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Stability Analysis and Synthesis for Scalar Linear
Systems With a Quantized Feedback

Fabio Fagnani and Sandro Zampieri

Abstract—t is well known that a linear system controlled by a becomes remarkable so that the additive white noise model
guantized feedback may exhibit the wild dynamic behavior which pecomes meaningless. This is the case, for instance, when
is typical of a nonlinear system. In the classical literature devoted many remotely positioned plants have to be controlled in a cen-
to control with quantized feedback, the flow of information in the . L .
feedback was not considered as a critical parameter. Consequently, tralized way _by the transmission of the control signals thro“_gh
in that case, it was natural in the control synthesis to simply choose COmmunication channels. The fact that these channels, besides
the quantized feedback approximating the one provided by the being digital, have finite capacity introduces into the control
classical methods, and to model the quantization error as an ad- project a new parameter, that is the amount of information
ditive white noise. On the other hand, if the flow of information flow that we allow in the feedback loops. In other words, the
has to be limited, for instance, because of the use of a transmis- . . - ’
sion channel with limited capacity, some specific considerations are amount _Of information eXf:'hange reqUIrgd by the CF’””O' has'to
in order. The aim of this paper is to obtain a detailed analysis of be considered as an additional cost which enters in the design.
linear scalar systems with a stabilizing quantized feedback control. The contributions provided by [1]-[10] are in this direction.

First, a general framework based on a sort of Lyapunov approach  The stabilization problem by quantized time invariant state

encompassing known stabilization techniques is proposed. Inthis o qhack was first considered in a certain detail in [11]. In that
case, arather complete analysis can be obtained through a nice geo-

metric characterization of asymptotically stable closed-loop maps. PaPer; the closed-loop s_yste_m was studied as a general _nonlinear
In particular, a general tradeoff relation between the number of System and mathematical instruments such as ergodic theory
quantization intervals, quantifying the information flow, and the  were first proposed for the analysis of the asymptotic behavior
convergence time is established. Then, an alternative stabilization of the system. These mathematical methods allowed the au-
method, based on the chaotic behavior of piecewise affine maps,,- 4 [11] to obtain more insight on the problem, even though

is proposed. Finally, the performances of all these methods are hei lexity limited th licabili .’” |
compared. their comp eX|j[y imited the applicabi ity egsentla y to scalar
systems. In this set up only uniform quantizers approximating
linear feedback functions were considered. In [10], the stabiliza-
tion problem was considered without restricting the feedback
function to be a uniform quantizer. By means of quadratic Lya-
. INTRODUCTION punov functions it was shown that stabilization can be obtained

HE analysis of dynamical systems in which the feedbad¥ USing a logarithmic quantizer, so that the quantized feedback

is a quantized function has been a central issue in cdi be coarse when the state is far from the equilibrium, wh_|!e
trol theory, since the advantages of digital control with respeftfhas to be finer and finer as the state approaches the equilib-
to analog control have been recognized. The original approd&m- I this way, itis possible to save in quantization precision
used to deal with quantization in feedback systems consistedf}f! tO stabilize with less information flow in the feedback loop.
modeling the difference between a signal and its quantized vé€ gquantized feedback schemes studied in [11] and [10] are
sion simply as an additive white noise. This method was quihe-invariant and memoryless (except in the first part of [11]).
successful both for its simplicity and because it provided an a1S0. [4] is essentially devoted to memoryless quantized con-
ceptable accuracy of the analysis when the quantization was {8t Schemes where however the transmission protocol between
too coarse. the plant and the controller is modeled in a different way: sam-

For a more accurate analysis, it is convenient to modeliing time is here not uniform and variable length coding is used

the digital control as the interaction between a continuod@ ransmit information bits. Other time-varying schemes have
dynamical system and a computer, which is a finite staf§€n proposed in [2], [5]-{7], and [9].
machine. This combination can be considered as an instancH this paper, we will work out a detailed analysis of the sta-
of a hybrid system. This alternative point of view yields reall ilization problem for the special case of scalar linear systems
useful contributions in the study of digital control systems onlgy means of quantized time-invariant memoryless feedbacks.

if the difference between the signals and their quantizatioMée Will propose new synthesis schemes and we will prove fun-
damental performance limitations of these quantized feedback

schemes. As in [10], and differently from [11], we will not stick

Index Terms—Chaotic control, communication constraints,
quantized feedback, stability, stabilization.
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class of nonlinear systems. The use of chaos for control ptrue if we add quantization. This is a good reason to start from
poses was first proposed in the classical paper [12] and a nibese controllers. Of course, the use of more general feedbacks
survey on the use of this method in the context of the contrebuld in principle change the relations among the performance
of mechanical systems is presented in [13]. The idea is firstparameter§’, N andC; for instance, since quantization reflects
find a quantized feedback which makes a suliset the state in a partial state observation, itis true that dynamics in the feed-
space invariant and such that insifi¢he dynamics is chaotic. back might allow in certain situations to refine the state ensti-
Then, since the state will move chaotically insidgenerically mates [14]. It is, however, true that in order to use this more
it will visit any subsetJ of I. Therefore, if we now modify the refined knowledge of the state we need to have more freedom
feedback making als@é invariant, we obtain that all initial statesin the input choice and so to allow more input levels. In this
inside I will eventually fall into the smaller set. The analysis case, it will naturally come up with other two parameters, the
of such feedbacks makes a crucial use of the ergodic theorycafdinalities of the controller output space and of the controller
one-dimensional (1-D) piecewise affine maps. state—space. These will possibly link with the others to describe
In order to compare these three stabilization methods, were general fundamental limitations. These questions, which
refer to two parameters which measure their performances. Th@ur knowledge are not explicitely treated in the literature, will
first parametetV is the number of quantization intervals use®e the subject of our future investigations. Finally, we would like
by the stabilizing feedback which is a quantitative description &8 remark that the use of dynamical feedbacks poses also new
the information flow between the system and the control. Tigoblems in the stability analysis, since in this case the overall
second parametdris related with the time needed for a state tsystem is really a hybrid system and it is just in this set up that
reach the target set. Both the parameters will be, in fact, furits stability has to be analyzed [15].
tions of the contraction rat€ which is the ratio between the
size of the bigger sdt where the initial state is supposed to stad- Problem Statement
from, and the smaller target séfwhere the state is designed to Consider the following discrete-time, 1-D linear model:
be attracted. We will establish a number of general inequalities
linking these three parametéf, 7" and C' suggesting that the Tiq1 = QT + Ut (1)

roposed schemes can not be improved. . .
prop P wherea € R. Letk : R — R be a piecewise constant func-

Inthis paper, asin [11], we chose to limit our analysis to scaltar . - . .
. . o ion with only a finite or countable number of discontinuities. If
linear systems. If the classical stabilization problem for scalar

. L T T we usek as a static feedback in (1), we obtain the closed-loop
linear systems is trivial, it is true that quantization already poses
. . e e System
serious mathematical difficulties in this case. If we want to un-
derstand in depth the finer aspects of the performance evaluation Tg1 = D(xy) )
and of the fundamental limitations of these control schemes, in
our opinion, the scalar case is the right framework where to statereI'(z) := az + k() is a piecewise affine map. Differ-
from. Itis clear that in the applications we are mainly interestezhtly from what happens wheh is affine, autonomous sys-
in the multidimensional case, but we believe that the scalar casms like (2) in whichl" is piecewise affine can exhibit a very
will be instrumental for a possible extension in that directionvild behavior. Their dynamical properties have been extensively
On the one hand, we believe that some of the results proposéatied in the past [16], [17].
in this paper can have a first direct application to some classed he type of system theoretic issues which can be addressed
of multidimensional systems with special structures [1] (diagr this setting are of a double nature. On the one hand, itis inter-
onal systems or systems with only one unstable eigenvalue). €sting to analyze the behavior of such closed-loop systems as in
the other hand, some of the results obtained here for the scfldr. On the other hand, itis important to develop synthesis tech-
case suggest the right strategy to follow for possible extensiamgues for achieving specific control objectives. In this paper we
to the multidimensional case. For instance, the chaotic schemd| concentrate on stability issues [10].
we believe, can be extended using the recent ergodic theoryt is obvious that, if we restrict to quantized feedbaékim
of multidimensional piecewise affine maps. Also, some of thghich all quantization intervals have size bigger than a positive
fundamental limitations results should be extendable if one meal (this is true in particular when we have finite quantization
place the 1-D geometric techniques used in this paper with tiiervals), it is not possible to obtain stability or asymptotic sta-
more abstract symbolic dynamics formalism. We are currenthylity to an equilibrium point (see [11]), as it can be done by
working in these directions. We do not expect of course to lbentinuous feedback maps. Only the so called “practical sta-
able to have a picture as complete and as clear as the onebiliy” can be achieved, which means that the state converges, in
are obtaining in the scalar case. However, we think that thesame sense, to a certain intervaWwhich can be seen as playing
investigations on the scalar case will play the role of referrirthe role of an equilibrium point in this set up. Therefore, the
methods for the future research. first thing we can ask is whether (2) admits invariant intervals,
Finally, here are a few words regarding the choice of stickimamely, intervald such thaf(7) C I so that, ifzg € T, then
to time-invariant memoryless feedbacks. A general principle in € I for everyt > 0. Inside/ the dynamics of" can be of
control theory is to try to reach a desirable performance tryingrious naturer; may wander for ever, describing a dense orbit
to use a control as simple as possible. It is well known that or, rather, it may converge to some smaller subs&t .
linear control systems with state observation can be stabiliz€de following definition captures two different possible ways in
with time-invariant memoryless feedbacks and that the samenikich this convergence can occur.
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Definition: Given two intervals/ C I, which are invariant ~ We conclude the section by providing a short outline of
with respect tal’, we say thafl" is (I, J)-stableif for every the content of this paper. In Section Il, we introduce all basic
xo € I,there exists an integég > 0 such thatr; € J forevery definitions and notations. We then present some results on the
t > to. We say thal” is almost(I, .7)-stableif the convergence structure of the set of invariant intervals for piecewise affine
to J as defined previously occur for almost al} € I, with maps. Theorems 1 and 2 show how the existence of a suitable
respect to the Lebesgue measure. continuous family of invariant intervals suffice to guarantee

