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Abstract

In this paper the capacity achievable by Abelian group codes when employed over sym-
metric channels is determined. For certain important examples, like the AWGN channel
with m-PSK modulation, it follows that this capacity coincides with the corresponding
Shannon capacity of these channels. In other words using Abelian group codes in this case
there is no loss of capacity (as it happens for binary linear codes for binary symmetric
channels). Finally, a three dimensional modulation is presented for which instead, despite
its group symmetry, the use of Abelian group codes leads to a loss in capacity.

Keywords: non-binary modulation, geometrically uniform modulation, m-PSK, group codes,
Shannon capacity, error exponent, channel coding theorem.

1 Introduction

It is a well known fact that binary linear codes suffice to reach capacity on binary input
symmetric channels [19, 36]. Moreover, by averaging over the ensemble of linear codes, we
achieve the same mean error exponent as by averaging over the ensemble of all codes. In this
paper we investigate the same question for group codes employed over non-binary channels
exhibiting certain symmetries. The main example we have in mind is the AWGN channel with
input set a geometrically uniform constellation (m-PSK for instance) [15] and with possibly
hard or soft decoding rule. In [25] it was conjectured that group codes should suffice in this
case to achieve capacity exactly as in the binary case and, up to our knowledge, there has
not been any progress towards this direction. On the other hand, interest in group codes has
not decreased in these years: indeed they give the possibility to use more spectral efficient
modulations while keeping many good qualities of the binary linear codes like the uniform
error property and nice structure for the corresponding minimal encoders and minimal trellis
representations. See [32, 23, 35, 16, 2, 3, 26, 5, 27, 12, 24, 13, 14, 17] and references therein
for an overview of the many research lines on group codes which have been developing during
last years.

Recently, group codes have made their appearance also in the context of turbo concate-
nated schemes [21, 9, 10, 11] and of low density schemes [4, 8, 34]. In the binary case an
important issue, for these type of high performance coding schemes, is the evaluation of
the gap to Shannon capacity and also the rate of convergence to zero of the word and bit
error rate. For regular low density schemes such gaps have been evaluated quite precisely
[18, 28, 29] and it is shown that when the density parameters increase such schemes tend
to attain the performance of generic binary linear codes which, as already said, are known

∗Dipartimento di Matematica, Politecnico di Torino, Corso Duca degli Abruzzi 24, 10126 TORINO, Italy

giacomo.como@polito.it and fabio.fagnani@polito.it

1



to achieve Shannon capacity and the correct mean error exponent. In [4] the authors try to
extend such an analysis to codes over the cyclic group Zq. We believe however that, without
first a complete understanding of our original question, namely if group codes do themselves
allow to reach capacity and the correct exponent, this type of analysis is inherently incom-
plete, since it can not be proved whether the gap to capacity is due to the fact that we are
using a low density scheme or rather simply a group code. In a subsequent paper, we will
propose a fundamental analysis of low density group codes, which will be based on the general
results for group codes we will present in this paper.

Our work focuses on the case when groups are Abelian and consists of two parts. In the
first part we introduce the concept of G-symmetric channel where G is an Abelian group
and we determine (in a computational effective way) the capacity achievable using group
codes over this channel: this capacity is called the G-capacity. The result is contained in
Theorem 5 which is a sort of inverse Shannon theorem and in Theorem 12 which exhibits an
average result working in the ensemble of group encoders. Also the mean error exponent is
determined.

In the second part we prove that for an important class of examples including the AWGN
channel with m-PSK modulation (and m the power of a prime), the Zm-symmetric capacity
and the classical Shannon capacity do coincide so that Abelian group codes allow to achieve
capacity in this case. Finally, we present a three dimensional AWGN example where instead
the two capacities differ from each other. It remains an open problem if using possibly
non-Abelian generating groups we can always achieve the Shannon capacity.

In Section 2 we briefly resume Shannon theory of memoryless channels and basic concepts
concerning geometrically uniform constellations and we formally state the main question if
group codes can achieve capacity of a symmetric channel.

In Section 3 we prove an inverse coding theorem for Abelian group codes, defining the
G-capacity of a symmetric channel and showing that no reliable transmission is possible with
G-codes at rates beyond this threshold value. The theorem is proved first for cyclic group
codes, and the result is then extended to arbitrary Abelian groups.

