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Spectra and Minimum Distances of Repeat
Multiple—Accumulate Codes

Chiara Ravazzi and Fabio Fagnani

Abstract—In this paper, the ensembles of repeat multiple—
accumulate codes (RA™), which are obtained by interconnecting
a repeater with a cascade of m accumulate codes through uniform
random interleavers, are analyzed. It is proved that the average
spectral shapes of these code ensembles are equal to 0 below a
threshold distance ¢,, and, moreover, they form a nonincreasing
sequence in m converging uniformly to the maximum between the
average spectral shape of the linear random ensemble and 0. Con-
sequently the sequence ¢,, converges to the Gilbert—Varshamov
(GV) distance. A further analysis allows to conclude that if m > 2
the RA™ are asymptotically good and that ¢,, is the typical
normalized minimum distance when the interleaver length goes
to infinity. Combining the two results it is possible to conclude
that the typical distance of the ensembles R A™ converges to the
Gilbert-Varshamov bound.

Index Terms—Asymptotic spectral shape, Gilbert—Varshamov
distance, input-output weight distribution, multiple serially con-
catenated codes, uniform random interleavers.

1. INTRODUCTION

EPEAT-accumulate codes have made their appearance in
R the context of turbo concatenated schemes with the pio-
neering work [1]. They consist of a repetition code intercon-
nected with a cascade of m simple accumulate codes and all in-
terconnections are through random interleavers. Their particular
structure makes them simpler to analyze than generic turbo-like
codes. In the past literature (see [2]-[6]) they have received lots
of attention and a lot of variations and extensions have been
proposed with respect to the original concatenated scheme (see
(71-{13D).

The case with m = 1 represents a classical example of serial
turbo scheme (just two convolutional codes interconnected by
an interleaver [14]). The first theoretical analysis of these codes
under maximum likelihood (ML) decoding has been done in
[1] and [3]: their main result is an upper bound on the average
error probability which vanishes to zero as a negative power
of the interleaver length IV (if the noise of the channel is not
too large). The exponent of N, called interleaver gain exponent,
depends only on the repetition parameter. On the other hand, as
it happens for all classical serial turbo codes [15], such codes
are not asymptotically good: typical minimum distances indeed
grow only sublinearly in the length N of the interleaver.
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However, it was remarked in [5] that when m > 2 inter-
leaver gain exponent improves when m grows and for the case
with n = 2 minimum distances present a linear growth in NV
(see [16]). In [5] it was conjectured that distance performance
should increase as m grows and should achieve the Gilbert—Var-
shamov bound when m — 4-00. At the moment, repeat-accu-
mulate codes for m > 2 are of limited practical interest because
of the fact that iterative decoding shows in these cases very slow
convergence [17]. These codes are though of theoretical impor-
tance since the understanding of the ingredients which lead to
linear growth of the minimum distance may in principle open the
possibility to find some simple and powerful variations which
possess low encoding complexity and, hopefully, better perfor-
mance under iterative decoding.

Our work is largely motivated by [18], which contains a first
analysis of the distance properties of general multiple serial
concatenations encompassing Repeat Multiple—Accumulate
(RA™) codes: an outer code interconnected with a cascade of
m rate-1 convolutional codes. The authors show that, for fixed
length N and letting m — + o0, the output weight enumerating
functions converge to the weight enumerating function of the
random linear coding ensemble. This implies that there exists
a sequence of codes whose minimum distance converges to
the Gilbert—Varshamov bound but it does not guarantee that
the typical distance of all repeat multiple-accumulate codes
converges to the Gilbert—Varshamov bound. This difficulty is
mathematically due to the fact that the two limits, for m — +oo
and N — 400, cannot be automatically interchanged.

In this paper we undertake a theoretical analysis of the av-
erage spectral shapes of repeat multiple—accumulate codes for
any m. In particular, we prove that (Theorem 4) for each m, the
average spectral shape is symmetric with respect to 1/2, itis 0
in the intervals [0, €,,] U [1 — €, 1], where €,, > 0 for every
m > 2, and it is strictly positive otherwise. This property was
noted in [5] but never proved.

Moreover we show that (Theorem 5), as m grows, the av-
erage spectral shapes form a nonincreasing uniformly conver-
gent sequence of functions. Their limit is the maximum between
0 and the average spectral shape of the random linear coding
ensemble. As a consequence, the threshold sequence ¢, con-
verges to the Gilbert—Varshamov (GV) distance. Since the spec-
tral shapes are not negative but only equal to 0 before ¢,,, this
is not sufficient to conclude that their typical relative minimum
distances also reach ¢,,,. However by estimating weight enumer-
ators and using techniques proposed by Jin and McEliece [19],
we conclude (Theorem 6) that indeed for such ensembles, min-
imum distances grow linearly in N and the typical linear growth
rate, for a specific m, is exactly given by ¢,,.
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Our theoretical work extends and completes the analysis in
[5], [16], [18], and gives a deeper insight into the problem of
the distance spectra of RA™. It also corrects some wrong state-
ments made in [20]-[22] and partially revised in [23].

We now present a brief outline of this paper. Section II is
a preliminary section containing all notations and classical
concepts needed from coding theory, e.g., weight enumerators
and spectral shapes. Section III is devoted to the description
of multiple serial concatenation of rate-1 codes and its weight
structure; then the emphasis is put on the family of repeat
multiple—accumulate codes. Section IV contains a summary
of previous results: special attention is devoted to Pfister and
Siegel’s results collected in [18]. Section V presents, in a
formal way, all the original theoretical results presented in
this paper: Theorem 4 summarizes the main properties of
the spectral shapes of the ensemble for fixed m; Theorem 5
contains the main results about the asymptotic analysis when
m goes to infinity; Theorem 6 derives a probabilistic lower
bound on the growth of minimum distances when the length N
goes to infinity. Sections VI-VIII are technical sections whose
results are proved in details. In Section IX, we present some
numerical results, showing that our results are apparently true
even if we replace the constituent encoders with more general
convolutional encoders. Finally, an appendix, containing some
combinatorial results and some of the more technical proofs,
completes the paper.

A preliminary version of this paper has been presented at the
ITA-2008 workshop [24].

II. PRELIMINARIES

We begin our work by fixing notations and reviewing some
concepts about block encoders. In particular, we give a general
definition of an encoder ensemble and of its weight structure as
done in [5], [19], [25]. Moreover, we recall some classical tech-
niques for the estimation of the minimum distance distribution.

A. Notation

In this section, we introduce some notations that we will use

in this paper.

* Given a set S, the cardinality of a set S will be denoted by
|S]. Let N, R be, respectively, the number sets of nonneg-
ative integers and of real numbers. We let Zo = {0, 1} be
the Galois field with two elements.

+ Conventionally, we consider sup(f) =
max(f)) = —oo.

e Givena,b € R we denote with a Ab and a V b the minimum
and the maximum between them.

—oo and

B. Weight Enumerators and Spectral Shapes for Coding
Ensemble

Let Z5 be the usual binary field. A Z5-linear block encoder
with rate R and length N is a Z5-linear map £ : Z%RNJ — 7.
Let Cg = Im(&) be the associated block code. Given a sequence
u € 7%, denote with wy (u) its Hamming weight, namely the
number of its non zero elements. The minimum distance of £
(or of C¢) is defined as

dmin(€) = dmin(Ce) = min {wy(z) : x € C¢ \ {0}}.
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For any block encoder £ we denote

Aq(€) = {u € Z5™ cwy (E(w) = d})|
Au.a(&) = {u € ZV™N  wy(u) = w, wy (E(w) = d}.

Let now € be a set of Zs-linear encoders with rate R and
length N. We can introduce a probabilistic structure on € by
considering a random encoder chosen uniformly from this set.
We then define the average output and average input—output
weight enumerators of &, respectively, as follows:

(€)= 1y > Ae)
Eee
Toa (€) = |;3| ;@Awd(e)

Consider now a sequence € = {&x } yen, Where each €y is
an ensemble of encoders of length V. For each ensemble €y,
Ay(€y) and Zmd(QEN) are well defined.

We define the Nth spectral shape of € as

— 1. —
TN((S; @) = NIHAL‘SNJ(@N)’ for 6 € [01]

and the asymptotic spectral shape of € as

7(6; €) = limsup rn(68; €),

N—oo

for 6 €[0,1]. (1

Whenever € is clear from the context, spectral shapes will
simply be denoted by rn (¢) and 7(6), respectively.

Example 1 (Random Linear Encoder Ensemble): For fixed
N € N andrate R, let £y be the ensemble generated by the set
of all generator | RN | x N-binary matrices. This is equivalent
to the ensemble formed by choosing each entry of a random
generator matrix independent and identically distributed (i.i.d.)
according to a Bernoulli with parameter 1/2.

The average output weight enumerators for the linear encoder
ensemble can be computed to be (see [26] and [27])

_ 1+ % d=0
Ad (SN) { (]j) QLRQNNJ_I 1<d<N. (2)
Since the average number of weight-zero codewords is larger
than one, there will always be some encoders in this ensemble
which are not invertible.
Let now £ = {£x}nen. It can be verified that the asymp-
totic spectral shape has the following expression:

7(6;€) = H(8) — (1 — R)In2 3

where H(6) = —61n§ — (1 —8) In(1 — 6) is the binary entropy
function on the natural base.

We define the relative Gilbert—Varshamov distance as the
unique number dgv(R) € [0,1/2] such that

H (bgv(R)) = (1—-R)In2. )

Notice that 7(6gy(R); £) = 0 and that the spectral shape is
negative for § < dgv(R).

Authorized licensed use limited to: Politecnico di Torino. Downloaded on November 4, 2009 at 02:54 from IEEE Xplore. Restrictions apply.