It is clear that the previous definitions of stability and almostimost stability or stability: it can be interpreted as a sort of
stability only depend ot |;. We could, thus, assume tHats Lyapunov stability. Theorems 3 and 4 provide practical tools
defined only onl. for the synthesis of quantized feedbacks yielding this Lyapunov

Remark: Our definition of stability is essentially the same tstability and which generalize the schemes proposed in [10]
the one considered in [10] and [11]. In [1] and [4], the autho@nd [11]. These tools are used in Section lll, where some
instead consider stability without requiring convergence, whigeneral stabilization techniques are analyzed in full detail. We
is more similar to our concept of invariance of an interval. Fanalyze the parametef$ and||7’s||- for these examples and
nally, in [2], [6], [7], and [9], classical asymptotic stability iswe present some results, Theorems 6 and 7, and Corollary
studied. This is made possible thanks to the use of time-varyihgbounding the performance achievable through this type of
guantized control schemes. stabilization technigue. These results are completely new, at our

In the definition of stability and almost stability shown preknowledge, and can be seen as extensions of the performance
viously, we have not enforced any requirement on the transidimitation already obtained in [1] and [4] and here recalled
behavior of the system, namely on the behavior of the trajectary Theorem 5. In Section IV, we propose a new stabilization
before falling intoJ. Indeed the transient behavior is an importechnique which makes use of the chaotic dynamical properties
tant system theoretic issue and will be considered in this papefrpiecewise affine maps. In this case we only achieve almost
An important quantitative figure connected with the transient &ability, but with a number of quantization intervalswhich
the first entrance-time function is independent of the contractiarl. Section V is devoted to

find an estimate of the mean entrance time for the almost stable

Ty : I —NU {+o0} system obtained in Section IV: the main result is Corollary 2.

defined by Finally, in Section VI, we present some conclusive remark and
some indication for future research.
Ty(x) = inf{t e N|T'z € J}. 3)
We defineT’;(z) = +oo if Itz ¢ J for all . The mapT; is Il. PIECEWISEAFFINE MAPS AND INVARIANT INTERVALS

always finite exactly when we have stability, while it is almost We start the section with the precise definition of a quantized
surely finite when we have almost stability. Quantitative figurefse

connected withl'y, and which will be considered later on, are edt.)ng Snd of a p|e3eW|se.faLf|ne map. A r]rfa'p R—R
its infinity norm is said to be guantizedmap if there exists a finite or count-

able family of disjoint open intervalg, (calledquantization in-
T |oo := sup{Ty(z)|z € I} tervalg whose union is dense iR and of realsu; such that
k(z) = uy, for all z € I;,. For now, we prefer not to specify the
or its average value with respect to the normalized Lebesgugiues ofk on the boundaries of the intervals.
measureE(7’y). Given a quantized ma, the closed-loop map(z) = azx +
In the sequel, we will concentrate on the following issues. f(z) is affine on each quantization intervaliofvith slope equal
1) Find conditions which allow to concretely checko a. In this paper, giecewise affinenap will always be a map
(I, J)-stability and almost!, J)-stability for piecewise constructed in this way. i is such thata| > 1, then the piece-
affine maps as (2). wise affine map will be calleéxpanding
2) Given a system as (1) and intervadlsC 1, find a piece-  On the basis of our definition the value of the piecewise affine
wise constant feedback : R — R such that the ob- mapl is not specified at the discontinuity points. This is usually
tained closed-loop system (2) ($, .J)-stable or almost what is done in dynamical systems literature, however it creates
(I,J)-stable. some problems in our context, especially with our definition of
3) Give estimations of the entrance tifig for closed-loop stability. The following remark explains how to overcome this
stable systems. The entrance tiffieand the number of difficulty.
quantization intervalév of the feedback are the two vari- Remark: The mapl’ has two natural extensions in each dis-
ables which one would like to minimize in the stabiliza€ontinuity point. Ifz € dI},, the boundary of;,, definel',, (z) as
tion problems described in 2). However, the two goals atkee continuity extension df ;, to z. Fix now a closed interval
evidently competitive to each other and it will be inter{ and letz € I be a discontinuity point. I is on the border
esting to investigate the possible tradeoff between theskr, then there is no ambiguity in the choice of the valued of
two objectives. A third important figure in the stabiliza-I'(z) and this will be defined a§',(z), whereh is such that
tion process is the rati6' between the lengths of the twol, N I # 0 andxz € OI,. If z is an interior point off, then
intervalsl and.J, called thecontraction rate This param- we will define I'(z) := {['j, (z),Tn,(2z)}, whereh,, hy are
eter will also play arole in describing the relation betweesuch thatz € 01, andx € 91}, . In this wayI' formally be-
T; andN. comes a multivalued map. However, we will not insist on this
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point and for the rest of the paper we will use the notation asntinuous functions ip and such thaf, = .7 andl; = I. The

I were a usual one-valued map with the implicit understandifigmily of intervals, = [r(p), s(p)], p € [0,1] is called a con-
that, when an assertion abdu(tz) is made, it has to be intendedtinuous arc of invariant intervals. fand.J areI’-connectable
to hold for all its possible values. Givery € I, the orbit de- andJ C I, itis easy to see that we can find a continuousigrc
noted byz, = I'*(z¢) now may consist in many different se-of invariant intervals such thdy = J,I; = I andi,, C I, if
guences. However, except for an at most countable numbemef< p2. Such an arc will be callestrictly increasing

z¢, the orbit consists of a unique sequence. With this enlargedConnectability is equivalent to the existence of a Lyapunov
definition of I and of its orbits, we can now better clarify thefunction for the system. From the family of invariant intervals
concept of invariant interval and of stability. We will say that I,, p € [0, 1], satisfying the aforementioned definition, it is pos-
is invariant byl if for everyz, € I the sefl’(z() is contained in sible to define the following function:

1. Moreover, ifJ C I is a subinterval, we will say that is (al- )

most)(I, .J)-stable if bothl and.J are invariant and for (almost) V() =inf{plzel,} Veel @)

everyz, € I every sequence of the orhiit (zo) is definetely \nich plays the role of a Lyapunov function for the system,

inside J. o o since it can be easily shown that
A quantized magk : R — R is said to beuniformif for all
h € Z we have that AV(z):=V({I'(z)) - V(z) <0 Vrel. (8)
In=(a+hA a+ (h+1)A)=a+ hA+(0,A) It can be shown thal/(z) is in general not continuous, but
up = B+ hA only lower semicontinuous. Conversely, the existence of a lower

semicontinuous Lyapunov function satisfying (8) implies that
wherea, 3, A, A € RandA > 0. The corresponding piecewiseJ C I arel’ connectable.
affine mapl is also callecuniform The mapl' is completely ~ The following result, which links connectability to almost sta-
determined by the quintuple of parametéisa, 3, A, A) and bility, is therefore not so surprising.

it satisfies the following two properties: Theorem 1:Let I' be an expanding piecewise affine map.
1) Quasiperiodicity Let J C I be twoI'-connectable intervals. Thdnis almost
(I, J)-stable.
['(z 4+ hA) =T(z) + hA. Proof: Let(r(p),s(p)),p € [0,1], be a strictly increasing
_ continuous arc of invariant intervals such thiat= [r(0), s(0)]
2) Linear boundness andI = [r(1),s(1)]. Letzo € I and consider the sequence

{z:}52,, wherez; := I'!(x¢). Define the subsets

U:={teN|z; € [r(1),r0)[}
V= {t € N|z; €]s(0), s(1)]}.

mz+ g0 < T(z) <mz+q 4)

where we let

A
LEEN ta From the existence of the family(p), s(p)] of decreasing in-
variant intervals it is easy to argue that the sequenge;c;,
is increasing, meaning that,t, € U andt; < to implies
thatz;, < mz,.In a similar way, we can argue that the se-
quence{x; }+ey is decreasing. This implies, in particular, that
there cannot exist periodic orbits of minimal period greater than
two belonging tal'\ J.
Define now the set

A A
qo::ﬂ—za—A (hi:ﬂ—za ifA>0

A A
qO::B—Ka q1:=[3—za—A ifA<0. (5
Notice that, whenA/A = —q, the closed-loop map' is
bounded. More precisely, in this caBesatisfies the inequali-
tiesqo < I'(z) < ¢1 and so the state of the system in one step

gets into the interval X:={zelI\J|T%x) =21}

J = [q0, q]. (6)  which coincides with the set of equilibrium points and of period

Uniform quantized feedbacks satisfying the above condition two orbits belonging td'\ .J. Moreover, define

A/A = —a and the corresponding closed-loop mé&pwsill be R
both calledregular. A regular piecewise affine map is charac- Aoo 1= U =(X)
terized by a quadruple of parametéaisa, 5, A).