Section 4 contains the main result consisting in a channel coding theorem for Abelian
group codes over symmetric channels, stating that reliable transmission is possible at any
rate below the G-capacity. As usual in information theory, the result is obtained by using a
probabilistic method: we introduce an ensemble of random group encoders and prove that
its average word error probability goes to 0 as the blocklength is increased. More precisely
we show that the average error probability goes to 0 exponentially fast in the blocklength
and that the exponential rate of convergence is at least equal to a certain function EG(R)
which we call the G-random coding exponent. Although we have no complete tightness result
for EG(R) we show that even when there is no loss of capacity there is a loss in the error
exponent at low rates. We also state a similar result holding for a different ensemble of group
codes using the kernel representation instead of the encoder image one.

Section 5 is devoted to the proof that for the AWGN channel with m-PSK constellation
as input (and m the power of a prime) Zm-capacity and Shannon one do coincide, implying
thus that Zm–codes employed over this channel achieve capacity.

Finally, in Section 6 we provide an explicit counterexample consisting in a three-dimensional
geometrically uniform constellation admitting Zm as generating group: the AWGN channel
with input restricted over this constellation the Zm-capacity is strictly less than Shannon ca-
pacity, implying thus that there is an algebraic obstruction to the use of Zm-codes in this case.
It seems to be possible, but remains a completely open question, whether using non-Abelian
group codes it allows to achieve capacity on this channel.

Some of the material of this paper has been presented at the ISIT 2005 [6].
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2 Shannon theory for memoryless symmetric channels

In this section we introduce all relevant notation and definition and we formally state the
problem.

2.1 Notation

Throughout the paper Z = {. . . ,−1, 0, 1, . . .} will denote the ring of integers, Z
+ = {0, 1, . . .}

the set of nonnegative integers, N = {1, 2, . . .} the set of natural numbers. For two naturals
n and m, gcd(n, m) ∈ N will denote the greater common divisor of n and m. For any m in
N, we shall denote by Zm the ring of integers modulo m, i.e. Zm = Z/(mZ), while, for any
prime p and natural r, we shall denote by Fpr the Galois field with pr elements, which as
a group is isomorphic to Z

r
p. For two groups G and H we will write G ≃ H to mean they

are isomorphic, while for a subset A of G A ≤ G will mean that A is a subgroup of G. As
usual R will be the real field, R

+ = {x ∈ R : x ≥ 0} and R+ = {x ∈ R : x > 0} the sets
respectively of nonnegative and of positive reals. C will be the complex field which as a group
is isomorphic to the linear space R

2 through the bijection (x, y) 7→ z = x + iy where i is a
root of x2 +1 = 0. The functions exp : R → R+ and log : R+ → R have to be considered with
respect to the same, arbitrary chosen, base a ∈ R+, unless explicit mention to the contrary.

2.2 Shannon theory for memoryless channels

We first review some notation and recall some results from Shannon classical theory of mem-
oryless channels.

Let Ω = (A,A, µ) be a σ-finite measure space (see [30]). As usual L1(Ω) will denote the
space of (equivalence classes of) absolutely integrable functions f : A → R, and P(Ω) ⊆ L1(Ω)
the subset of probability densities, namely functions f ∈ L1(Ω) such that f(x) ≥ 0 for every
x ∈ R and such that

∫

A f(x) dµ(x) = 1.
In the applications we have in mind there will basically be two possible situations. One

case is when A is finite, A consists of all the subsets of A and µ is the counting measure on
A. In this case L1(Ω) = R

A, the space of all the possible functions from A to R and

∫

A

f(x) dµ(x) =
∑

x∈A

f(x) .

P(Ω) thus consists of the usual probability distributions over the finite set A, namely functions
f : A → R

+ such that
∑

x∈A f(x) = 1. With slight abuse of notation we will also write in
this case, P(A) for P(Ω).

The other case we will consider is when A = R
n, A is the Borel σ-algebra and µ is the

Lebesgue measure. In this case P(Ω) consists of the usual probability densities on R
n. The

readers preferring concrete formalism may think of these two examples. We prefer to keep
the abstract formalism in our derivations: in this way we will be able to cover discrete and
continuous examples at once in a rigorous way.

Given f ∈ P(Ω) we define the entropy of f as

H(f) = −

∫

A

f(x) log f(x) dµ(x) .