RAVAZZ1 AND FAGNANI: REPEAT MULTIPLE-ACCUMULATE CODES

S i o I SR ]

Fig. 1. Coding scheme: Multiple serial concatenated codes.

C. Estimation of Minimum Distance Distribution

One of the uses of the average weight enumerators and the
corresponding spectral shapes is to obtain probabilistic informa-
tion on the minimum distance of the encoders of the ensemble.
Indeed the union bound leads to the following estimation (see
also Lemma 1 in [18])

d—1
P (dmin(€) < d) <> A4(€), (5)
h=1

where dpin (&) denotes the minimum distance as a random vari-
able on the ensemble.
We have the following simple result.

__ Proposition 1: Consider a sequence of encoder ensembles
€ = {€&n} nen. If there exists §p such that

sup7(o; €) < 0, V6 < &
o<é

then, for any € > 0,
P (dmin(€n) < (80 — €)N) =22, 0. (6)

Proof: Straightforward application of inequality (5) con-
sidering that Ay, (€x) = exp{Nry(h/N; €)}. O

Example 2 (Random Linear Encoder Ensemble): The use of
Proposition 1 makes surprisingly easy the estimation of the min-
imum distance growth rate of a typical binary linear encoder,
chosen uniformly from the set £y.

Notice that the asymptotic spectral shape given in (3) is neg-
ative for 6 < 6gv(R), crosses zero at § = dgv(R) then is
positive for § € (6gv(R),1 — dgv(R)). By Proposition 1, it
follows that for any ¢ > 0

P (dmin(£x) < (Sav(R) — €)N) =2, 0. 7

III. THE SERIAL CONCATENATION OF RATE-1 CODES THROUGH
UNIFORM RANDOM INTERLEAVERS

A. Ensemble Description

In this section, we consider a general class of concatenated
coding systems of the type depicted in Fig. 1. The coding
scheme is obtained by concatenating an arbitrary binary linear
outer block encoder of rate 2 < 1 with a cascade of m iden-
tical rate-1 binary inner encoders through uniform random
permutations.

Given N € R~IN NN, the outer encoder is a map such that
P ZEN — 75 and the inner encoder ¢ : ZY — 7% isa
rate-1 encoder.

Denote by Sy the group of permutations on N elements.
Each 7 € Sy can naturally be interpreted as a linear isomor-
phism 7w : ZY — ZY. For a fixed m € N and a given 7 =
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(m1,...,mm) € SR}, we can define the concatenated block en-
coder by the map composition

P oM 00 oy 0PI, ®)

Let &' be the set of all serial encoders (8) generated by
varying the vector of permutations m over all possible elements
in 7. This type of ensemble lends itself to the average analysis
introduced in [28] for turbo codes.

B. Weight Enumerators and Spectral Shapes for ™

The average weight enumerators for G%; are expressed in
terms of the input-output weight distribution of its component
codes (see [14], [29]). We have the following results.

Proposition 2:
A(BR) = A($R")P(oh)" ©)
where P (') is a finite dimensional matrix given by
Aw,d( ﬁ)
(w)

Py .a(¢) describes the probability that a randomly chosen
input sequence of weight w is mapped by the inner encoder to
an output sequence of weight d and for this reason is known as
input-output weight transition probability. Notice that P(¢2)

is thus a stochastic matrix.
We define now the Nth input-output weight distribution as

Pw,d( in) KN

iny _- 1 in
In(u, 65 ¢™) = N In Py, 1sn] (ON)
and the asymptotic input—output weight distribution as

fu,6;6™) = limsup fn(u,6; ™).
N —o0

From the fact that P, 4( }{}) represents a probability, it fol-
lows that the functions fx (u,8;¢'™) and f(u,6; $'™) are both
not positive.

Whenever ¢'" is clear from the context, the input-output
weight distributions will simply be denoted by fn(u,8) and
f(u,8), respectively.

Consider the sequence of ensembles s" =
{8} Ner-tnaN- It can be verified that the asymp-
totic spectral shapes satisfy the iterative relation:

7(8:8) = max {770 (w; ) + f(u,6;:6™)}

_ 1
?(0)(5; S) = limsup N In AL&NJ (@55)\}”)-

N —o0

(10)

C. Repeat Multiple—Accumulate Codes

Repeat Multiple-Accumulate codes, denoted by RA™ and
introduced by Jin and McEliece in [1], are the simplest non
trivial example of a serial concatenation of rate-1 codes through
uniform random interleavers, where the outer encoder is the re-
peat code and inner encoders are truncated recursive convolu-
tional accumulate codes.
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Given ¢ € N and N € ¢N, the outer encoder Rep?%; :

Zév/ ¢ — 7Y repeats the information block ¢-times

Repfy ([v1, ..., vn/q]) = lvl, e UNJgo e ULy - :vN/ql

and the accumulator Accy : ZY — ZJ is the block encoder
defined by

Acen([ug,...,un]) = [ur,ur +ug, ..., u1 + -+ + un].

In this case, A(Rep%;) and P(Accy) can be explicitly com-
puted (see [5]) and we obtain

N/q =
Aw R q = ( w )’ qu = d
d(Repy) { 0, otherwise

1 w=h=0
P, i(Acen) = M w>landd > 1

0, otherwise.

Consider the coefficients P, 4(Accy) forw > 1and d > 1
and notice that P, 4(Accy ) is nonzero if and only if

[w/2] <d and |w/2] <n-—d

as one of the binomial coefficients in the numerator is zero if
either condition is not satisfied.

Given ¢ € [0, 1], define the interval Q5 = [0, 26 A 2(1 — §)].
It can be verified [5] that the asymptotic spectral shapes satisfy
the iterative relation in (10), with

f(u,8) = f(u,8; Acc) =
~H () + (1= ) H (5t ) +6H (35),
— u € Qs and § € [0,1]
—00, otherwise
1D
and
7O(8) = H(6)/q (12)

IV. PREVIOUS RESULTS

Kahale and Urbanke show [15] that for m = 1 the typical
minimum distance of such coding schemes grows sublinearly
in N with probability approaching one. Precisely, they prove
the following result.

Theorem 1: Let ¢™ be a recursive convolutional encoder.
Then for every ¢ > 0 we have

d;—2
lim P (dmin(G}v) < N % ) =0

N —o0

where d‘} is the free distance of outer convolutional encoder.
Notice that the free distance d‘} plays a crucial role in the
estimation of the minimum distance: the more the parameter d‘}
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is large, the more the minimum distance growth rate is close to
be linear with high probability.

Multiple serial concatenations are studied in some depth
in [18]. Indeed the authors, with arguments from the spectral
theory of stochastic matrices applied to P(¢%), prove the
following theorem.

Theorem 2 (Theorem 3 in [18]): For every N € R™IN, it
holds

A (6%) = lim Au (&%) = { 1 wa=o
(OO g e

Notice that (2) and (13) are not identical. The main difference
between them comes from the fact that all of the encoders in &'y
are invertible for all m, whereas the £ contains a small frac-
tion of noninvertible encoders. However, both ensembles behave
quite similarly: it can be verified that for any € > 0 there exists
Ny such that VN > N,

|Zd (£N) — Zd (6%) | < €.

Theorem 2 yields the following result.

Corollary 1: There exists {my } yer—1nnn Such that for any
e>0

P (din(62Y) < (bav — €)N) =2, 0.

Proof: Fix 7 such that 0 < 1 < 1/2'~F_ It follows from
Theorem 2 that, for every N and d, there exists m n (d) such that

|Au(6) — Aa(6F)| < 0™

VN € RT'NNN, Vd > 1, Ym > my(d).

Let now my = max{mpy(d) : 1 < d < N}. Then

[Aa(SR)—A4(SF) <™ VN € RTINNN, Vd>1.

Equivalently
In (A4(63)—n") _WmAL(SF") _In (Au(SF)+n")
N - N - N
VN € RTINNN, Vd>1.

(m

Denoting 7" (6) = + In A 55| (S'%"Y) we have that

InA N
o) > BAMOR) L Ly (g
N N Ao (6%7)
(14)
InA sy (6% N
(s < RALNIOR) Ly )
N N Asn(6%)
(15)

From (37b) in Appendix A, we get the following estimations:

AN (6F) > exp{N[ (]3[+(1 — R)In2]}

Asny(6F) <exp {N[H(6) - (1

(16)

—R)In2}. (17
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From (14), (15), (16), and (17) we finally obtain

Y (8) > H () - (1
1

R)In2 — —ln(N-i- 1)

(eH(é) a- R)IHZ)N(N+1):|

R)In2

J—

nifl-—

) < <5> (-
! n

+N1n[l+(m) (N+1)]

chosen, we have that
[0,1]. Therefore,

By the

n/e”
we can conclude that

been
1 for any § €

way 7 has
(1—=R)In2 <

lim " (8) = H(S) — (1 —

N—oo

R)In2.

The assertion is now a straightforward application of (5). [

This result is very encouraging, as it puts into evidence that
there exists a sequence of codes whose minimum distance con-
verges to the GV bound. Notice that Theorem 2 holds for all the
convolutional inner encoders (recursive or not recursive).

However, this argument does not give any information about
the minimum distance distribution for the case of a finite number
of inner encoders and it does not guarantee that the typical dis-
tance of all repeat-accumulate codes converges to the GV limit.

For this reason both analysis in [16] and [5] concern with the
computation of the minimum distance distribution for the spe-
cific ensemble of RA™. In particular, it is proved in [16] that if
m = 2 and the repetition factor is ¢ > 3, then the typical min-
imum distance of RA™ grows linearly in the interleaver length
N. An estimation of the linear growth rate is given in [5]. The
result is summarized in the following theorem.