Regular piecewise affine maps actually possess a large famillgich coincides with the set of all initial states which gets in
of invariant intervals: in the notation above, notice indeed thfihitely many steps intoX. Observe thatt is the set of equi-
any intervall D J is clearly invariant. The interval is the librium points ofI'2 and, sincd? is still an expanding piece-
smallest element of the family. This situation does not occwise affine map, we can argue thatis finite and thatt,, is
only when the closed-loop map is regular, as the following reountable.

sults will show. We now show that, if the initial state, € I'\ X, there exists
We will say that the two invariant intervalsand.] arel’-con- an integer, > 0 such that:; € .J for everyt > t,.
nectableif we can find a family of invariant intervalg, = Assume by contradiction that this is not the case. The fact that

[r(p),s(p)],p € [0,1], such that the extremesp), s(p) are =z ¢ Xo impliesthatthe seftz; |t =0,1,2,...} isincluded in
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[r(1),7(0)[U]s(0), s(1)] and it contains infinitely many points. of invariant intervals. If we want to stabilize a system by en-
This implies that at least one of the subg#tand) contains forcing the existence of such a family of intervals, we need to
infinitely many indexes. Assume that both the sets contain ihave results which allow us to impose this property by simple
finitely many indexes (the other cases are simpler and cantgguests od’. The following result will serve the purpose by
handled in a similar way). Consider, therefore, the subsequenpesviding a connection between continuous arcs of invariant in-
{z;}icy and{z; }icy. As already observeflz; },< is strictly  tervals and the geometric structure of the graph.ofhis con-
increasing andz; };¢y is strictly decreasing. Therefore, theynection follows by extending the condition according which a
both converge. Call;, andyy their respective limits. SincE mapI' is invariant with respect to an intervaif and only if the
is piecewise continuous ans; };c;, is monotone, the subse-graph ofl’| ; (the restriction of* to I) is contained in the square
quence{T'(z;) }icu Of {x+ } 22, will also converge. Its limitmay I x 1.
be eithery,, or yy,. We distinguish three cases. Theorem 3:Let I' be a piecewise affine map and et =
1) Assume thalim,c;, I'(z;) = y. Inthis case, necessarily, (7(), s(p)), p € [0,1], be a strictly increasing continuous arc
I(z;) € [r(1),r(0)] for t € U except at most finitely Of intervals. Define the following functions:
many indexes. Therefore, there existsuch that for all .
t > T we have that;; € [r(1),(0)[ which contradicts S(z) := inf{s(p) | r(p) = =} ©)
the assumption that both the subgétand)’ contain in- R(z) := sup{r(p)|s(p) = =} (10)
finitely many indexes.
2) The same occurs if we assume that,cy I'(z;) = yy.
3) Finally consider the case whdim;c, I'(z:) = yy
andlim;ey I'(z¢) = yy. In this case we can argue that

Then, I, are invariant for allp € [0, 1] if and only if the fol-
lowing inequalities hold true:

I'(x¢) €]s(0),s(1)] for ¢ € U except at most finitely v < T(z) < S(z) Ve € [r(1),7(0)] (11)
many indexes, whild(z;) € [r(1),7(0)[ fort € V R(x) <T(z) <z Va €]s(0),s(1)] 12)
except at most finitely many indexes. This implies that r(0) < T'(x) < s(0) Yz € [r(0), s(0)]. (13)

there existg such that for alt > ¢ we have that . -
Proof: Assume that the three inequalities hold. We have to

show that, fixedy € [0, 1], for everyz € [r(p), s(p)], we have
1 € [r(1),7(0)[=> @141 €]5(0), s(1)] thatT'(z) € [r(p),s(p)]. We distinguish three cases. Suppose
z¢ €]5(0), s(1)] = w41 € [r(1),r(0)[. firstthatz € [r(1),r(0)[. This implies that there exisfs€]0, p]
such that: = r(p). It follows from (11) that
This implies, in particular, that the sequensg, 27 >
is contained in one of the two intervalg(1),(0)[ or  7(p) < 7(p) <T(r(p)) = L(z) < S(r(p)) < s(p) < s(p)-
]s(0), s(1)] and converges monotonically tg, or vy,.
Sincel2 is piecewise continuous and expanding, itis ea
to see that this can happen if and onlyzif, becomes
Zgn;tizi,.and this is in contradiction with the fact thatr(p) < 1(p) < R(s(p)) < T(5(p)) = ['(x) < s(p) < s(p).
This proves the theorem. m  Finally, if z € [r(0), s(0)], we are in the situation described by
Connectability does not, in general, imply stability. Howeve(13) which again ensures thefp) < I'(z) < s(p).
the following reinforcement will. Two intervalsand.J are said ~ Assume conversely thét(p), s(p)) are invariant for alp €
to bestronglyI'-connectabléf there exists a strictly increasing [0, 1]. Letz € [r(1),r(0)[ and letp € [0, 1] be such that =
continuous ard, of invariant intervals such thay, = J and r(p). Then,z < I'(z) < s(p) and, hencey < I'(z) < S(z).
I; = I with the property (which we will call’-contractivityy Condition (12) is proven analogously, while (13) is obvioms.

églinsteadz €]s(0), s(1)], then there exists €]0, ¢] such that
Z = s(p). It follows from (12) that

that for everyp > 0, there exist9’ < p such thaf’(7,) C I,. The inequalities characterizing the continuous arcs of

We have the following extension of Theorem 1. invariant intervals provided by the previous theorem are
Theorem 2:Let I' be an expanding piecewise affine mapillustrated in Fig. 1.

Let J C I be two stronglyl’-connectable intervals. Then, It is easy to realize that equalities in (11) or (12) can only be

is (I, J)-stable. achieved at some discontinuity point. If this never occurs, it can

Proof: It is immediate to realize that the sét, defined be shown that the arc in Theorem 3 is alsoontractive. Under
in the proof of Theorem 1, consisting of orbits of periodhe hypothesis that the number of quantization intervals inside
2, is empty. The proof of Theorem 1 then shows thais [ is finite, it can be shown moreover that contractivity implies
(I, J)-stable. m that the entrance tim&’; is a bounded function of the initial
The fact that/ C I are stronglyl’-connectable means, instate. The following theorem provides an effective and easily
terms of the Lyapunov function defined in (7), thaV’(z) < 0 computable bound. With no loss of generality we will assume
forallz € I C J. Therefore, the proof of Theorem 2 couldthat O is the mid point of the interval.
done also following the same arguments used in the proof of theTheorem 4:Let I' be a piecewise affine map and let
classical Lyapunov theorem [18]. (r(p),s(p)),p € [0,1], be a strictly increasing contin-
Theorems 1 and 2 give sufficient conditions for stability andous arc of invariant intervals. Let := [r(1),s(1)] and
almost stability as the existence of a suitable continuous family:= [r(0), s(0)] and assume tha{0) = —s(0). Let S(z) and
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Fig. 1. Graph of a piecewise affine mdp satisfying the inequalities in Fig. 2. Graph of a piecewise affine mdp satisfying the inequalities in
Theorem 3. Th
eorem 4.
R(z) be the functions defined in Theorem 3 anddet ¢ < 1. ,
If the following inequalities hold true: where[z] means the smallest integer greater than or equal to
zZ. [ ]
bx < T(z) < 6S(x) Vo € [r(1),7(0)[ (14) The inequalities in Theorem 4 are illustrated in Fig. 2.
0R(z) <T'(z) < bz vz €]s(0), s(1)] (15)
7(0) < T(x) < s(0) Va € [r(0), 5(0)] (16) I1l. QUANTIZED FEEDBACKS Y IELDING STABILITY

In this section, we show how stabilization techniques, based
on the existence of a continuous arc of invariant intervals, can
be obtained by using the results presented in previous section.