Notice that the definition of entropy is thus dependent on the specific chosen measure space
and in particular it is carried on with respect to the specific measure µ. In the finite case
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it is the usual discrete entropy taking values in [0, log |A|], while in the continuous case it
coincides with the so called differential entropy taking values in [−∞, +∞].

A memoryless channel (MC) consists of

• a finite input set X ,

• an output set consisting of a σ-finite measure space Y = (Y,B, µ),

• a family of transition probability densities W (·|x) ∈ P(Y) indexed by the elements
x ∈ X .

Such a channel will be denoted (X ,Y, W ). We will say that two MCs (X ,Y, W ) and
(X ′,Y ′, W ′) are equivalent if there exist a bijection ϕ : X → X ′ and a measurable map
θ : Y → Y ′ admitting measurable inverse, such that L ∈ R+ exists such that µ′(θ(A)) =
Lµ(A) for all A ∈ B and

W ′(θ(y)|ϕ(x)) =
1

L
W (y|x) .

From a MC as above we can define the N -th extension having input set XN and output
set YN = (Y N ,BN , µN ) where BN is the product σ-algebra and µN is the product measure.
The corresponding transition probability densities are given by WN (y|x) =

∏N
j=1 W (yj |xj)

and this motivates the name memoryless, the various transmissions being probabilistically
independent once the input signals have been fixed.

A block encoder for the MC (X ,Y, W ) consists of a finite set U and of a map φ : U → XN .
N is said to be the encoder length and R = log |U|/N its rate. A decoder is any measurable
mapping D : YN → U . A coding scheme consists of a pair of an encoder and a decoder. Once
a coding scheme has been fixed we can speak of word error probability as follows. Assume
U is a r.v. uniformly distributed on U and let X = φ ◦ U. Let moreover Y be the r.v. on
YN whose probabilistic description is given by the conditional density WN (y|x) and whose
marginal density is thus given by

fY(y) =
1

|U|

∑

u∈U

WN (y|φ(u))

(in doing this we are automatically enforcing independence between U and the channel).
Finally, put Û = D ◦ Y. The error event is defined as e = {Û 6= U} and the probability of
error as the probability of such event

P (e) = P (Û 6= U) .

It is useful also to consider the probability of error conditioned to the transmission of the
information word u, which we denote by P (e|u). Clearly,

P (e) :=
1

|U|

∑

u∈U

P (e|u) .

For a finite set A and f : A → R we will denote by argmaxa∈A f(a) a random variable tak-
ing values in A with uniform distribution over the subset Af = {a′ ∈ A : maxa∈A f(a) = f(a′)},
i.e. in the case of non uniqueness, we pick one of the maxima at random with uniform prob-
ability. It is well known that, given an encoder, the decoding scheme minimizing the error
probability is the so called maximum likelihood (ML) decoding

DML(y) = argmax
u∈U

P (U = u|Y = y) = argmax
u∈U

WN (y|u) .
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Actually the ML-decoder defined above is not a deterministic measurable map from YN to
XN . Nevertheless it is possible to generalize the definition of decoding scheme considering
measurable functions D from YN to the set P(XN ) of probability measures over XN : DML

can be shown to minimize the error probability over this larger set of decoders.
From now on we will always assume that ML decoding is used. We will also use the nota-

tion P (e|φ) and P (e|φ, u) whenever we want to emphasize the dependence on the particular
chosen encoder φ.

We recall a few simple consequences of ML decoding that will be used in the paper. We
assume we have fixed an MC (X ,Y, W ), an encoder φ : U → XN and an element u ∈ U .

(1) Let Ψ : U ′ → U be a bijection; then,

P (e|φ, u) = P (e|φ ◦ Ψ, Ψ−1(u)) (1)

(2) Consider a partition U \ {u} = U1 ∪ . . . ∪ Ur and define φi = φ|Ui∪{u}. Then

max
1≤i≤r

P (e|φi, u) ≤ P (e|φ, u) ≤
r

∑

i=1

P (e|φi, u) (2)

(3) If |φ−1(φ(u))| > 1, then

P (e|φ, u) ≥
1

2
. (3)

(4) Let (X ′,Y ′, W ′) an MC which is equivalent to (X ,Y, W ) through the measurable bi-
jections ϕ : X → X ′ and θ : Y → Y ′. Let ϕN : XN → (X ′)N be the componentwise
extension of ϕ and define the encoder φ′ : U → X ′ as φ′(u) = ϕN ◦ φ. The error
probability P ′(e) of φ′ over the channel (X ′,Y ′, W ′) satisfies

P ′(e|φ′, u) = P (e|φ, u) . (4)

It follows from (1) that, if φ is injective, P (e|φ) only depends on the encoder φ through
its image, the code φ(U). In this paper we will prefer working with encoders instead of codes
since they admit simpler parameterizations which are suitable for probabilistic averaging
arguments. For the same reason we will be forced to consider also non-injective encoders.