Theorem 3: For ¢ > 3 and for any ¢ > 0

P (dmin(RA%) < (5 — )N) =20
where § = (4e8/9)~1

If we serially concatenate any encoder, whose minimum dis-
tance is growing like N, with an accumulate encoder through
a uniform random interleaver, the minimum distance of the new
encoder must grow faster than 6N/2 as P, 4(Accy) is zero for
every d < [h/2]. Then Theorem 3 implies that if the minimum
distance behaves linearly in N for 1 = 2 then so must hold for
every m > 2: forany e > 0

P (dmin(RAT) < (6/2m2 — €)N) AN=oo ),

Although this argument allows us to conclude that the typical
minimum distance is growing linearly in N, it does not allow
to prove that the minimum distance grows when m increases.
However, simulation results in [18] show that the linear growth
rate is increasing monotonically with m.

V. SUMMARY OF OUR RESULTS

The following theorems summarize our main results.
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Fig. 2. Asymptotic spectral shapes for ensembles of RA™ with m = 1,2,3
(from top to bottom) and comparison to that of random linear coding ensemble
(LCE).

Theorem 4: There exists a sequence of points {€., }men
(with €; = 0) strictly increasing in 7 such that

() =0 V6 €[0,en|U
FM(8) >0 V6 € (em,1—

[1— €em,1]

€m)-

Theorem 5: The sequence of asymptotic spectral shapes
{F"™) L en : [0,1] — RT is monotonically nonincreasing in
m and converges uniformly when m — oo to

?(oo)(é) _ {H(§) - (1 —R)ln2, if§ € (5(;\771 — 5(;\7) '

0 otherwise

?

The spectral shapes are visualized in Fig. 2 with ¢ = 3 for
1,2,3 and compared to that of random linear coding
ensemble.

We have to note that Theorem 4 corrects some wrong state-
ments in [20], partially revised in [23]. Indeed, the authors in
[20] overlook the fact that the maximizing value of

m =

G (u, ) = 7" (u) + f(u,6)

with respect to the variable u can occur on the boundary. In
fact, they only verify that the function at the local maximum is
negative. Therefore they claim that the spectral shape is negative
before some threshold ¢,,, and conclude that such point ¢, is the
normalized minimum distance with high probability.

Actually, we will prove that G(™) (u, §) are not differentiable
in general for the case m > 2 and that the floor of the spectral
shapes 7(™) (6) is zero. Therefore, we can not apply Proposition
1, in order to estimate the minimum distance distribution.

Nevertheless we shall prove the following theorem.

Theorem 6: We have that Ve > 0

lim P(dmin(RAY) < (em

N —o0

—€e)N)=0

form >3 andg > 2orm = 2and q > 3.
We will see that this probability decreases to zero polinomi-

ally in the interleaver length IV, in accordance with the previous
results in [4] and [5].

Authorized licensed use limited to: Politecnico di Torino. Downloaded on November 4, 2009 at 02:54 from IEEE Xplore. Restrictions apply.



4910

TABLE I
NUMERICAL VALUES OF LINEAR GROWTH RATES €,,, FOR m = 2, 3,4 AND
COMPARISON TO THE NORMALIZED GILBERT-VARSHAMOV DISTANCE

LRI e [ e | a [ v |
1/2 . 0.1033 | 0.1099 | 0.1100
1/3 0.1322 | 0.1731 | 0.1739 | 0.1740
1/4 0.1910 | 0.2143 | 0.2145 | 0.2145
1/5 0.2285 | 0.2429 | 0.2430 | 0.2430
1/6 0.2549 | 0.2643 | 0.2644 | 0.2644
1/7 0.2746 | 0.2812 | 0.2812 | 0.2812
1/8 0.2901 | 0.2949 | 0.2949 | 0.2949
1/9 0.3027 | 0.3063 | 0.3063 | 0.3063
1/10 || 0.3132 | 0.3160 | 0.3160 | 0.3160

These theorems guarantee together that the typical minimum
distance of such coding schemes grows linearly in N with prob-
ability close to one. Moreover the minimum distance growth
rate increases monotonically with m and converges to the limit
implied by GV-bound when m tends to infinity. In Table I the
normalized minimum distances ¢,, are listed for m = 2,3,4
and compared to the GV-distance. These numerical results have
been found using the approach in [31] to compute growth rates
of the weight distributions of convolutional encoders. Notice
that convergence looks quite fast: it is sufficient to put a small
number of accumulate codes to get very close to the limit, i.e.,
to approach the normalized Gilbert—Varshamov distance.

Summarizing, Theorems 4 and 5 generalize those in [18], im-
prove the earlier estimations of the growth rates in [16] and [5]
for m = 2, and give a deeper insight into the problem of the
aymptotic spectra of RA™.

The monotonic increase with m of the minimum distance
growth rate and the achievability of the Gilbert—Varshamov limit
when m goes to infinity were conjectured but never analytically
proved.

In Sections VI-VIII we shall prove, respectively, Theorem 4,
5, and 6 through intermediate steps.

VI. SPECTRAL SHAPE ANALYSIS

This section is devoted to the study of the asymptotic spectral
shapes for a fixed number of accumulators m. The proofs of
Propositions 3, 4, and 5 will be given in Appendix B.

Proposition 3: The following facts are true

D 7m)(8) = 7m)(1 - §);

2) 7(m)(§) : [0,1] — R is continuous;

3) 7)) > 0, V6 € [0,1];

4) 7(m)(§) is increasing in § € [0,1/2] and 7™ (1) =
RIn2.

Proposition 4: The sequence of functions {7(™)(8)},,>1 is
decreasing in m.

In the case m = 1 we can strengthen the properties 2) and 3)
of Proposition 3.

Proposition 5: The following facts are true
1) 71(8) > 0, V6 € (0,1);
2) 71 is differentiable.

3)
d =0, forg>3
6;«% 1(6)5—, { <2

for ¢ = 2.
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Define the sequence of points {€,, }.m>1 such that

€m = max{e € [0,1/2) : 7F"™(§) =0V 6 < €}. (18)
From the property 1) of Proposition 5 it follows that ; = 0.
From Proposition 4 it is trivial to see that {€,, }m>1 is increasing
in m. It can actually be shown that monotonicity is strict (see
Appendix C for details).

Theorem 4 follows trivially from Proposition 3 and the mono-
tonicity of {€m, }m>1.

The next results provide, respectively, a lower bound and an
upper bound on the thresholds ¢, .

Proposition 6: Tf7(™~1(§) < ¢b with ¢ € R then 70™)(§) =
0, V6 < 2(1—V1—e2).
Proof:

U (8) = max{F" () + f(u, 0)}

< max{cu+ f(u,0)}.

As %f(uﬁ) < 0, V6, u € Qs then for any fixed ¢ the
maximizing value 4 is unique:

1-—-26
€y — 6 <

1
ival _e—2c 5

It can be easily verified that

(1—+/1—e2).

a(6) =1

ci(8) + f (i(8),8) < 0

1
V6 < 5(1 —V1—e2).
The statement is proved, by using property 3) of Proposition 3.

O

Corollary 2: 7™ (8§) =0V6 < L(1—-V1—e%),m>2.
Proof: Consider the case with m = 2 and ¢ = 2. From
the inequality (43) and by the fact that { R, ()} en form a non-
increasing sequence of functions in ¢, we have that

F(8) < R(8) = %m [1+45(1-8)]<26 Vs

From Proposition 6 we get that

1
A =0 Vo< 51— V1—e ).
The statement also holds for m > 2 from Proposition 4. O

Proposition 7:

(&) > H@B)—(1—R)In2  Vm.

Proof: We prove it by induction on m. Consider the case
with . = 1. From (10), (11), and (12) we have

P1(8) > ¢ H(28(1 = 8)) + f(28(1 = 6),6)
=q 'H(26(1 — 6)) + H(6) — H(26(1 — ¢))
> —(1—q¢ ) In2+ H(6).

Suppose now that the inequality holds for m. We have

A (6) > F™(26(1 — 6)) + £(26(1 = 6),6).

?
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Using the inductive assumption on 7(") and again the fact that

f(26(1 —6),6) = H(6) — H(26(1 —9))
we prove that the inequality also holds for m + 1. The proof is

thus complete. O

Corollary 3: Let {€,, }men be the sequence defined in (18).
We have that ¢,,, < dgv, Ym.

VII. ASYMPTOTIC ANALYSIS

In the previous section we have studied the properties of the
asymptotic spectral shape for a fixed number of accumulators
m. We now analyze the behavior for m — +o00. The lower
bound derived in Proposition 7 together with Proposition 4 guar-
antee that the sequence {r("™},,cn has a finite limit when m
tends to infinity.

The recursive expression in (10) allows us to track the evolu-
tion of the spectral shape as it passes through each accumulate
encoder. In this case the spectral shape in the new iteration can
be expressed through a dynamical system. Through some tech-
niques of non smooth analysis and the study of fixed points of
the dynamical system, we will be able to study the convergence
of the sequence of spectral shapes and to complete the proof of
Theorem 5.

A. Dynamical System Formulation

We start by considering the operator

O ([0,1]) — C(]0,1])

Ulg](6) = gggg{g(U) + f(u,0)}, Vo €0,1]. (19

Given 7(9) as initial condition, the sequence of asymptotic
spectral shapes can be obtained recursively by

P = g [70] (20)
In order to describe the evolution (20), we study now some
properties of .
We start with some simple properties.