2log C The problem we will consider is the following.
J = [WW Given the scalar system (1) and intervdl§ I, find a quan-
tized feedbacki such that for the corresponding closed-loop
whereC' denotes the contraction rate.

cont map I' the pair J,I becomes connectable or strongly con-
Proof: Contractivity is clear from the proof of Theorem 3.nectable. Or, in other terms, find a piecewise affine nap

We now prove the bound on the first entrance time. It followgith slopea such thatJ and I are connectable or strongly
from the assumptions that0) = |J|/2 andr(0) = —[J|/2. connectable. Moreover, we want to understand which is the
Letzo € I and consider; := I'(zo). Assume thaty ¢ J. minimum number of quantization interval® among all
Then, there existp, € [0,1] such that either, = r(p:) Or the possible quantized feedback solving the above problem.
z; = s(p¢). This means, in particular, that € [r(p:), s(p)]-  Finally, we want to find the relations existing between the
The same arguments used in the proof of Theorem 3 now shgWmber of guantization interval§ and the entrance tin&;.
thatér(ps) < w1 < 65(p¢). Assume thatr,y ¢ J. Inthis  Clearly, we look for constructive answers to these questions.
case, eithefs(pi+1)| < 6|s(pe)| or |r(peg1)| < 6lr(pe)]- In

arr:y cas;a]we have tha{pe-+1)[|s(pe+1)] < 8lr(pe)lls(pe)|- This A - quantized Feedbacks Yielding Invariant Intervals
shows that

then, the arc i$’-contractive and the first entrance tifig sat-
isfies the following inequality

) We start from the following preliminary result already ap-
. ¢ J Vs <t=[r(p)|s(pr)| < 6 (po)lls(po)| < 5tﬂ peared in aslight different formin [1] and [4]. It provides a com-
4 plete answer to the previous questions in the case Wwhen/,
where the last inequality follows from the fact tHatp,)| + Which simply corresponds to the problem of making invariant a
|s(po)| < 1| implies|r(po)lls(po)| < |I|2/4. These arguments given intervall.

imply that for all# € N such that Theorem 5: The minimum number of quantization intervals
inside an interval needed by a piecewise affine mRapf slope
5tﬁ < ﬁ a to maintain/ invariant isN = [|a|], where[|a|] means the
4 — 4 smallest integer greater than or equaldp
we have that:; € J. This fact implies that Proof: A straightforward computation shows that[ifis

such that is invariant, then the number of quantization intervals
T, < log(|I12/J1*)] _ [ 2logC inside! can not be smaller thgn|. On the other hand, itis clear
= log(6—1) ~ | log(6-1) from (6) that,N = [|a|] quantization intervals suffice. [ ]
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Remark: In [2], [6], and [7], the authors present a conditior!
for stability which, using our notation, corresponds to the ir
equality N > |a|. In the above papers, this condition insure
asymptotic stability, while in Theorem 5 we are only consic
ering the existence of an invariant interval. The reason for tf
discrepancy is in the fact that in [2], [6], and [7], the authors us
time-varying schemes.

Fix now N = [|a|]. In general, given the intervdl = [r, s],
there are many different possible piecewise affine niapsth
slopea, keeping/ invariant, and havingV quantization inter- 4 ;
vals insidel. Particularly relevant for their simplicity are regular 2
piecewise affine maps which can be characterized using con-
ditions (4) and (5). These yield the following inequalities (thg'g:'
second one should actually be considered modyto

\
\

3. Graph of the piecewise affine mapgpresented in Example 1 when
randa = ((r +s)/2) — (NA/2).

F(IL')
fidf <A< g !
0<r—a</|[la[]A-(s—T7) (17)
r<qo < 5~ [alA. LS LSS LS IN ST
VYAV Y Y T L VYAV YAV YTV E 'I
The first inequality provides the parametarand makes the _ L1111 /_E/ 'é L1117 /M‘f
second inequality solvable. The second inequality yields the p:
rameterx, while the third giveg3. Finally, notice that regularity
implies thatA = —aA. Fig. 4. Graph of"(z) providing a one step dead-beat quantized feedback.
We now illustrate two examples.
Example 1: ChooseA = |a|~!(s — r). It follows from Consider again the system
(17) that there are infinitely many regular piecewise affine maps
havingA as above and keepinginvariant depending ot and Tyl = ATt + Ut

[ satisfying the second and the third condition in (17). Notice .
that the third inequality in (17) is, in this case, equivalent tB"d SUpPOse that we want to obtaih J)-stability, wherel =

40 = r showing that is completely determined by the choice —: M1, J = [—¢, ¢l ande < M. ,
of . 1) One Step Dead-Beat Quantized Feedbatke first pos-

There are two interesting cases corresponding sipility is to choose a uniform quantized feedback yielding a
a = ((r + 5)/2) — (NA/2) anda = r. The first choice regular closed-loop map which keeps the intetvadvariant, by
yields a closed-loofi’ which is symmetric with respect to theusing conditions (5) and (6). The quantized feedback obtained

vertical axis passing for the midpoint &f as shown in Fig. 3. in this way can be interpreted as the uniform quantized feedback

The dynamical systems corresponding to the second chondaich approximates the linear feedback yielding the d.ead—beat
with « > 1 are generally known ag-expansionsand have g:ontrol (see [11]). The regular closed-loop map, which is shown

extensively been studied in the 1950s by Parry [19] and Rer}iFi9- 4, is characterized by the first entrance tiffie = 1:
[20]. just one step is sufficient to get into the target $dtom any

elnitial state in/, independently of how large is the contraction
rateC' = |I|/|J| = M/e. This good performance with respect
to Ty, is paid by the fact that this strategy is very demanding in

Example 2: Another possible choice is to
A = [la]]7*(s = 7). In this way,a = r and the closed-loop
maps vary only with the possible choices @fsatisfying the

third condition in (7). terms of the numbeW of quantization intervals that are needed.
All the constructions shown previously coincide in the specilfl fact, itis easy to show that

case wheru is an integer so thalv. = |a|. Observe that the |a|C

construction in Example 1 is universal in the class of regular N = [T-‘

piecewise affine maps in the following sensd: ifs any regular

piecewise affine map keepidgnvariant, ther(7) is contained which is a function depending linearly on the contraction rate
inside the unique minimum invariant intervBl of T which is  C.

specified in (6). Moreover, the restriction bfto I’ corresponds ~ 2) Two Steps Dead-Beat Quantized Feedba€gr ob-

to the case presented in Example 1. taining a quantized feedback yielding a closed-loop system
which converges fromi to J within two steps it is sufficient
B. Some Stabilization Techniques to impose that in the first step the closed-loop niapeduces

e . . he intervall to another intermediate interval = [—r, 7|, and
We now come to the stabilization problem.leentwomtervafaa Al =[]

J € I, Theorems 1-4 give the tools for designing quantizes :ihS(?iesse(t:rc])gciinsetglﬁ)alltitic:;trad§ into . This can be done if
feedbacks ensuring almo@t, .J)-stability and(1, .J) stability.

We illustrate how these results can be used by some general T(z)| <e if|z|<r
examples. D(z)| <r ifr<|z|<M
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Fig. 5. Graph of’(«) providing a two steps dead-beat quantized feedback.
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As illustrated in Fig. 5, it can be seen that the previous inequal-
ities can be satisfied using a quantized feedback with a num®r 6-  Graph of(x) satisfying (19).
of quantization intervals
from which it is easy to verify the following bound on the first

M- o,
N =2 [|a|i] +2 M= entrance time:
2e 2r

log C
T < ———.
Choosing- which minimizesV, it can be shown thaV’ depends log(6—1)
on ¢ according to the following approximate formula: This logarithmic bound on the entrance time as a function of the
contraction rate” = |I|/|J| = M/e is in agreement with the
N |“|(2‘/5 -1 general bound provided by Theorem 4.

) o The most efficient way to obtain a closed-loop nfagatis-
which shows that in this case we have a square root dependeﬁ}ﬁgg (19) is illustrated in Fig. 6. An easy computation shows

of NonC. _ ~ that the points;, andr;, providing the quantization intervals in
3) Logarithmic Quantized Feedbackihe two strategies Fig. 6 are

proposed above both allowed us to obtain strdhgon-

nectability from I to J. We now present an alternative a—08\*

stabilization strategy which yields the same property, but with Tk = — (a T 5)

a remarkably smaller number of quantization intervals. We

will show in the sequel two different ways to obtain this goal, Sp = <a —46

depending on the choice of the increasing continuous arc of a+6

intervals .betweed and/ mposed on the_closedjloop_map. This shows that, using this symmetric feedback functitn),
Inthe first case, we consider the following family oflntervaISft is possible to satisfy condition (19) with a number of quanti-

zation intervals

k
) M, k=0,1,2,....