A further step in Shannon construction consists in considering, for given R ∈ [0, log |X |]
and N ∈ N, a r.v. Φ uniformly distributed over all possible maps from U to XN , where

|U| = ⌈exp(RN)⌉. P (e)
R

will denote the average error probability with respect to such
probability distribution over the set of all possible encoders having rate equal to R.

In order to state the classical Shannon result we are only left with defining capacity and
error exponents. The capacity of the MC (X ,Y, W ) is defined as

C := max
p∈P(X )







∑

x∈X

p(x)





∫

Y

W (y|x) log

(

W (y|x)
∑

z∈X

p(z)W (y|z)

)

dµ(y)











. (5)

Its random coding exponent is instead defined as follows. We put, for any ρ ∈ [0, 1] and
p ∈ P(X ),

E0(ρ, p) := − log





∫

Y

(

∑

x∈X

p(x)W (y|x)
1

1+ρ

)1+ρ

dµ(y)



 (6)
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and we define

E(R) := max
0≤ρ≤1

max
p∈P(X )

(E0(ρ, p) − ρR) , R ∈ [0, log |X |] . (7)

A well known fact (see [19], [36]) is that

E(R) > 0 ⇔ R < C . (8)

Moreover E(R) is continuous, monotonically decreasing and convex in the interval [0, C),
while the dependence of both C and E(R) from the transition probabilities of the channel is
continuous (with respect to the L1(Y) norm). Also notice that, if (X ,Y, W ) and (X ′,Y ′, W ′)
are equivalent MCs, then their capacities and error exponents do coincide.

We can now state Shannon classical result:

Theorem 1 Assume we have fixed a MC (X ,Y, W ) having capacity C and random coding
exponent E(R). It holds

(a)

P (e)
R
≤ exp(−NE(R)) .

In particular this implies that the average error probability tends to 0 exponentially fast
for N → +∞, provided that the rate of the encoders is kept below C.

(b) For every R > C there exists a constant AR > 0 independent of N such that for any
coding scheme having rate not smaller than R, we have that P (e) ≥ AR.

Given an MC (X ,Y, W ), we can consider subchannels obtained by simply restricting the
inputs to a subset X0 ⊆ X : they will be denoted by (X0,Y, W ). In the sequel we will assume
that every MC (X ,Y, W ) considered satisfies the following non-degenerate assumption: for
any X0 ⊆ X with |X0| ≥ 2, the subchannel (X0,Y, W ) has strictly positive capacity.

2.3 GU constellations and symmetric channels

In this paper we will focus on channels with symmetries. We start by stating a few concepts
about group actions. Given a finite group G, with identity 1G, and a set A we say that G
acts on A if, for every g ∈ G, it is defined a bijection of A denoted by a 7→ ga, such that

h(ga) = (hg)a ∀h, g ∈ G , ∀a ∈ A .

In particular we have that the identity map corresponds to 1G and the maps corresponding
to an element g and its inverse g−1 are the inverse of each other. The action is said to be
transitive if for every a, b ∈ A there exists g ∈ G such that ga = b. Finally, the action is
said to be simply transitive if the element g above is always unique in G. If G acts simply
transitively on a set A, it is necessarily in bijection with A, a possible bijection being given
by g 7→ ga0 for any fixed a0 ∈ A.

Given a σ-finite measure space Y = (Y,B, µ) we say that the group G acts isometrically
on Y if it is defined an action of G on Y consisting of measurable bijections such that

µ(gA) = µ(A) ∀A ∈ B , ∀g ∈ G . (9)

Notice that in the case when Y is a finite set, (9) is trivially always verified so that in this
case all actions are isometric. Instead in the case when Y = R

n, (9) is a real restriction and is
verified if the maps y 7→ gy are isometries of R

n, i.e. maps preserving the Euclidean distance.
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Definition 2 Let G be a group. A MC (X ,Y, W ) is said to be G–symmetric if

(a) G acts simply transitively on X ,

(b) G acts isometrically on Y,

(c) W (y|x) = W (gy|gx) for every g ∈ G, x ∈ X , y ∈ Y.