Lemma 1: Let g, h € C([0,1]), then
D [%[g] = ¥[Alllso < 1lg = hlloo-
2) If g(6) < h(6) V6 € [0,1], then ¥[g](6) < V[h](6) V6 €
[0, 1].
3) Ulg+ C] = C + ¥g|, forany C € R.
Proof: 1): The result is an immediate consequence of the
following fact

Ug](6) < max[g(u) — h(u)] + max[h(u) + f(u,8)] =

u€eNs ueNg
= max|[g(u) — h(u)] + V[h](6).
u€Ns
2) and 3) are obvious. O

We say that g € C([0,1]) is a fixed point for U if g = U[g].
It follows from (3) of Lemma 1 that, if g is a fixed point for
U, then the same holds for g + C. Another interesting way to
modify fixed points is illustrated in the following result.
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Proposition 8: If g is a fixed point for U, then g4 (z) =0V

g(z) is a fixed point for ¥.
Proof: Consider the subset of maximizing points

I*(6) = argmax [g. (u) + f(u; )]

For each § € [0, 1] choose u™(8) € T'*(§). We have

=g+ (6)) + f(u(6),8) =
lg(w*(8)) + f(u™(8),8)] <

{maxtotw) + .00 f =

21

Suppose now that § € [0, 1] is such that g(6) < 0. Then, from
(21) we have

0 < Wg1](8) < f(ut(6),6) Vv g(6) <0.

We conclude that U[g](6) = 0 = g4 (9).
If instead ¢ is such that g(§) > 0, we have

g(u) < gy (u) = g = Vg] < Vgy].

As f is nonpositive, it follows that

9(6) < W[g4)(6) < F(u™(8),6) v g(68) = 9(6)

and we conclude that U[g,](8) = ¢(6) = g4+(6). This com-
pletes the proof. O

Proposition 9: The following functions are fixed points for
W, for any arbitrary constant C:

1) 9(6) = C;
2) g(6) = H(6) + C.
Proof:

1) The result follows trivially by noticing that g = 0 is a fixed
point for ¥ as f(u,d) is nonpositive. It then follows from
property 3) of Lemma 1.

2) Consider

L(u,6) = H(u) + f(u,d)

_5H(26) +(1—6)H <ﬁ) 22)

Since, for any fixed 8, L(u, §) is concave in w, it is maximized
at the only stationary point

Umax(0) = 26(1 — 6). (23)

It is straightforward to verify that L(uyax(6),6) = H(6). O

An important consequence of Propositions 8 and 9 is that both

H(6)—(1—R)In2and [H(6) — (1 — R)In 2], are fixed points
for U.

The following is the key technical result of this section: proof
will be given in Appendix D.

Lemma 2: There exists a constant X € R such that

7™ (8,) — 7™ (61)| < K65 — 61 V61,62, Ym.
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Theorem 7: The sequence {7("™)},,>1 converges uniformly
to the limit 7(°°).
Proof: Since the sequence of functions {7(™)},,>; is de-
creasing in m and is lower bounded, it converges to the limit
function 7(°). Let

- 7m)(§) — 7(o2)
am 621[%7)%][7" (6) = 7))

Then, the sequence {a, }men is monotonically decreasing in
m and has a limit when m — oo.

From Proposition 3 and Lemma 2 the family {7("™)},,,>; con-
sists of uniformly bounded Lipschitz functions. Therefore As-
coli Arzeld’s theorem (see [30]) guarantees that there exists a
subsequence {7} jen such that a,,, — 0 when j — oo. For
the uniqueness of this limit we conclude that a,,, — 0. O

Corollary 4: 7(>°)(6) is a fixed point for U,
Proof: Tt follows from Theorem 7, (20) and Lemma 1. [

B. Analysis of Limit Function 7(°°)(§)

As we know the family {’r\(m)}mzl consists of a sequence
of continuous and non negative functions converging uniformly
to the limit function 7(>°). The next proposition characterizes
some properties of it.

Proposition 10: The following facts are true

1) 7)) = 7(>)(1 — §).

2) 7(>°)(§) : [0,1] — R is continuous.

3) There exists €5, > 0 such that ﬁm)(é) =0,V < e}

4) 7(>°)(§) is increasing in § € [0,1/2] and 7(>)(1/2) =
In2
P?’oof: These are trivial consequences of Proposition 3 and,

for the only case of continuity, also of Theorem 7. O

Notice that we already know a fixed point of ¥ satisfying all
properties stated in Proposition 10: it is the function [H (6)—(1—
R)In 2], For the moment, from Proposition 7 and Theorem 7,
we only know that, for any § € [0, 1], 7(°°) () > [H(6) — (1 —
R)1In 2] . In the rest of this section, we will prove that they are
in fact equal.

Consider g such that ¥[g] = ¢ and such that it satisfies all
properties listed in Proposition 10. Let

Ly(6) = argmax lg(u) + f(u,)].

Then, for any u € T',(9) it clearly holds

9(8) = Wlg] = g(u) + f(u,8). (24)

We start with a technical result.

Lemma 3: The following facts are true.

1) Forany ¢ € [0,1/2),T,(6) C [0,1/2].

2) If0 < 61 < 62 < 1/2 and u; € Fg(é,) (z = 1,2), then
U1 S us.

3) For any 6 € (€c0,1/2) and u € I'y(6), we have u > 6.
Moreover, 6 € I'y(6) if and only if § € {0,1/2}.
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4) If 6, —56. and, u, € I4(6,) is such that
U, ——25 U, then Uee € Ty(b0).
Proof:

1) From (47) we have

9 1, 46(1—6) —2u+u?
—f(u,&):iln ( (1)—u)2

<0,
Jdu ’

VS #£1/2,Vu € Q5. (25)

Hence for any fixed 6 # 1/2 f(u,6) is monotonic de-
creasing for u € 5. From this fact and property 1) of
Proposition 10 follows immediately that

>g9(1—u)+ f(1—u,6) Yuel0,1/2] N Q.
Then we conclude that

1y (6) = argmax g(u) + f(u,6)] C [0,1/2).

u€Ng
2) Since
0? O (1. 48(1—6)—2u+u?
-~ A N
gou’ (9 = 55 { 2 (1—u)? }

o 2(1—2¢)
C46(1—6)—2u+u?

>0 Vé<1/2, u€ Qs

it follows that if 0 < §; < 62 < 1/2 then

B, b2

—[f(u,82) = f(u,61)] =

ou 5 fsu(u,6)dsé > 0.

(26)

We now prove the result by contradiction. Suppose that
Jus € T'y(61) and us € T'y(82) such that ug < uq. From
(24) we have

9(62)

g(u2) + f(u2, 62)
[9(uz2) + f(uz,62)] + [f(uz,61) — f(uz,61)]
[9(u2) + f(uz,61)] + [f(u2,62) — f(u2,61)].

If 0 < 81 < 62 < 1/2 then from (26) we get

f(uz,02) = f(uz,01) < f(ur,62) — f(u1,61).

from which it follows that

g(02) < [g(uz2) + f(uz, 61)] + [f(u1,02) — f(u1,061)]-

Since uy € IT'y(61) then

[9(u2) + f(uz2,61)] < [g(u1) + f(u1,01)]

from which it follows that

9(02) <g(u1) + f(ur,61) + f(ur,62) — f(u,61)
=g(u1) + f(u1,62).

We conclude that us ¢ I'y(62), which contradicts our
assumption.
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3) Notice first that if § € (e, 1/2), for sure 0 & T'4(6).
Since f(u,d) < 0 forany § # 1/2 and u # 0, it follows
from (24) that, necessarily, g(6) < g(u). It now follows by
property 4) of Proposition 10, that, § < wu. Finally notice
that (24) holds with v = 6 if and only if f(8,4) = 0, and
this happens if and only if & € {0,1/2}.

4) Let & € [0,1], then

g(a) 4+ f(1,6,) < g(un) + f(tn, 6n)-

By letting n— oo and from the continuity of g and f we get

9() + f (1, b0) < g(uoo) + f (oo, o)
This yields the result. O

Theorem 8: Let g1 and g- be fixed points of ¥ satisfying the
properties listed in Proposition 10, then g1 (6) = g2(6), Vé.
Proof: Let

€ = max{e < 1/2:¢;(6) =0, V6 < €}.
For any 6 € [0, 1], choose arbitrarily ;(6) € T'y,(6) with the

only constraint that @1 (1/2) = w2(1/2) = 1/2. For any 8, we
can estimate as follows

92(6) = g2(u2(8)) + f(u2(9),

8) + g1(2(8)) — g1(u2(6))
5 + ~

< g2(12(0)) + f(u1(6),6) + g1(11(6)) — g1(12(6))
= g2(2(6)) + 91(8) — g1 (@2(6))
= 92(8) — 91(8) < g2(12(8)) — g1 (ti2(9)).
Repeating the argument & times we get
92(8) = 1(5) < ga(iis”(8)) — a (357 (8)  @7)

where u(k+1)(§) ely, (ﬂgk)(6)> withk =1,2,...
In the same way, we get that

1(0)) + f(a1(8),6) + g1(41(6)) — g1(@1(6)) >
(6)) + 91(8) — g1 (11 (9)).