[=p,p],  p€le,M].
B log C

. _ . N
Theorem 3 ensures that these intervals are invariant for the ’VIOg(a +6) —log
closed-loop map' if and only if I" satisfies the inequalities

| T @

which is again a logarithmic function of the contraction rate
D(z)| < |z| ife<|z|<M C. The technique follows essentially the method proposed in
{ D(z)| <e iz <e (18) [10], restricted to the scalar case. Observe that while the case
6 < 1, which yields stability, ensures also a certain degree

By Theorem 1, this choice produces ac|osed_|00p System Wh[&fhrObUStneSS of the result with I’espect to small variations of

is almost(I, .J)-stable. If we require that the parametern determining the system and the parameters
of the quantized feedback, this is not the case whesa 1
IT(z)| < 8lz| ife<|z|<M 19 corresponding to the closed-loop system which is only almost
{ M) <e iffs]<e (19) " stable.

Taking a different family of invariant intervals we can obtain
where0 < § < 1, then, by Theorems 2 and 4, we obtairdifferent results. Choose the family of intervals
(1, .J)-stability and, clearly, we have
[—p,M], pE[E,M]

|a’1t*1| > €= |xt| < §'M [_67,0]7 S [€7M]'
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By Theorem 3, these form a family of invariant intervals for the AF@)
closed-loop map' if and only if I' satisfies the inequalities !

x<T(@)<M if-M<z<-—¢
0<T(z) <z ife<ax<M (21)
IT(z)| < e if |[z] <e.

For simplicity, we consider only the cage> 1 and the problem

of obtaining almost{!, .J) stability. The most efficient way of
achieving this goal is illustrated in Fig. 7. An easy computation
shows that the points, providing the quantization intervals in
Fig. 7 are

a—1 k
sk:< > M, k=0,1,2,....

a

|
|
'
|
|
'
'
'
|
|
|
|
|
|
|
|

—€

This shows that the number of quantization intervals which is M
needed in this case is Fig. 7. Graph ofl'(z) satisfying (21).
{ log O ] §M <N intervals ofl" inside and letC = |I|/|J| where|I| and|.J|
loga —log(a—1)| 2"~ denote the length of and.J, respectively. Then
< [ g ¢ w +2[al log C
a
~ |loga —log(a - 1) N > (Ja| - 1) o8 (22)

+ .
log(|a| + 1) — log(|a] — 1)
and soN is again a logarithmic function of the contraction rate

C which grows more slowly than the function (20), when letting L 'i“?flfi 8\1’\]’2 f]tdag b:y r{):;\g:]g ;Peetﬂc:mgﬂ ;Jrrltte?nat;argé f]%crt:

6 =1.
I" such thatl; € I, then
C. Some General Performance Bounds la] +1
. . . 12| > [Ii] = N(I2) 2 N(I1) + 1. (23)
Previous examples suggest some general considerations. In la| = 1

the dead-beatqgantlzed feedback example_s we had'that1 Assume by contradiction tha¥ (1) = N(I;). Assume also

or Ty = 2, both independent of the contractiéh and that the thatr: — 1o > o — the other case being completely anal-

number of quantization intervals waé ~ C' in the first case 0:; N?ce_sssgril 51 and. thereforer gis notpa dis)éon—

andN ~ v/C in the second. In the logarithmic quantized feed29°YS: anlys < 11 and, 1

back example, instead, we hatj ~ log C and N ~ log C. inuity of_F! wh|_ch is affine onfry, r1 + €], for somee > 0. If

This shows that in all cases the numbeérof quantization in- %> this implies thall([rz, m1]) € T([r2,r1 + €]) € [r2, s1].
L . . Thus, we obtain

tervals grows at least logarithmically witti and that it grows

even faster if we impose some restrictionsigras a function of

C. Indeed, it is reasonable to expect the existence of a tradeoff

between theV andT’; as functions oC. We wiI'I shc_>w in thg which implies tha(r; — r2) < |I;|/(Ja| — 1) and so

sequel that the fact tha¥ grows at least logarithmically with

C'is an intrinsic consequence of the requirement that I are

connectable. We will propose moreover a bound involving the

parametersV, 1’y andC from which it will be possible to de-

duce a general link existing between the asymptotic behavior giiS contradicts the left hand side of (23). If instead< —1,
N andT; as functions ofC. we have that™([r1,72]) C [r1, s2]. Thus, we obtain

(r1—ro)lal < s1—ro = ||+ (11 — 7r2)

al+1
[la] < 2(rq —72) + |[I1] < LI—_1|I1|. (24)

In the sequel, we will make the following assumptions. Con-
sider an expanding piecewise affine midand invariant interval
1. We will assume that the number of quantization intervéls
of T intersectind/ is finite. This implies that for any subséof
I, the number of quantization intervals intersectinglenoted
by N (1), is finite. With this notation we have thaf = N(I).
This first result shows that connectability implies tiéaigrows J=I,CLC---CI,CI
at least logarithmically withC'. - -

Theorem 6: LetT" be an expanding piecewise affine map withyhere
slopea, and letJ C I be two invariant intervals which are
I' connectable. Moreover, l&{ be the number of quantization |L;| = K|Li-1]|.

(r1 —r2)lal < sg—r1 < ||+ (11 —72)

which, as before, leads to (24). Therefore (23) is proved.
Fix now any numbel > (Ja| + 1)/(Ja] — 1) and choose a
sequence of invariant intervals
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Notice that such a sequence surely exists, as lonff'as< of steps. Let/ C I be twoI'-connectable invariant intervals
C, because of the assumption of concatenability. An iteratiemd letl,,p € [0, 1], be an strictly increasing continuous arc

application of (23) shows that of invariant intervals such thayy = J andl; = I. We now
consider a sequence of invariant intervals constructed in the fol-
N(I)=N(l,) = N(J)+v. lowing way. Define
If we choose po=0 (26)
_logC pj =sup{p 2 pj—1 [N(I,\ 1,,_,) < 2}
y _
~ log K DenoteH; = I, . Itis clear that there exists € N such that

H,_y # I andH, = I. Moreover, from the definition of{;,
it follows that for all; < » one or both the extremes éf;
log C coincide with discontinuity points fdr. This implies that
log K

and we recall thalv(.J) > |a|, by Theorem 5, we obtain that

N(I) = (Ja| = 1) +
N(J)+j—1<NH;) <N +2j 0<j<v (27)
and this, by the way was chosen, clearly implies the resuli.
We now consider the relation between the first entrance tirfe particular, we have that
and the number of quantization intervals. LetC I be two
invariant intervals fof” and assume that’ (I) C J. Then, itis
easy to see that

N(J)+v—1<N(I) < N(J) +2v. (28)

We now use the incapsulated intervéls's to give an estimate
of the number of quantization intervals irfor the iterated map
Ik,
whereNr andNp+ denote the number of quantization intervals Lemma 1: Denote byN*(H;) the number of quantization
inside of I andI'”, respectively. This implies that intervals of " inside ;. Then
1/T k .

N Z |a|C / (25) Nk(HJ) S Z (J + Z - 1) QhN(J)k_h, (29)
whereC = |I]/|.J|. Inequality (25) already gives some informa- h=0
tion. Indeed, if we impose that the first entrance tifyeis con- Proof: Observe preliminary that, if C I are two in-
stantly equal td, then (25) shows that number of quantizatiopariant intervals N?(1) < N (I \ J)N(I) + N2(.J) and, more
intervalsN has to increase at least linearlyih More generally, in general N*(I) < N(I\ J)N*~1(I)+ N*(.J). We will use
if T is constant inC, N will increase at least a§''/"”. This  this fact for proving (29) by induction oh. Fork = 1, (29) is
shows that the performances obtained in the dead-beat quantigggivalent to the right-hand side of (27). Assume now that (29)
feedbacks shown previously cannot be improved. Howeverhlds true fork — 1 and anyj < v and let us prove it fok.
we allow|| 7’7 || to grow withC', inequality (25) becomes lessiterating the previous observation we get
useful. In order to clarify this point and to better introduce the
next results, we need to be more precise.