An important property of G–symmetric channels is that, for both their Shannon capacity
C and their random coding exponent E(R), the maximizing probability distribution p ∈
P(X ) in the variational definitions (5) and(7) respectively can be chosen to be the uniform
distribution over the input set X .

Given the n–dimensional Euclidean space R
n, an n–dimensional constellation in this

context is a finite subset S ⊂ R
n spanning R

n; i.e. every x ∈ R
n can be written as x =

∑

s∈S αss with αs ∈ R. Given an n-dimensional constellation S and any isometry τ : R
n →

R
n, τ(S) also is an n-dimensional constellation. For this reason we can restrict ourselves

to the study of constellations S ⊂ R
n with barycenter 0, i.e. such that

∑

s∈S s = 0: they
are the ones minimizing the average per symbol energy over the class of those constellations
obtained one from the other by applying isometries.

We denote by Γ(S) its symmetry group, namely the set of all isometric permutations of
S with the group structure endowed by the composition operation. Clearly Γ(S) acts on S.
S is said to be geometrically uniform (GU) if this action is transitive; a subgroup G ≤ Γ(S)
is a generating group for S if for every s, r ∈ S a unique g ∈ G exists such that gs = r,
namely if G acts simply transitively on S. It is well known that not every GU constellation
admits a generating group (see [33] for a counterexample). However in what follows we will
always assume that the constellations we are dealing with, do admit generating groups, and,
actually, Abelian ones.

Let S be an n–dimensional GU constellation equipped with a generating group G. Define
the S–AWGN channel as the n–dimensional unquantized AWGN channel with input set S,
output R

n with the usual Lebesgue measure structure, and transition densities given by

W (y|x) = N(y − x) ,

where N(x) is the density of an n-dimensional diagonal Gaussian r.v.:

N(x) =
1

(2πσ2)n/2
e−

||x||2

2σ2 .

Now let S′ be another GU constellation such that S ⊆ S′ and G ≤ Γ(S′). Let us introduce
the quantization map over the Voronoi regions of S′

Q : R
n → S′ Q(x) = argmin

s∈S′
||x − s|| ,

as previously resolving non uniqueness cases by assigning to Q(x) a value picked at random
with uniform probability over the set of minima. We define the (S, S′)–AWGN channel as the
MC obtained by applying Q to the output of the S–AWGN channel. Note that the special
case S = S′ coincides with the so called hard decoding rule.

Proposition 3 The S–AWGN channel and the (S, S′)–AWGN channel are both G–symmetric.
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Notice that the above construction of G-symmetric channels with a GU constellation as
input can be extended to a much wider class of channels than the AWGN case. Indeed, let
S an n-dimensional GU constellation admitting generating group G. Let f ∈ P(Rn) be any
probability density over R

n depending only on the Euclidean norm of the argument, i.e. such
that there exists f̃ : R

+ → R
+ such that f(x) = f̃(||x||). An S additive isotropic noise (S-

AIN) channel is a memoryless channel (S, Rn, W ) such that a function f ∈ P(Rn) as above
exists with W (y|x) = f(y − x) for all y ∈ R

n, x ∈ S.

Example 1 The unquantized isotropic Laplacian channel with input constrained on S is a
Km–AIN channel. Here Y = R

n with the Lebesgue measure µ, while transition laws are given
by

W (y|x) =
λnΓ(n/2)

2πn/2Γ(n)
e−λ||x−y|| ,

where λ > 0 is a fixed parameter and

Γ(t) :=

∫ +∞

0
xt+1e−xdx

is the well known Euler’s Γ function. ¤

Now let S′ be another GU constellation such that S ⊆ S′ and G ≤ Γ(S′). We define an
(S, S′)–AIN channel as the MC obtained by applying a quantization over Voronoi regions of
S′ to the output of an S–AIN channel. It is easy to see that the following generalization of
Proposition 3 holds true.

Proposition 4 Any S–AIN channel and any (S, S′)–AIN channel are both G-symmetric.