Iterating the argument k times, we have
92(8) = 1(8) = 92 (i (8)) — 1 (35 (5))

where ~(k'H)(E) ely, (ﬂgk)(6)> withk =1,2,...
Fix now 6 € [€1 VEa, 1/2] and consider the recursive systems,
fore: = 1,2:

g2(6) > g2(a
> go(tiy

(28)

s+ — g (55’“)) 5O = s,
By the way u; have been constructed and from items 1), 2),
and 3) of Lemma 3 we know that both sequences {61@)} keENs
i = 1,2 are upper bounded by 1/2 and increasing in k. Using
4) of Lemma 3, it follows that they both converge to 1/2. From
inequalities in (27) and (28), we have

0 (59)

92(6) = 1(6) > lim [gQ (5@) _
)~ 00) % i [ (5) - (4]

(29)
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As the functions g» and g; are both continuous

92(6) — g1(6) > g2 (kli_l)go 5§k)> -0 (kli_l)go 5§k)>

_ : (k)
g1 (khm 05 >
then

0=g> <%> -0 <%> <92(0)—g1(6) < g2 (%) —g1 <%> =0

and we conclude that g2(6) = g1(6) forevery 6 € [€1 Vea, 1/2].
Since the functions g; and g are both symmetric with respect
6 = 1/2, continuous (see items 1) and 2) of Proposition 10)

92(8) — 91(8) < g2 (kli_)ngo 55’”)

91(6) =0 Vo <7y, g2(0) =0 V6 <&

and g1(6) = 92(6); Vb e [El V €2, 1/2] then €1 = €s. O

Corollary 5:

r()(§) = [H(8) — (1 — R)In2].

VIII. ESTIMATION OF MINIMUM DISTANCE DISTRIBUTION

As we have already noticed, the floor of the spectral shapes
is zero (see Fig. 2) and we cannot apply Proposition 1, in order
to estimate the minimum distance distribution.

This means that Ve > 0 the minimum distance is upper
bounded by din (RAR) < (em — €)N with a probability that
does not decay exponentially in V.

We will prove that this probability decreases to zero polino-
mially in the interleaver length N. Inspired by asymptotic tech-
niques devised in [19], we split the computation of the prob-
ability into two parts. The first part considers the contribution
of the codewords with small weight in the last accumulate en-
coder h < hy and the second part refers to those codewords
with weight h > hyx. The sequence {hy}nen can be chosen
in such a way that the first term dominates the behavior of the
overall probability.

Lemma 4: Let {hy} ven be a sequence of integers such that
forallp > 0

}LN
Then
thl
> An(RAR) = O (NF»t) (31)

h=1

where B, = 1= > 10 [q/2].
The proof will be given in Appendix E.
Lemma 5:

In(N
rj(\,m)(é) < 2m n(

T+1) +7m)(§).

Proof: We give the proof by induction on m. As an ini-
tial step, we take m = 0: by using the inequalities (37b) in
Appendix A we get

Aaten) < (g7 ) <o

H(d/N)
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and the statement of this Lemma trivially holds [see (12)].
For the inductive step, assume that the statement of this
lemma is true for m — 1: from (37b) in Appendix A we have

Ag(RAY)

h=1
S N 121}:1ng {Z}L(RANil)Ph’d(ACCN)}
<N max e [/T\(mil)(h/N)"'Q(m_l)w]
Fe[F2wn2(1-%)]
N [(1=d/N)H (57 ) + 5 H (57% )]
x (N +1) NHN)
<(N+1)%exp{ N max [’r%m_l)(h/N)
%6[11\(’2N/\2( _%)]
In(N+1
F(b/N. /8] + 2(m — 1)L }
< exp {N [?(m)(d/N) + 2m%} }

where the last equality follows from (10). Then statement is
proved also for m. O

Theorem 9: Let {€m }m>2 be the sequence defined in (18).
We have that Ve > 0

Hm P (dpin(RAT)

N —o0

< (em —€)N)=0.

Proof: Fixe > 0andletdy = (e, —¢)N. Pick a sequence
of integers {hn } ven satisfying (30) and such that

(32)

From (5) we have

P(dmin(RAY) < dn)
dy 2d
SHREAC
d=1h=1
2dn dn

> An(R

h=1d=1
hN 1

= Z A}, RAm 1 thdACCN)
h=1 d=1
2dy dn
+ Z ZAh (RA;Gil) Ph’d(ACCN)
h=hy d=1
hy—1
<Y AW(RART+
h=1
2dy dy
+ Y AN(RART) Py a(Accy) -

h=hy d=1

Am ! Ph d(ACCN)

IN

Am ! Ph d(ACCN)

(33)

~

~~

Sm(N)
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Let GU™)(x,y) = 7"~V () + f(x,y).
From Lemma 5 and (37b) in Appendix A we can estimate as
follows:

S™(N)
2dy dn
= D > Aw(rA
h=hyn d=1
2dn dn
Do DN N )
h=hy d=1
N[(= ) (s my ) + 5 H (7% )]
eNH(h/N)
2dny dn
DDA
h=hyn d=1
2dn dn
<(N+1) Y Z
h=hy d=1
24y dn
— (N +1)2m1 Z ZeNW"’H)(h/N)+f(h/N,d/N)]
h=hy d=1
2dny dn

:(N+1)2m—1 Z ZeNG(”)(h/N,d/N).

h=hy d=1

Ph d(ACCN)

IN

X

[P (h/N)+F(h/N,d/N)]

=) (h/N)+2(m—1) 2EED 4 £(h/N,d/N)

Using the fact that for fixed u the function f(u,6) is an in-
creasing function in u/2 < § < 1/2, then we get

2dy N max
Sm(N) SdN(N‘i'l)zm_l Z e vE[/N.dy/N]
h=hn
2d N
—dn(N + 1)2m—1 Z eNG('”)(h/N,sm—e)
h=hx
2dn
_e)(N+1)2m Z eNc;(m)(h/N,em—s)_

}L:hN

G (h/N.y)

<(ém

Moreover, for hy < h < 2dy
NG (h/N, e, —€) < hr(™
where
(m—1) _
T(m) - max r (u) + f(ua €m 6) )
hy /N<u<2(e,, —¢) u

Being ?’\(m_l)(u) = 0 Vu < €,_1, we can compute the opti-
mizing value, by splitting the computation of 7("™) as follows:

(M) — max (Lgm), Lgm))

where
Lg’m) = max M
wEhN/N,€m—1] U
~(m—1) —
Lém) - max r (u) + f(u7 Em 6).
uG(Em—lyz(Em_E)] u

Fixed 6 > 0, from (40) and (25) we have that

o (L) = L () - s
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1 [ul <46(1—6)—2u+u2>

AP (1—u)?

—uln (2 5(1_5)) — (1 —w)n(1 - )
N 262—uln <252; u>

+2—26—u1 2—-26—u
2 ST IDY;

_1 [uln(26—u)(2—2§—u)

u? |2 (1 —u)?

- g In(46(1—8)) —In(1—wu) + uln(1—w)

M 25— ) — 2 (26
WM(?—%—M
2—20—u

—#ln@—?ﬁ)}

:% [—1n(1—u)+5ln%
+(1—5)m%}

The function — In(w) is convex, hence, Jensen’s inequality gives

—In(l —u) = —ln<2_22§_u+262_u)
2—26—u 26 —u
——ln<(1—5) 50 =) +6 55 )

from which it follows

0 (f(u,é)

du\ u

):%[—ln(l—u)ﬁ-éln%

(2(1-6) —u)
2(1—6)

+(1-68)In <0 Vue Qs

Therefore, f(u, €, —€)/u is monotonic decreasing and we con-
clude that

f(hn /N ém = €) f(hn /N, em =€)

L(m) — li =
! hN/N - NE%O hN/N
7]
= af(’lhEm — 6) o < 0.

(34)

Using the fact that 70 ~1) and f are both continuous and
f(u,8) is strictly increasing in 6 < 1/2, by the way €., has
been defined (18), we obtain that

P () 4 f (6 =€) <O foru € [em1, 2(em — ).

Hence

7(m—1) —
D)+ fuew - o
UE(€m —1,2(€m—¢)] u

Lgm) — < 0.

(35)
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From (34) and (35) we get 7(") = Lgm) v Lgm) < 0 and

2d N
Sm(N) < (em — 6)(N + 1)2m Z e_r(m)h <
h=hyx

ehNT(m)

S (Gm - 6)(N + 1)2m1_—e7'(m)

It follows from (32) that

S™(N) <Cexp [Em In(N +1) + T(m)hN}

N

with C = ¢==°¢

1—e™ "

From (33) and Lemma 4, we conclude that Vn > 0
P(dmin(RAR) < (€ — €)N) = O (NPm=1H1) - (36)

from which, if we choose 7 sufficiently small, it follows that

A}im (dmin (RAR) < (6 —€)N) =0
form >3andqg>2orm=2andq > 3. O

IX. BEYOND REPEAT MULTIPLE-ACCUMULATE CODES

The analysis in the previous sections has been focused on
a restricted class of turbo codes. However, we expect many of
the properties to hold for more general ensembles of codes. In
this section we introduce in the encoding scheme some simple
variations, which we hope will produce better codes, in the sense
of the minimum distance distribution. We discuss here some
numerical examples: first of all, we replace the outer encoder
(the repetition encoder) with a convolutional encoder; then we
consider the class of codes of Repeat Multiple-Convolute codes,
obtained by choosing a general convolutional encoder of rate-1
in place of the accumulator.

A. Convolutional Multiple—Accumulate Codes

Convolutional Multiple-Accumulate codes (C A™) are an ex-
tension of the RA™ codes. They consist of a serial concatena-
tion of a truncated convolutional code ¢ with m interleaved
rate-1 accumulate codes.

Replacing the repetition code with any other encoder we get
that the sequence of asymptotic spectral shapes are defined re-
cursively by the dynamical system ¥ in (19) with f(u, §) given
by (11) with generic initial condition

A 1 in
7(0) (6) = limsup I InAsn)(oN)-

N—oo

Based on the computation of asymptotic growth rates of the
weight distributions of the convolutional encoders in [31] [Ex-
amples 6 and 7], the asymptotic spectral shapes of the C'A™
with the outer convolutional encoder G1(D) = [1,1 + D] and
G2(D) = [1 + D,1 + D + D?] are plotted for m = 1,2,3,
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Fig. 3. Asymptotic spectral shapes corresponding to the ensembles of C'A™
with m = 1,2,3 (from top to bottom) and outer convolutional encoder
G1(D) = [1,1 + D] (thick lines) and comparison to that of linear coding
ensemble (dashed line).
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Fig. 4. Asymptotic spectral shapes corresponding to the ensembles of C'A™
with v = 1,2,3 (from top to bottom) and outer convolutional encoder
G2(D) = [1 + D?,1 + D + D?] (thick lines) and comparison to that of
linear coding ensemble (dashed line).