Assume that we have a sequence of closed-loop piecewise
affine mapd"; (with fixed slopea), a sequence of pair of inter-
vals J; C I; which are, respectively, strongly;-connectable. By definition of H; we haveN (H; \ H;_;) < 2 and so, using
Denote byN; the number of quantization intervals Bf inside induction, it follows that
I; and byT; the infinity norm of the first entrance time inside
relative tol';. Denote, moreove€); = |I;|/|J;| and assume that N*(H,)
C; — oo. According to the growth we impose @i, we expect J

N{ > Npr > |a|'C

N*(H;) < i N(H; \ Hi—1)N*=1(H;) + N(J)".

i=1

<2 NFYH) + N(J)*

< ||‘Mu.

a different growth onV;. It follows from Theorem 6 thaW; has =t 1
to grow at least akg C;. Moreover, since we presented exam- < ZZ Z (’L +h— 1) 2h,N(J)k—1—h n N(J)k
ples in Section Il in which bottV; andT; had the same order e h
of log C;, then we can argue that the only interesting regimes k—1 i,
which deserve to be investigated are those in whiglgrows = N(J)* + Z ML N(J)k-1-h Z (" th- 1>
with C; less than logarithmically, i.e., he0 et h
. T; e J+th=1Y\,, k—h
Jlim oG, = 0. = ;0 ( ) ) 2" N () (30)

In this case from (25) we can only argue thét — oo, fact \yhere in the last equation we used the identity [21, p. 822]
which already follows from Theorem 6. A more refined use of

concatenability will allow us to obtain better results. I lith—1 h+
Basically, we need a sharper inequality than (25) and to ob- Z ( h ) = <h n 1) . (31)
tain this we need to find a better estimate for the number of in- =1

tervals for the iterated mafg¥. This will be done in a number [ ]
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By takingk = T andj = v in formula (29), we obtain the its contraction rate, by, its number of quantization intervals
bound in I; and byT; the infinity norm of its first entrance time map
in J;. Then

NT(I) < N(J)T XT: (” + Z - 1) [%} " 32) T

h=0 0= — 4-00. (35)

N )
log C,L' log Ct

We recall from previous considerations that we are interested ) S
in analyzing the situation whefi/ log C' is small. We have the Proof: Write T; = log C;; wherea, is infinitesimal for
following resuilt. 1 — +o00. Then, it follows from Theorem 7 that fesufficiently
Theorem 7: Leta € R be such thalz| > 1. Then, there exist large we have that
positive constantd and H, depending only o, such that, N )
for any piecewise affine mabp of slopea making the intervals N; > KT,C;" = Klog C;a;e®i (36)
J C I stronglyI’ connectable, we have that
. and the resultimmediately follows from the fact that!/*: —
T < HlogC —= N > KTCT (33) +oo. m

whereC = |I]/|.J] is the contraction ratey is the number of
guantization intervals ifh, andT’ = ||T’s||« is the infinity norm
of the first entrance time map ih.

Proof: Letb := N(J). Observe that, from the proof of In this section, we will propose a completely different
Theorem 6, we can argue that technique to implement a quantized feedback controller. This
method yields only almost stability, but it requires less quanti-

IV. CHAOTIC QUANTIZED FEEDBACKS Y IELDING
ALMOST STABILITY

N{I)>b—1+ log O zation intervals than what is needed to obtain stability. The key
[log(la| + 1) — log(|a| — 1)] idea will be to use, in a fundamental way, the ergodic properties
and so, using (28), we have that of expanding piecewise affine maps. We will obtain in this way
quantized feedbacks yielding almost stability with a number
> log € 1 of quantization intervals not depending on the contraction rate
~ 2[log(|al 4 1) — log(|a|] — 1)] C = [1]/17].
If we fix We start with a notation. If andg are two real functions and

. J is an interval, define

H =
[b + 2][log(|a] + 1) — log(|a| — 1)]
thenl < T < HlogC implies

(fA79)(x) = {;}(‘f} ii 2 j

b+ 2 b+2 b LetJ C I betwointervals. Lek;, k; be quantized feedbacks
v > THIOE;C -1> TT -1> §T~ (34) making the intervald and.J invariant and lefC;,T'; be the
corresponding closed-loop maps. Consider the new quantized

Sinceb > 2 feedback; ) := k; Ay ks and letl; y be the corresponding
(I,J) (I,7)
T fuih—1\ 21" closed-loop map. Clearly;; ;) leaves bothl and.J invariant.
NT(I) <" Z ( L ) {Z} Sincel'(r,;) = I'r Ay Ty, itis clear that alll (7, ) are almost
h=0 (I,J)-stable for any subinterval of I if and only if the map
. T s h—1 [T+ ,p I' = T'; possesses the following property.
<b Z h - T b P)  Givenanyinterval C I, foralmostevery: € I there
h=0 exists an integer > 0 such thaf(z) € J.
where we used the identity (31). Using (25) and the fact thatThe following result states that this property can always be
("F) < [(T + v)eT 1], we can argue that fulfilled.
- Theorem 8: Given a system (1) withz| > 1 and any interval
a|C < (T + V) BT < [ebT + V} . I, there always exists a uniform quantized feedback Witk=
- T - T [la|] quantization intervals such that
Notice now that (34) implies thaf + v < (1 + 2/b)v < 2v 1) the i.ntervall is invariant with respect to the closed-loop
which yields map;,
2) the closed-loop map possesses property P).
N >Ys T+v > MTC%. Consequently, there exists a quantized feedback with
2 72 2 2eb N = 2[|a|] quantization intervals which makes the closed-loop

m system almost7, .J) stable.
A nice consequence of Theorem 7 is the following result. ~ Remark: As already recalled in the Remark after Theorem
Corollary 1: LetT'; be a sequence of expanding piecewisg, the quantized schemes proposed in [6], [7], [2] reach asymp-
affine maps with fixed slope, making the intervals/; C I, totic stability with N > |a|. Our scheme instead us@é =
stronglyT';-connectable. For eadhy denote byC; = |I;|/|J;] 2[|a|] quantization intervals and only reaches almost stability.



1580 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 48, NO. 9, SEPTEMBER 2003

However, while our method uses time-invariant feedbacks, théx) > 6 for everyz € I. This fact clearly yields that is
schemes in [2], [6], and [7] are time-varying. equivalent to\ and, actually, also thatis the unique absolutely
The rest of this section is devoted to prove Theorem 8. Noticentinuous invariant measure fbr(see [22] for details). Prop-
first that the second part of this theorem is direct consequerarty P) is, therefore, implied by covering.
of the first part and of previous discussion. In order to prove the In the remaning part of the section we will investigate under
first part of Theorem 8 we will need to use some basic ergoditchich conditions a piecewise affine map is covering. We start
properties of piecewise affine maps which will be now brieflyith a simple preparatory result which is commonly used in the
recalled, general references for this subject being [16], [22], aligrature on piecewise affine maps (it can be found, for instance,
[23]. in [16]). Anyhow, we prefer to present also a short proof since
LetT' : I — I be an expansive piecewise affine map. Ahis result will be used many times.
probability measurg on I (equipped with the Boret-algebra) Lemma 2: LetT : I — I be an expanding piecewise affine
is said to be invariant by, if u(I'"*(A)) = u(A) for every map with slopez and consider any open intenl C I. The
Borel subsetd C I. Moreover,u is said to be ergodic, if the following properties hold true.
following happens: for every pair of Borel subsetsB C I a) If |a| > 1, then there exists € N such thatT'(U)
such thati(A) > 0 andu(B) > 0, there existsy € N such includes an open subinterval which contains a point of
thatu(ANT~% B) > 0. We denote by the Lebesgue measure discontinuity of I".

on I normalized tol. Notice that if/ C I is a subinterval,  p) If |a| > 2, then there exists € N such thatl"(U) in-
A(J) = |1|/|J]. We say thay. is absolutely continuous with cludes an open subinterval which contains two points of
respect to\, if A\(4) = 0 implies thatu(A) = 0 for every Borel discontinuity ofT".
subsetd C 1. Fina_llly, if both 4 is ab;olutely c_ontinuous with Proof: Define a sequence of subintervéls C T*(U) C
respect to\ and ) is absolutely continuous yv|th respecti9 jin the following iterative way: lel/y = U and, givenU,_1,
then we say that the measugeand) are equivalent. definel, to be the largest of the interval§U;_,) N I, asIj,

In general, the Lebesgue measures not invariant byI'.  \aries among the all quantization intervalsiaofObserve that

However, as shown in [23], there always exists an invariant M&FRenl(U,_; ) contains no points of discontinuity, thaal,) =
sure which is ergodic and absolutely continuous with respectm)\(Util). Sincela| > 1, this can not occur for alf. This

A. By the Radon—Nikodym theorem it follows thatadmits a proves a). Observe now that wh&l,_;) contains no more
density with respect ta, namely, there exists a nonnegative ingy5 one point of discontinuity, thex(U;) > (|a|/2)A(Us—1).
tegrable function € L'()\) such thau(A) = [, (x)dA(z)  This can not occur for allif a] > 2. This proves b). m

for every Borel subsed. The invariant measurpefound in [23] As a direct consequence of item b) of the previous lemma
has also the property thgt is a bounded variation function, 504 of the definition of regularity, we have the following

namely proposition.
Proposition 2: LetI" be a regular piecewise affine map with
s slopea and let] be the interval which is the range of If
\I/¢ " sup {21 |p(@iv1) = ‘/’("’77?)|} <o la| > 2, thenI' : I — I is covering.