A well known fact (see [32]) is that every GU constellation S lies on a sphere, clearly
centered in the origin 0 since we restricted ourselves to the study of constellations with
barycenter 0. If we denote by L the ray of such a sphere, its square L2 will be equal to
the per symbol energy of our transmission. Moreover, for every a ∈ R+ the homothety

θa : R
n → R

n, x
θa7→ ax is such that θa(S) is a GU constellation with the same isometry group

and the same generating groups of S. Consider an S–AWGN channel (S, Rn, W ′) with energy
per symbol L2 and noise variance σ2. Then the θ1/L(S)–AWGN channel (θ1/L(S), Rn, W ′)

with standard deviation σ′ = 1
Lσ is equivalent to the first one since µ(θ1/L(A)) = 1

LN µ(A)
and

W ′(θ1/L(y)|θ1/L(x)) =
1

√

(2π(σ′)2)n
e−

∣

∣

∣

∣

∣

∣

∣

∣

1
L y− 1

L
x

∣

∣

∣

∣

∣

∣

∣

∣

2

σ′2 = LN 1
√

(2πσ2)n
e
−

||y−x||2

(σ)2 = LNW (y|x).

This shows that S–AWGN channels with the same signal to noise ratio L2/(2σ2) are equiva-
lent. The signal to noise ratio and the dimension n of the constellation, which is a measure of
the bandwidth required for each transmission, are the two engineering parameters of interest
for S–AWGN channels.

In the following we present some examples of GU constellations admitting Abelian gen-
erating group. We present only the cases with unitary energy per symbol, as the other cases
can be obtained by homotheties.

Example 2 The simplest, one-dimensional, GU constellation is the 2–PAM, defined by

K2 := {1,−1} .
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Figure 1: K8–constellation with the two labelings Z8 and D4
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Figure 2: Z8–labelled Kβ
8 and Z6–labelled Kβ

3×2

It is trivial to see that Γ(K2) ≃ Z2 is a generating group for K2. It is also possible to show
that K2 is the only one-dimensional GU constellation. ¤

Example 3 For any integer m ≥ 2, define ξm := ei 2π
m . Define the m–PSK constellation as

Km :=
{

ξk
m, k = 0, . . . , m − 1

}

⊂ C ≃ R
2 .

Clearly S is two-dimensional for m ≥ 3. It can be shown that Γ(Km) ≃ Dm, where Dm is
the dihedral group with 2m elements. Km admits Zm, i.e. the Abelian group of integers
modulo m, as generating group. When m is even there is another generating group (see [15],
[25]): the dihedral group Dm/2, which is noncommutative for m ≥ 6. Now, let m′=am be
an arbitrary multiple of m and define the quantization map over Voronoi regions of the m′–
PSK constellation. The m–PSK–AWGN channel and the (m–PSK,m′–PSK)–AWGN channel
are both Zm–symmetric and (for even m) Dm/2–symmetric. Constellation K8 with the two
possible labelings Z8 and D4 is reported in Fig.1 ¤

Next example shows how higher dimensional GU constellations can be obtained as Carte-
sian product of lower dimensional ones.

Example 4 For any integer m > 2 consider the family of 3D GU constellations parametrized
by β ∈ (0, +∞)

Kβ
m×2 :=

{(

√

1

1 + β2
ξk
m,

√

β2

1 + β2
(−1)l

)

, k = 0, 1, 2, l = 0, 1

}

⊂ C × R ≃ R
3 .

Fig.2 shows the special case m = 3. It’s easy to show that Zm ×Z2 is a generating group for
Kβ

m×2; notice that, for odd m, Zm ×Z2 ≃ Z2m. Thus, for odd m, unquantized and quantized
AWGN channels with input m–PSK×2–PAM are Z2m–symmetric. ¤
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Finally we provide an example of an ’effectively’ three–dimensional constellation.

Example 5 For even m > 2 we introduce the family of 3–dimensional GU constellations,
parametrized by β ∈ (0, +∞)

Kβ
m =

{(

√

1

1 + β2
ξk
m,

√

β2

1 + β2
(−1)k

)

, k = 1, . . . , m

}

⊂ C × R ≃ R
3 .

An example with m = 8 is shown in Fig.2. It can be shown that, similarly to the constellations
Km, the the constellations Kβ

m have two different generating groups, Zm and Dm/2; so, in
the standard way, we obtain channels that are both Zm–symmetric and Dm/2–symmetric. ¤

Since the input of a G–symmetric channel can be identified with the group G itself, block
encoders for such channels are (eventually non injective) maps φ : U → GN , where N is
the block length and U a finite set. We will focus our attention on the class of G–encoders:
namely we assume that U is a group with identity 1U and φ a group homomorphism.