TABLE II
NUMERICAL VALUES OF LINEAR GROWTH RATES ¢,,
FOR C'A™ OF RATE 1/2 FOR m = 2,3,4

| Ensemble ” €2 l €3 | €4 l dqv I
RA™ . 0.1033 | 0.1099 | 0.1100
Cg, A™ 0.0831 | 0.1092 | 0.1100 | 0.1100
Cag, A™ 0.1044 | 0.1100 | 0.1100 | 0.1100

and compared with that of the random ensemble of binary linear
block codes (dashed line) in Figs. 3 and 4.
In Table II linear growth rate in the code length N of the
minimum distance are evaluated numerically and compared.
These numerical results are very encouraging and suggest
that Theorem 4, 5, and 6 are likely also to hold for ensembles of
CA™ codes.

B. Repeat Multiple—Convolute Codes

Repeat Multiple-Convolute codes are obtained from RA™
codes by replacing the inner accumulate encoders with m con-
volutional encoders.
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Fig.5. Asymptotic spectral shapes of RD D™ withm = 1, 2 (thick lines from

top to bottom) and comparison to those of RA™ (dashed-dot lines) and linear
coding ensemble (dashed line).

The asymptotic spectral shapes for Repeat Multiple-Delay
codes (RDD™), introduced in [2] and obtained by intercon-
necting the repeat code with m recursive convolutional encoders
with transfer function G;(D) = (1 + D + D?)~1, are plotted
in Fig. 5 and compared with that of binary linear random code
ensemble (dashed curve) with m = 1,2, 3.

The dynamical system defined in (19) depends exclusively on
the accumulator, and it would be different with another convolu-
tional encoder. The numerical results and the results in [18] lead
us to conjecture that the dynamical systems analysis is likely to
hold true for more general convolutional encoders. Instead in
order to get linear growth of minimum distances it is clear that
the inner encoder must necessarily be recursive.

X. CONCLUDING REMARKS

In this paper, we have studied some properties of the spec-
tral shapes for uniformly interleaved repeat multiple—accumu-
late codes and their relation to the minimum distance growth
rate. In particular, we have shown that for m > 2, the asymp-
totic spectral shapes exhibit some different features as compared
to the case where m = 1. The main difference is that for m > 2
there exists a positive point €, such that the function is zero
below it and positive beyond it. Moreover, by tracking the evo-
lution of the asymptotic spectral shapes, we have shown that
these functions converge uniformly, when m tends to infinity,
to that of random linear code ensemble for § € [6gv, 1 — dgv].

Although the floor of the spectral shapes is zero, by com-
bining the asymptotic spectral shapes with the use of the union
bound we have proved that the ensemble of Repeat-Accumu-
late-m codes is asymptotically good, in the sense that the typ-
ical minimum distance grows linearly in N with probability
one. Moreover we have provided a numerical method to esti-
mate with arbitrarily small accuracy the linear growth rate: ex-
cept for the case of ¢ = 2 and m = 2, we have proved that the
growth rate is at least ¢,,,. This implies that the normalized min-
imum distance increases monotonically with m and meets the
limit implied by the Gilbert—Varshamov bound on the minimum
distance when m tends to infinity. Notice that the minimum dis-
tance ratios computed using this method are quite close to the
empirical growth rates listed in [18].
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Although our results are obtained for a restricted class of
turbo codes, we believe that our techniques can be applied to
a much wider class of interleaved concatenated codes. Theoret-
ically, our mathematical tools provide a new general framework
for estimating the minimum distance distribution of multiple se-
rially concatenated codes.

This paper leaves some open problems to study:

* How fast the sequence of the spectral shapes converges to

the limit function?

* What is the effect of the inner encoders of the encoding

scheme on this convergence?

The results presented in this paper are very encouraging and
suggest that even a few accumulators are sufficient to approach
the asymptotic behavior.

Moreover the dynamical system we have defined depends ex-
clusively on the accumulator and it would be different if we re-
place it with another convolutional encoder. The numerical re-
sults and the fact that Theorem 6 and Corollary 7 hold for any
choice of the convolutional encoder (as long it was not the iden-
tity) lead us to conjecture that the dynamical systems analysis is
likely to hold true for all convolutional encoders both recursive
and not recursive.

Instead for the final part on the estimation of distances, the
role of recursivity must necessarily come up since, if it is not
recursive can not certainly exhibit linear growth of minimum
distances. Indeed, it is easy to verify that for any nonrecursive
rate-1 convolutional encoder with an impulse response of
weight d the output weight will be at most d times the input
weight. If the desired output weight is y/V and the input weight
is 1, then the minimum numbers of concatenations needed is
log,; vN. We conclude that, for fixed n and asymptotically
large N, the convolutional encoder never maps an input word
of weight 1 to an output word of weight vV and we expect that
the ensemble has low weight codewords.

The main difficulty in the extension of the proofs is the com-
putation of the asymptotic spactral shapes. Indeed a basic re-
quest is to determine the average spectrum of the given en-
semble. Although there are analytic approaches to determine
the weight distribution exactly for relatively small lengths (see
[7]1), none of them allow a direct computation of the asymptotic
growth rate. Sason et al. in [31] present a method for the deter-
mination of the asymptotic input-output weight distribution of
convolutional encoders, but only in some cases this method is
able to derive analytic expressions. In general cases, it requires
to solve numerically a system of polynomial equations.

APPENDIX A
SOME USEFUL INEQUALITIES

Proposition 11: For any integers 1 < k < n the following
inequalities hold true:

n\k n ne\k
) < < (=
(k) —<k) _(k) (372)
nH(k/n)
g < (”) < enH(k/m) (37b)
n—+1 ;

00 () () (2 () o

The proof is given in [5, Appendices 3A and 3C].
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APPENDIX B
PROOFS OF PROPOSITION 3, 4, AND 5

Proof of Proposition 3:
1) From (12) we have that 7(9(§) = 7 (1 — §). Consider
now the case m > 1. From (10) we get that

M1 —6) = m[%)i]{?(m*l)(u) + fu,1 - 6)}
ue|0,
= e (77D (w) + f(w,6)} = 7 (0)

where the second equality follows from the fact that
flu,6) = f(u,1—06),Yu € [0,1] [see (11)].

2) The asymptotic spectral shape 7(%) in (12) is continuous as
the entropy function is continuous. Considering (10) and
the continuity of f defined in (11), the general case can be
proved by induction on m.

3) From (10), (11), and (12) we have

71 (6) = max {M - f(u,5)}

u€[0,1] q
> £(0,6) + H(0)/q = 0.

Then proceed again by induction on m.

4) From (12) we have that 7(9)(§) is strictly increasing in 6 €
[0,1/2]. Since

0 U U
%f(“"s)_H(%)_H(Q(l—é))
w. 1—X u - 5059
| 26 1 (
26 & +2(1—5)n< -

51=5)

U U
I (1 2(1 — 5)) n (1 25) 20,
V6 €10,1/2], u € Qs

(38)

if 0 < 61 < 62 < 1/2 then we have that

Fm(1) = ma {700 )+ S 61) |
_ ~(m—1)
5, o 1)
< Am=1)
< Mhax {7“ (u) + f(%éz)}
< ~(m—1) — (m) .
< max [P D) + f(u, 62)} = 70 (5)

Moreover, from (12) we have that 7(°)(1/2) = R1n 2. The gen-
eral case can be proved by induction on m, using the fact that

Fu,1/2) = 0.

Proof of Proposition 4: We prove the assertion by induc-

tion on m.
Let us consider first the case m = 1. We prove that
(5 <7 9(8) Vb eo,1] (39)

and the equality holds if and only if 6 = 0,1/2, 1.
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From the expression in (11) we have
flu,6)

= —H(u)+(1—§)H<2(1u_5)> +oH (55)
=ulnu+ (1 —u)ln(l — u)

+(1—6){—2u%_®1n(2ﬂ%—®>

() (o)
o) - (- 5 (- 5)

=ulnu+ (1 —u)In(l —u) - %m <ﬁ>

20 _25) —u <z(;(I f)(s_) u)

20 —u 20 —u
__1 (25) 2 ln( 26 )
—ulnu+(1—u)ln(1—u)——lnu+
_2—2§—u1 2—26—u Uy .
2 T\ 201-9) g Y
20 —u 20 —u
— In
(%)
:uln(2 6(1—5))+(1—u)ln(1—u)
20—u 20—u 2—-26—u 2—-20—u
- ln< 25 )— 5 1n< 595 > (40)

Jensen’s inequality and the fact that g(u) = wlnw is strictly
convex imply that

1n(2(1 —8))

%111(25)

(1—u)In(l —u) =g(1 —u)

20 —u 2—-26—u
_g< 25 T o) (1_5)>

20 —u 2—-26—u
< - - — - = -
<o (P55 ) -0 (%5
26 —u 26 —u
= In

2 26
+2—25—u1 2—26—u

2 T\ 2(1-9)
from which it follows that

fu,0) <wuln (2 6(1 — 6))

(41)

and equality holds if and only if u = 0 or § = 1/2.
By (41) we get that

7D (6) = Juax, {FO(u) + f(u,0)}

_ H{(u)
T o2uz1 {T + flu, 5)}
0<u<l1 q

- {0 qln@m)q} “
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Differentiating this expression with respect to the variable u