The casda| < 2 is more delicate. In general it is no longer

where the previous sup is over all possible finite families dfue that any regular piecewise affine map is covering. There
pointsz; < 22 < --- < x, in I. The following standard result €xistthree specific quantized feedback which provide a covering
illustrates the behavior df inside the support . closed-loop map in three different cases. In the sequel we will

Proposition 1: Let.J C I be a subinterval such that.J) > Presentthese feedback maps without giving the proof of the fact
0. Then, foru-almost every: € I, there exists an integer> 0 that the closed-loop maps are indeed covering.

such that™(z) € J. Case 1) It can be seen from [19] and [20] that any quantized
Proof:. Consider the subset feedback providing a piecewise affine magorre-
sponding to a3-expansion (see Example 1) is cov-
400 ering ifa > 1.
W .= ﬂ r*J)={zel|Tz¢JVt>0}). Case 2) It can be shown that any quantized feedback pro-
t=0 viding a piecewise affine malp which is symmetric

with respect to the vertical axis passing through the

We need to prove that(1W) = 0. If by contradictionu(W) > mid-point of I (see Example 1) is covering|if| >

0, then ergodicity would imply that(W n =t .J) > 0 for V2

somely € N, which is absurd by the way in whidlV’ has been  ca5e 3) Assume with no loss of generality that in this case

defined. _ = I = [0, 1]. Then it can be shown that the quantized
If the measureu were equivalent to\, then Proposition 1 feedback providing the piecewise affine male-

would clearly imply property P). There exists a purely topolog- fined as follows:

ical condition onl" which guarantees the equivalenceucdnd

A.AmapT : I — [ is said to becovering if for every open T(z) = { —ar +1 0<z<1/a 37)

interval U C I, there existg € N such thaf™(U) = I. Itis Y —az—-1)+b 1l/a<z<1

shown in [16] that, ifl" is covering, then there existséa> 0
such that the density of the invariant measurg is such that whereb = (1+a)~!,is coveringif-v2 < a < —1.



FAGNANI AND ZAMPIERI: STABILITY ANALYSIS AND SYNTHESIS FOR SCALAR LINEAR SYSTEMS 1581

An alternative way to solve the difficulties arising wheh <  this probability measure by and the corresponding density by
2 is to proceed as follows. Instead of applying the contzah  ¢. We have the following result (see [16] and[22]).
the system (1) at each timeapply it only everyn steps so that ~ There exist positive constanfs;, K, andé € [0,1] such

the problem is now to stabilize the sampled system that for every absolutely integrable functigndefined overl,
. for every functiong defined overl of bounded variation, and
T(t4+1)n = @ Tin + Utn. for anyn € N, we have that
If |a| > 1, by choosingn big enough, we obtain that™| =
s 2. [ 1@ do =~ [ 1) duta) [ oo ds
I I I
V. STATISTICS OF ENTRANCE TIMES FORCOVERING MAPS <K /1 |f(2)| d /1 lg(x)| dz(1 + K2 \/ 9)6"  (38)
. . 7

The strategy proposed in the previous section looks simpler
and more efficient than the one based on a continuous famiiere\/; g denotes the total variation of the functigron /.
of invariant intervals. The feedback proposed there requires alake f(z) = xp(z) andg(z) = ¢(z)xa(z), whereA is
number of quantization intervals which is independent of ttfeunion ofg disjoint intervals,3 is any measurable subset and
size of the two interval§ and.J and thUS, in generaL remark_WhereXB is the characteristic function of the sBtwhich is
ably smaller than the number needed to have connectability. @sfined as follows:
course, there is a price to pay. Indeed with this strategy we do
not obtain stability, but even more we do not have arpriori 0 ifz¢ B.
information on th_e way the convergence process fibio .J Itis clear thaty is of bounded variation and that
take place, while in the stable case a sort of Lyapunov function
guarantees a monotonicity of the convergence. It is therefore of \/ g < \/ ¢ + 2q|¢]] 0o (39)
fundamental importance to investigate in deeper detail the con- I I
vergence in this case.

This section is devoted to obtain an estimate of the mean

eanbstituting in (38), we obtain that

trance time needed for a state to enter in the invariant interval w(ANT"B) — u(A)u(B)

J for an almost(I, J)-stable map of the type proposed in Sec- < lu(A —-n

: - : ) NT™"B) — u(A)u(B

tion IV. To solve this problem we will use the tools proposed in < lut ) =~ u(A)u(B)|

[16] for the estimation of the decay of correlation in piecewise < KA [ 1+ 1 on 40
expanding maps together with an idea in [24]. < Kap(AMB) | 1+ 2\I/g (40)

We start with some general considerations. Let I — [
be any piecewise affine map and 16tC I be a subinterval. for alln € N. Using the fact thap(z) > 6 for a suitables > 0
Consider the first entrance time mdp : I — N U {4+oc0} as We can argue that
defined in (3). The mafl’; can be seen as a discrete random _1
variable with respect to the probability spatequipped with A(B) < 67 u(B). (41)
the Borels-algebra and with the uniform probability. Prop-  Thjs fact and (40) imply that
erty P) can, therefore, be equivalently expressed by saying that
the mapl’; is finite almost surely or thax(7’; = o) = 0. The WANTT"B) < u(A)u(B)(14+ K0") VneN  (42)
statistics ofl’; is completely determined by the discrete distri-
bution \(T; = n). In particular, the mean first entrance timewhere
can be expressed as

E(Ty)= Y  na\Iy=n).
n€NU{oo} is a constant not depending on the particular getnd B, but
Observe that mean first entrance time may be infinite evendfly on the numbey of the disjoint intervals constituting.
P) is satisfied. In the sequel, we will show in particular that for We are now in position to present the following result.
covering maps this mean time is always finite. ‘Proposition 3: LetI" : I — I'be a covering expanding piece-
LetI : I — I be a covering piecewise affine map and letise affine map. Then, there exist positive constdfifand H,

K :=6§1K, <1 + K> (\/ ¢+ 2q||¢||oo)> (43)

I

Itis clear that the first entrance time intoof the two mapd’ 1 1

andT' Ay T'; coincide. For this reason we will need to focus E(T;) < (Ho + Hi log ﬁ) ) (44)
only on the estimation of the mean first entrance timd ifor

the covering piecewise affine map where) denotes the uniform probability measure on

We need to recall now a fundamental fact about covering ex- Proof: The proof is based on an idea of [24]. Notice first
pansive piecewise affine maps: the exponential decay of cortkeat
lations. IfT" : I — I is a covering piecewise affine map, then, as N
observed above, there exists a unique invariant probability mea- {T; >N+1} = ﬂ e,
sure which is absolutely continuous with respecitdenote =0
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If we fix n € N arbitrarily and for anyt € N we define a priori depend both on the m&yand on the interval on which
X it is defined. It is important to point out, however, thidg and

By = ﬂ [—in e H; do not change when we perform an affine transformation of

=0 coordinates, since this type of transformation does not modify

any of the above parameters. Consider indeed an affine invert-
we then have that ible ~ defining a bi-injection betweef and another interval
and definel’ = v~ o I' o v on 1. The density of the invariant
> C o Dt Al ) :
{Tr2N+1}C Bx, (45) probability measure foF which is absolutely continuous with
where the symbo| N/n| means the greatest integer smallieSpect to Lebesgue is given By= ¢ o y~*. Clearly,$ has

than or equal taV/n. Letting A := J°, which implies that the same total variation and infinity norm ¢f and also the
¢ = 2, and using (42), we obtain that same parametér A straightforward verification shows also that

(38) holds true both foF' and forI" with the same parameters
w(Br) = p(ANT™"By._1) < p(A)pu(Br-1)(1+K0"). (46) K, K,, and®.
. . . . We can now state the following final result which is a conse-
iﬁ?gllléivriarf“{e use of (46), and using (41) and (45), we Obta%{]uence of the results of this section and of Theorem 8.

9 Corollary 2: Given a system (1) witha| > 1, there exist

ANTy>N+1) <5 (T >N+1) <6 (BLﬁJ) positive C(_)nstz_;mtﬂo and Hy, only depending om, such th_at
N . B for any pair of intervals/ C I, there exists a uniform quantized

< § (IO (1 4+ KoL, (47) feedback making the closed-loop systBralmost(1, J)-stable

with the following characteristics:

This yields the following estimate: 1) number of quantization interval§ = 2[|al];

E(T;))= Y MT;>N+1) 2) mean first entrance time
M=o . E(Ty) < (Hy + Hy log C)C (50)
<57 () Y (I (1 + Kgm). (48) _
N>0 whereC = |I|/|J| denotes the contraction rate.

