on [0,7] so that, from (20) we have £(¢) = &(t) on [0,7]. This
finishes the proof.



Tracking control of parabolicsystems 13

Appendix: Proof of Lemma 3

We sketch now the proof that w, and v, are continuous functions on
[0,T]. Recall that

t
we (t) = ey +/ M=% Buy(s)ds, t € [0,T],
0

where v, is the optimal control. We use an usual bootstrap argument,
based on Young inequalities. It is sufficient to prove that

t
/ A% By (s)ds (21)
0

is continuous since then w, (t) is continuous for ¢ € [0, 7] and

Vo (t) = 1 /T B*eA" 0 y(s) — Cwa(s)]ds

@ Jt

is continuous, and even
lva(B)]] = O(T =)' 7. (22)

We note that (21) is a convolution with a kernel which is singular at
t =0, of the order 1/¢7, 0 < v < 1, hence of class LP(R), p = (1/)—e for
every € > 0. In particular, p > 1. Now we recall the Young inequalities,
which show that

Hxk
belongs to L™ if H € LP, k € L and

is nonnegative. If r so defined turns out to be negative, and p > 1, then
the convolution is continuous.
We know that v, € L? so that from Young inequalities,

we € L7, r > 0,

27y —1
for every positive . Note that if 2y —1 > 0 then r > 2 (since v € [0, 1)).

Otherwise w,, is continuous. If 2y —1 > 0 we use again Young inequality

to deduce that )

4y -3

vy € L7, o=
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for every > 0. We iterate, once that we know v, € L° we can deduce
W € LT, vy € L where
o o
> —— — 4, s —_—
"I o1 7 T 1 20(1-7)
for every positive . We recall ¢ > 2 and we see that, as long as 1 —
20(1—7~) >0,

_5’

, o
—o=—————0—-0>8(1—7).
70T 01— ¢ (1=1)

Hence, at the k—th iteration we see that v € L°* with

op —o > 8k (23)
After that we see that the exponent r for w, is

Ok
rg > ———— — 0.
1—ok(l—7)

Thanks to (23) this exponent becomes negative for k large. Hence w,, is
continuous and v, is continuous too, and satisfies inequality (22).
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