{2 o))

1 1—u 1 q
=-1 —In(246(1 -0 =0
()« g (vin=n)

1—u 1

= 7
u (2 51— 5))
from which the optimizing value in the computation is
q
) B (2 5(1— 5))

i = -
1+ (2/501-9))" 1+(2 6(1—5))
Substituting it in the right-hand side of (42) gives

(2 51— 5))q

! L
re) s <1+ (2v/500 —5))q>
L1 (2,/6(1—5)) T (2\/m)q

11+ (2/6(1-0))
1 (2 5(1—5))q N (2 5(1—5))q
)2 5(1—5))q

N 1+ (2//6(1-9))"

we get

1 1 In !
114 (2/50-9)" \1+(2v/50-9))’
1 (2,/6(1 - 5))q

o (2/6(1-5))"

sy
%H( 1_5))qln(1+( V5 9)")

am i+ (v=n))

q 1+(2 5(1—5))

- é In [1 n (2 5(1 — 5))q] = Ry(6). 43)

In order to prove (39), it is now sufficient to show that
Ry(8) < 7O(5),
Define the auxiliary function

q
a7 (8)— R, (6)] = H(6)~In [1+(2 5(1_5)) ]
(44)
Since the sequence of functions {F;(6)}4>2 is increasing in g,
then we have that F,(§) > F5(6) for 0 < ¢ < 1. Soitis
sufficient to verify that F5(8) > 0, Vé € [0, 1].
From (44) we have that

Fy(8) = H(6) — In {1 + (2 5(1— 5))2}
= H(6) — In[1 + 48(1 — 6)].

Fq(5):
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Since F»(6) = F5(1 — 6), it is sufficient to verify that F5(8) > +5H (l))
0, V6 € [0,1/2]. We have that 26
_ _1n<1—u> +11n<2(1—5)—u>
F,(0)=0 and Fy(1/2)=0. (45) B u 2 u
1 26 —u

Differentiating F> we get + 3 In "

d 1-6 4(1 — 26) 1

—F(8) =1 - =Inu—In(1 — ~In(2(1 - 6) —

a5 20) n( 5 ) 1+ 46(1—0) nu—In(l—u)+ 5 In(2(1-6) —u)

1 1 1
from which it follows that ) Inw+ 2 In(28 — u) - 2 Inu

d _ d _ :_1n(1_u)+11n(2(1_5)_u)
lim < F(8) = o0 51@,(5)‘621/2 —0.  (46) 5
Moreover + 9 1 (26 — u)
LI B W (R ) [ B () % (2 - i—“)(f‘s‘“)
522 =5 5 [+ 45(1— )2 (L-w?
L1 (480 +8(1+45(1-0)) e ) ek @7
5(1=35) [+ 45(1—9) 2 (1 -
_ [t +46(1 - 8)]* +88(1 — 8)(3 — 48(1 — 6)) from which we have
O(1L—06)[1+46(1—96))2
_ —3[48(1 — 6)]* +4[46(1 — 8)] — 1 gf(u. 5) _ L In(26) + L m2(1 - 8)]
6(1—8)[1+486(1 — )2 ou” " lu=0 % 2
from which we get that 51 n(48(1-4)) <0 vé € (0,1).
2
%Fz(é) >0 Ve (1/2 - 1/V6, 1/2) As GM(0,8) = 0 and there exists e such that
2
%1«3(5) =0 §=1/2-1/V6, 6=1/2 aﬂa(l)(u,é) >0, Yu € (0,¢5)
u
d2
@Fﬂ‘s) <0 Vo € [07 1/2 - 1/\/6) : then G (u, §) > 0, V6 and for u sufficiently small. From

the recursive expression in (10) we conclude that
Since F5 is concave in the interval [0, 1/2-1/ \/Q and convex

in the interval [1/2 —1/V/6,1/2], and F5(1/2 — 1/V/6) > 0 )8y = ~(0) 5
we conclude that F»(6) > 0 for 0 < § < 1/2. This and the me) = oguz1 {7 () + f(u, 8)}
symmetry of F» completes the proof for the case with m = 1. — max {G( )(u, 5} >0, V5e(0,1).

For the inductive step, we assume that the statement is true for 0<u<l

i h i ion (1 i ive hypothesi .
m: from the recursive expression (10) and inductive hypothesis 2) By concavity of H () and by the fact that

we have
M1 (§) = max {ﬂ"ﬂ(u) + f(u,é)} 92 1 1 1
pest A T (o R Tl )
~(m—1) u —u —u -6 —u
< g, F O+ s} L 1-u
r 2
and the statement is proved also for m + 1. - 1 1— (1—w)
1—u (26 —u) [2(1 = 6) — ]
Proof of Proposition 5: Consider 1 :(25 ) [2(1 = 8) —u] — (1 — u)z]
GV (u,6) = M-{-f(u,&% u €10,1], 6 €[0,1]. T-ul (26 —u) [2(1 = 8) =]
q 1 45(1—5)—2u+u2—(1—u)2}
1) Differentiating the function G (u, §) with respect to the L—ul (26 —u)[2(1—6)—4]
variable u, we get that - _ 1-45(1 - §) <0
(1—u)(26 —u) 21 = 8) —u] = 7
i(ﬂ@)zllnl—we_ojﬂc, V6, u € Qs
du q q u
and

and
0 7] u 92
sefd =g (~Hw+ =08 (5755 ) L s =0 e 5o
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we conclude that, for fixed §, G (u, &) is strictly concave
inu € Qg. As

9 G0, 5)

Jdu u=0

)
= — GO (u, s
oo ou (u, 9)

=—00
u=26

we deduce that the maximizing value u(!) of the function
G (u, ) is unique and u(H) € (0,26 A 2 — 26).
Define the function

uM(8) = argmax G (u, 6).
u€Ng

If we differentiate GV (u, §) with respect to u, we get that
u(M(§) must satisfy the following condition:

q
+% In(2 — 28 —u) + %ln(25 —u)=0. (48)

%G(l)(u,é) = - (1 - l) In(1—wu)— élnu—}—

Rearranging and defining

F(u,6) = (u? = 2u 4 46(1 — 6))/% = (1 —w)" 'u

we have that F(u(1)(8),6) = 0.
It can be verified that F(0,0) = 0, 2 F(u,6) < 0 and F
is C'!, then the theorem of implicit function guarantees that
ulM(6) is C1, Vg € N.

3) From the bound in (43) we have

~1)
0< lim ) ¢ Fald)
§—0t §—0*t (5
where
q
1
R,(6) 5 (1+ (2ve-9)")
) )
1 + 0, forg>3
~ 94 q/2—1 6—0 5 q =
q25 {2, for g = 2.
APPENDIX C

STRICT MONOTONICITY OF {€: }men

Lemma 6: Let § < 1/2 and T'™)(§) the set of points such
that

P (§) = argmax {7~V (u) + f(u,6)}. (49)

0<u<2é

If i € TU™(6) then o < 1/2.

Proof: The statement is trivially proved if 6 < 1/4. Con-
sider the case with 1/4 < § < 1/2 and suppose at the contrary
that & € (1/2,26]. As 7= (u) = 7(m=1)(1 — w) then there
exists a point y € [1/2 — (26 — 1/2),1/2] such that

RO (@) =7 ()

and by the fact that f(u, §) is decreasing in u we get that
(@) + f(a,0) <7D () + £y, 9)

and therefore @ ¢ T'(")(§), which contradicts our assumption. (]
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Proposition 12: Let {€,, }men be the sequence of points
such that

€m = max{e € [0,1/2) : 7™ (§) = 0,76 < €}

The sequence is strictly increasing in m € N.
Proof: From Proposition 4 follows that €, 1 > €,,. We
now prove by induction on m that a strictly inequality holds.

As first step, choose m = 2: from Corollary 2 it is proved
that e > 0 = €;.

For the inductive step, assume the statement is true for m,
namely €, > €y,—1.

Let T(m+1D(§) be the set of points defined in (49) and we
prove preliminarily that ("1 (¢,,) = {0}. From Lemma 6,
we have that if u(™+1 € T+ (¢, ) then u(™+1) < L A2¢,,.
Suppose at the contrary that (11 ¢ (€m—1,1/2 A 2¢,,] then

0 =7m+(¢,,) = F™ (WD) 4 fumFD ¢,) = 0.
From Proposition 4 and from the inductive hypothesis we get

0 =7 (¢,,) < FMD (M) 4 fmHD e, )
< Am=1) e ) = A(m)
< e 7 (w) + f(u, €m) =T (em)

then
em # max{e € [0,1/2) :?(m)(é) =0,Y6 < €}.

which contradicts the definition of ¢, .

As 7™ (u) = 0, for every u € [0,¢,,] and the function
f(u,€m) is decreasing in u € [0, €p,—1] then T(mFV(¢,,) =
{0}. We conclude that there exists 77 > 0 for which

P () + f(u,em) < =1 Vu € (em—1, 2em]-

Using the fact that 7(™) and £ are both continuous and f(u, §) is
strictly increasing in 6 < 1/2, by the way ¢, has been defined
(18), we get that there exists ¢ > 0 such that

W) + f(u,em+€) <0 Vu € (eme1,2(em + €)]

and the statement is proved also for m + 1. O

APPENDIX D
PROOF OF LEMMA 2

In order to prove Lemma 2 we need to establish some in-
termediate results. Lemma 7 allows us to get some informa-
tion about the monotony of nonsmooth functions. The result is
surely not original but we give the assertion, as we don’t have
any reference.