Of course, any practical use of (50) needs explicit estimates
of the constantdl, and H,. A careful reading of [16] indeed
offers some tools to estimate these quantities. The following is
the specialization of certain estimations done in [16] to the case

8~ tu(J%)n of uniform piecewise affine maps.
E(T;) < 1—pu(Jo)(1+ K6 (49) LetI' : I — I be auniform piecewise affine map with param-
. N eters(a, o, 3, A, A). We assume thdt:| > 2, which is a very
In order to get a more useful estimate we fixn such a way mjlg assumption, since it can easily be removed by considering
that appropriate powers df. Let P be the partition of into quanti-
. n 1 zation intervals and &R, be the subset ¢ consisting of those
a9+ E0") < 1- 5“(‘])' subintervals of length equal th. For any intervalKk’ C I, we

Notice that the previous estimate holds for ang N. It is al-
ways possible to choosen such away that(.J¢)(1+ K0™) <
1 and this choice allows us to argue from (48) that

This holds true for any. such that define
_ NI, K) :=inf{N e N|T"K =T
n > (logﬂ_l)_llogM. ( ) ) { | N !
w(J) No(T,K) :=inf{N e N|T""K D U,3U € Py}
If we choose and for anye > 0 define moreover
2K (1 — pu(J
n= \‘(log =) log w + 1J N(T,e):=sup{N{T,K)||K| > €}
1

_ No(I', €) == sup{No(I', K) | [K| > €}
we then obtain

1= u(J) 1 2K (1 — p(J)) where|K | denotes the length of the intervAl. In order to be
E(Ty) < 5 < — log + 1) able to get estimates of this quantity in termspit is useful to
u()/2 \log¥ n(J) consider also
< 2 ( L lo 2K + 1) G
= 5u(7) \logo=1 "% u(J) N(T) := sup{N([, K) | K € Py}.
< 62)\2(J) <log19_110g 5?\({(]) + 1) ) {\rl](;ttice that, ifT" is regular, thenV(T") = 1. In general, we have

[
Remark: Notice that the two constantd, and H; depend
on the parameterk,, K>, andd which appear in the decay of

correlation formula (38), and an'\/; ¢, ||#||~ all linked to the
density¢ of the invariant probability measure Therefore, they N(T,e) < No(T,€) + N(I). (51)

N(F>K) S NO(FvK) +N(F)

which implies that
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It follows from the same arguments used in the proof of Lemmg_ [E(T)~Clog C]| chaotic

2 that ; E(T) ~ C ||Chaotic?
log(2A /) £ s |50
No(T',e) < —log(|a|/2) + 1. (52) § [T o ~log C ///// ////ﬁ/ Logarit.

7] o< log © W/ﬁ W

From this, we can obtain an estimateM(I, ¢). Define now

r=fi

t 1T o~ 2 2 steps
2 1 5 {1 2A|al } 17 o ~1 1 step
= 77 max —— ‘= max , N indep.|N< log CIN~log O [N >log C|N~ V2| N ~C
la| UeP A(U) |af -2 TV Al R R
and N= number of quantization intervals

. 1 log |a|
N® = max {N (F/ ﬁ) ’ 10g(|a|/2) l:l Case in which we have connectability.

which are quantities that can be computed or estimated from tt l:l Case in which we don’t have connectability but there

. exists a quantized feedback yielding almost stability.
parameters, o, 5, A, andA of the mag". In[16], the following ) S R
estimates on the densityof the invariant measure has been v i T e ot it e ananted feechac
obtained T ’

1 N(T. L 1 Fig. 8. Cases corresponding to the different asymptotic behavior of the first
=la|™ Tzr) < ¢(z) <|I|”"+ B Ve el entrance time and the number of quantization intervals.

\/ 6 <B. (53)
I

case for the construction of the chaotic quantized feedback as
well. On the other hand, the analysis of the chaotic quantized
feedback done in Section V has margin for improvement. The
bound of the mean entrance time (50) can not be considered
tight. Indeed, simulation results seems to suggest that the mean
entrance time grows only linearly with the contraction rate
Moreover, itis not clear whether the proposed chaotic quantized
feedback can be improved, namely whether there exists or not

This, in particular, implies that we can choose
1 1
5= 5|0L|—N<Fsz—a>. (54)

Finally, again from [16], we have théf,, K-, andf in (38) can
be chosen as follows:

1= 3la|¥" 42V N a quantized feedback requiring the same amount of information
= (1 RIS ) (55) flow, but which yields a mean entrance time which grows more
+3[al™" + slowly with C.

and Another issue which is worth to be investigated is whether

_N* * * *
Ky =21+ B)e 67 log(3la™ +2V) it is possible to generalize the tradeoff results connecting the
Ky — la] — 2 56 asymptotic behavior of the number of quantization levels and
27 Ala| (56) the mean entrance time of the type obtained in Section Il to the

] ) case in which the existence of a continuous family of invariant
From (53), (55), and (56), we can find estimates of the parafiiarvals is not assumed.

etersH, and H; which appear in (50). Aside from the question
of the sharpness of these estimates, they show a continuityag
the bound provided by (50) with respect to small perturbatio
of a, as long aga| > 2 and the extremes df are not disconti-
nuity points forl".

In Fig. 8, the various cases corresponding to the different
mptotic behavior of the first entrance time and the number
I8?quantization intervals as functions of the contraction rate are
compared. Question marks point out the cases in which we can
only propose a conjecture. Notice only that case a) correspond
to the situation described by Corollary 1. This shows that in this
case connectability is not possible. We think that also almost
We have presented some stabilization methods for scagé@bility can not be obtained. In case b), a straightforward ap-
linear systems by means of a static quantized feedback contpiication of the bound (25) shows that almost stability is not
The different strategies have been analyzed in detail and capessible.
pared to each other on the basis of the amount of informationAnother important problem which has not been considered in
flow they require in the feedback-loop, and on the basis of thelris paper concernes the robustness of the chaotic stabilization
performances expressed in terms of the convergence time. lteshnique. It is possible to show that in the chaotic stabilization
worth noticing that it is possible to develop stabilization stratéhe mean entrance time is a continuous function of the slope
gies using different methods at the same time. For instan¥®e conjecture that, more in general, the mean entrance time is
if I C I, C I3 are three nested intervals, we can use tleecontinuous function df, if we endow the space of piecewise
logarithmic quantized feedback to obtdify, I>)-stability and affine maps with the pointwise convergence topology.
a chaotic quantized feedback to obtain almdst I; )-stability. We conclude with some considerations on the possibility of
The results in Sections Il and 11l concerning the stabilizatioextending the results presented in this paper to the multidi-
through the existence of a continuous family of invariant internensional case. In fact, we expect that some results will be
vals can be considered quite complete and this seems to begtabably easier to extend, while others will be harder. It is our

VI. CONCLUSION
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opinion that the results presented in the first part of the paper op4] D. F. Delchamps, “Extracting state information from a quantized output

connectability have more chances to be extended using instry-  record,”Syst. Control Lettvol. 13, pp. 365-372, 1989. .
flered by the theorv of Lvapunov stability. Theorem 15] M. S. Branicky, “Multiple Lyapunov functions and other analysis tools
ments ofiered by y yapunov fty. for switched and hybrid systemdEEE Trans. Automat. Control. 43,

is instead a deeper result and we expect that other instruments pp. 475-482, Apr. 1998.
have to be used to extend it to the multidimensional case; th@6] C. Liverani, “Decay of correlations in piecewise expanding mags,”

. . . Statist. Phys.vol. 78, pp. 1111-1129, 1995.
best candidates are the tools offered by symbolic dynam|0ﬁ7] J. Buzzi, “Intrinsic ergodicity of affine maps if0, 14, Monat. fur

and the theory of Markov chains with countable state space. Mathematikvol. 124, pp. 97-118, 1997.

to the language of coding and of automata which is probabl helson, 1970.
guag g p ¥19] W. Parry, “On the3-expansion of real numbersicta Math. Acad. Sci.

the most appropriate for a deeper analysis of interconnections = Hungar, vol. 11, pp. 401-416, 1960.

between continuous systems and digital controllers. As far ag0] A. Renyi, *A representations for real numbers and their ergodic proper-
the chaoti tized feedback sch . d beli ties,” Acta Math. Acad. Sci. Hungawol. 8, pp. 477-493, 1957.
€ chaotic quantized reeaback scheme IS concerned, we be 'efﬁ] Handbook of Mathematical Functions with Formulas, Graphs, and

that the recent ergodic theory of multidimensional piecewise  Mathematical TablgsM. Abramowitz and I. A. Stegun, Eds., Dover,

affine maps is the most suitable framework for extending our New York, 1992. Reprint of the 1972 edition. .

Its to the multidimensional 22] P. Collet, “Some ergodic properties of maps of the intervalDymam-
results o the mu ensional case. ical Systems Paris, France: Hermann, 1996, vol. 52, pp. 55-91.
[23] A. Lasota and J. A. Yorke, “On the existence of invariant measures for

piecewise monotonic transformationgtans. Amer. Math. Sacvol.
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