Lemma 7: Lety : R — R be a bounded Lipschitz function
such that

y(z +1n) —y(@) <0

lim sup (50

n—0

forall 2 € R. Then y(z) is a monotonically decreasing function.
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Proof: Notice first that Rademacher’s theorem (see [32])
guarantees that y is differentiable at almost every point in R.
Lety/ : R — R be any bounded measurable function coin-
ciding with the derivative of y when this exists. Clearly v’ < 0
almost surely and it is also easy to see that 3y’ coincides with the
distributional derivative of y.

Let now {1, }nen be a sequence of C°° functions such that
11 >
supp(¥n) = |——, = Yn(2)de =1

n'n
where supp(%,,) is the set of points where the function v,, is
not zero. Clearly

/ " pu(@y(a)dz 22 0).

Fix ¢ < b and consider now the sequence of functions
{Jn(z)}nen defined by

n@) = [ s =)

We have that the functions .J,, () are C°°, compactly supported
and J,,(z) < 0 for every n. We now have

o</°° Jn(a:)y'(:v)d:v:—/oo T (2)y(2)de =
/ (= bYy(a d:v—l—/ (@ — a)y(x)ds

— n(s —a)]ds V.

——= —y(b) + y(a).
Hence, y(a) > y(b). This proves the result. O

For every 6, define the following set:

L™ (8) = argmax {7~V (u) + f(u, 8)}
u€Ns

(D

and choose u(™(§) € T(™)(§). Moreover, we know that
u(D(8) is unique.

Lemma 8: For any arbitrary € €]0,1/2], we have:

1) if u™)(8) < 26(1 — §) and 7(™)(6) is Lipschitz in § €
[, 1/2], then 7(™) (§) — H(§) is decreasing in 6 € [e, 1/2];

2) if 7™ (6) — H(6) decreases in § € [e,1/2], then
ulmt(8) < 26(1 — &) and 7™+ (§) is Lipschitz in
6 € [e,1/2];
Proof:

1) From the hypothesis we know that (™ (§) < 28(1 — 6)
and we can write that for any arbitrary n > 0

M) (641m)= [P 1 () + £ (u, 64n)).

max
0<u<2(s4n) (1-5-n)

Using the fact that 052 f(u 6) < 0, and %f(u7 8)
0V6 < 1/2,Vu € s, we can estimate, for u < 2(6
m(l—6—mn)

Su,64+n) < f(u,6) +
< flu, 6) +

+ IV

f5(u>6)77
fs(2(6 +m)(1 =6 —n),0)n.

Hence

P (54m) < [P () + f(u, 6)+

max
0<u<2(64n)(1—6—n)

4921

+ fs(2(6 +m)(1 =6 —n),6)n]
<F™(8) + £5(2(6 +n)(1 — 6 —n),6)n

where the last inequality follows by the fact that u(") (§) <
26(1 — 6). So we have

RN ) oo 4 )1 -5 .9
and
lmsup o M =G o5y 8 = m(S).

n—0
From Lemma 7 we conclude that 7(™)(§) — H (§) decreases
ind € [e,1/2].
2) We prove it by contradiction.
If we assume that, for some 6 €
umTD(§) > 26(1 — 6), then
P (8) =70 (D (8)) + f(uF(8),6) =
=AM @D (8) = Hu™(6)+
+ H(u™ () + f(u"(6),0).

[e,1/2], it holds

From the hypothesis and from (23) it can be upper bounded as
follows:

P (s) <7 (26(1 - 6)) —

+ H(26(1 = 06)) +

=7m(26(1 - 6)) +

H(26(1 —6))+
f(26(1=0),0) =
f(26(1=0),0).
This is absurd by the definition of 7("*+1)

We now prove the second part of 2). Let 61 < 62 € [¢,1/2].
We have

’U,(m+1)((52) € [0, 2(52(1 — (52)]

%f(u,é):ln(l—ﬁ) — n(l—%)

is continuous in § € [¢,1/2] and u € [0,26(1 — 6)], Weier-
strass’s theorem guarantees that |8—£| attains its maximum K €
R over a closed bounded domain. By applying Lagrange’s the-
orem in the variable § we have that 3 € (61, 82) such that

.82) = s 80)| = | . €02 - )

Since

af
= —U£‘|52—61|<K|52—61|

and we conclude that f(u,6) is Lipschitz in § € [e,1/2] uni-
formly in u € [0,26(1 — 6)].
It follows that

A (8,) = max

~(m)
0§u§262(1—52){r (u) + f(u,62)}

- OSugrfgs?)({km){T (u)+f(u, 61)}+ K62 =1

:ﬂm’“)(él) + K|52 — (51|
Similarly, we can estimate,

AN (85) > 7 (5)) — K65 — 61
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‘We conclude that

|;:(m+1)(52) — ;\(m+1)(51>| <K|by — 01| Vb1,062 € [¢,1/2].

Notice that the constant K only depends on f and ¢, and not on
m. O

Proof of Lemma 2: We first consider the case m = 1. Let

uf!)(8) = axgmax [H (u)/q + f(u,)].

If we consider the case ¢ = 2, we find the analytical

expression

3—/9—326(1—09)

Q) ey
uy ' (6) = 1

V6 €[0,1/2]

by which u$" (8) < 26(1 — 6) and u$" (8) = 26(1 — §) <>
§=0oré=1/2
We prove now that {ugl) (6)}4en is a decreasing sequence of

functions in q. Supposing ab absurdo that u,gl) (6) < 221(5)

_ H(u(9))

GROE + f(ug?(6).6)+
L H@P0) - Hw0)
qg+1 qg+1 —
H(ug"(5))  H(ug”(6))
- +
q q+1
1 H (1)1 o
100, 9+ i)
_H@E0)  Hugh(9))
q q+1
W H(ugh(5)
+Hh(8).8) + = L=
©)
= 102 5,8 + T )

we get that ul") (8) # argmax [r( (u) + f(u, 8)].
Q

u€lls

So we have u( )( 8) < ugl)(é) <26(1—6), Vg e N.

Notice that ’\(1)(5) is differentiable and u(1) (§) < 26(1 — 6).
Applying, inductively, Lemma 8 for some € € (0, e2) we obtain
that 7(")(6) are all Lipschitz in § € [¢,1/2], Ym. As 7(") ()
is symmetric respect to axis § = 1/2 and 7(™)(§) = 0 V6§ < ¢,
7(™)(§) is Lipschitz in every point in [0, 1], V.

Notice that the Lipschitz’s constant K is the same for every
spectral shape.

APPENDIX E
PROOF OF LEMMA 4

We prove the assertion by induction on m. Consider the case
m = 1 as initial step: we have that

hn hn 2hyn

> Ap(RA) =" Aw(Repk) Pun(Accy)

h=1 h=1w=q
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2hN hN
= ZA (Rep%) ZP“’h Accy)
w=q h=1

: Z () hZNP” )

and from (37c¢) in Appendix A we get

hy

> An(RA)
fw/ﬂ (fuy21) (ruye)
(LW/ qJ) Z ™
S S~ [ /2]y
<Lw/qJ> 2

h=1

[w/2] B\ /2]
X (N) (1 B N)

Zhy hn

< Z |-/LU/2-| 21UN|_w/qJ [w/2] Z hfw/?] 1
w=q
2h N

S [w/2]2v Nw/al=Tw/2 /L” Slw/2-1g,

J0

2h N

<

£1M

IN

IN

w=q
2hy
- Z [w/2]2@ N w/al=Tw/21ZN__

w=q

<2hn

}L w/2]
fw/ 2]
max

warlw/q]—Tw/2] 3 [w/2]
q<w<2hy {2 N hN }

hy [w/21
]Vw/log2 N+|w/q] [ N .
q<w<2hyn N

=2hy max

Letnow 7 > 0 be an arbitrary small number, and ' =
From (30), then we get

Traaya]

hn
J\}gnoo N7 =0

Notice that

hn

o\ F72) by [w/2]
A — n _ . S
()= () ()

[w/2]+1
N—A=n")[w/2]

Il
[N
=
:\
N
=y
N——

then we have

h [w/2]
]Vw/log2 N+|w/q] _N _
q<w<2hy N

2hny max
[$14+1
" max doNmEwtlw/a-0-n)rg] (v _
q<w<2hyN Nn

N—oo

N

Let C' > 0 be a constant. Since hy /N
that for w > ¢ and N large enough

1+[w/2] 1+[q/2]
() e (l) e

0, we have
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Also for ¢ < w < 2hy and N large enough

eI R RO

<1—(1-27) {%1

Hence, for fixed C' > 0 and for N large enough we get that

hn / Lw/al hN [w/2]
< w/log, N+|w/q
hg_l Ap(RA) _ZthSrur}géchN N 2 <—>

< ON7F1-1-20")1a/2]
— o N1-Ta/21+n" (1+2[q/2])
— O N1-Ta/21+n

Assume now that this statement is true for the case m — 1, we
have

> Au(RA™) = EN:

hn
= Zw(RAm_l) pryh(ACCN).

1 h=1

RA™™ 1) P, n(Accy)

-~
Il

A

NS
Sl

z =
”Mz

w

Let now » > 0 be an arbitrary small number and
"= (1 +2[q/2"]).
From inductive hypothesis we have that for fixed C' > 0 and
for large enough N

m—1
2hN 1= 3" [g/21+n'
> A (RA™TN) < CON =

h=1

It follows that

m—1

hy 1= > [q/2'1+n"  2hy B [w/2]
h=1 welq/am—1]
m—1
1= > [q/2' 1+’
<CN = %
«2hy  max  2wN-Tw/2p[w
[g/2m— 1] <w<2hy
1- Z(q/2 147
<CN =

Then the statement is proved also for m.
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