One reason for considering G–encoders is that for them the uniform error property (UEP)
under ML decoding holds true, when they are employed on a G-symmetric channel. This
means that the word error probability using the encoder φ conditioned to the transmission
of the information word u, P (e|φ, u), does not depend on u. In particular we have that
P (e|φ, u) = P (e|φ, 1U ). This also implies that

P (e|φ) = P (e|φ, 1U ) .

Restricting the class of encoders for a G–symmetric channel to that of G–encoders gives
raise to the following fundamental question: which is the capacity achievable by G–encoders
over a G–symmetric channel? In this paper we will give an answer for the special case when
G is Abelian.

3 The converse to the channel coding theorem for Abelian

G–encoders on G–symmetric channels

In this section we define a new concept of capacity for G–symmetric channels when G is an
arbitrary Abelian group and then we exhibit a sort of inverse Shannon theorem: we prove
that the probability of error for any G-encoder having rate above such capacity is bounded
away from 0, independently of its blocklength.

Whenever dealing with Abelian groups, we will use the additive notation to denote group
operation, while 0 will always denote the identity element. We will use the symbol ⊕ to denote
both external direct sum of groups, as well internal sum of subgroups when their intersection
reduce to {0}. We will use the symbol + and

∑

instead to denote general summation of
subgroups. Some facts about the theory of Abelian groups will be recalled when needed,
while we refer to [22] for further details.

3.1 The cyclic case

We start our analysis with the special case when G = Zpr for some prime p and positive
integer r. Note that Zpr also has ring structure with the product induced by that of Z.

Suppose you want to communicate over a Zpr -symmetric MC (X ,Y, W ), using Zpr -encoders.
Our aim is to find out the range of rates at which reliable communication is possible under
these conditions.

10



From now on we will identify X with Zpr . For l = 1, . . . , r, consider the channel obtained
by restricting the input set from Zpr to its subgroup pr−l

Zpr : call it the l–th subchannel and
denote its capacity by Cl. The l–subchannel is easily seen to be pr−l

Zpr–symmetric, so that
Cl can be obtained, in the variational definition (5), with uniform distribution over the input
set pr−l

Zpr . As we will see soon, subchannels will play a fundamental role in our analysis.
Let U be a finite Abelian group and φ : U → Z

N
pr a homomorphic encoder. It is not restrictive

to assume that
U = Z

k1
p ⊕ Z

k2

p2 ⊕ . . . ⊕ Z
kr
pr . (10)

for suitable positive integers k1, . . . , kr. Indeed, in next subsection it will be shown that if U
has not such a structure, than φ is surely noninjective so that P (e|φ) ≥ 1

2 by property (3) of

ML decoding. As a consequence of (10), there exist homomorphisms φj : Z
kj

pj → Z
N
pr such that,

if we consider u = (u1, . . . ,ur) with uj ∈ Z
kj

pj for every j, we have that φ(u) =
∑r

j=1 φj(uj).
φ’s rate is given by

R :=
log |U|

N
=

1

N

r
∑

j=1

jkj log p .

For every l = 1, . . . , r, consider

U(l) = Z
k1
p ⊕ · · · ⊕ Z

kl

pl ⊕ pZ
kl+1

p(l+1) ⊕ · · · ⊕ p(r−l)
Z

kr
pr .

Note that
φ(U(l)) ≤ pr−l

Z
N
pr .

Define φl as the restriction of φ to U(l) and denote by R(l) its rate.
The converse to the channel coding theorem (item (b) of Theorem 1) states that necessary

condition for P (e|φl) to be made arbitrarily small is that

R(l) ≤ Cl . (11)

Notice that,

R(l) =
log |U(l)|

N

= log p
N

(

l
∑

j=1
jkj + l

r
∑

j=l+1

kj

)

≥ log p
N

(

l
r

l
∑

j=1
jkj + l

r
∑

j=l+1

j
rkj

)

= log p
N

l
r

(

l
∑

j=1
kj

)

= l
rR ,

(12)

with equality if and only if kj = 0 for j =1,. . ., r−1, i.e. if and only if U = Z
K
pr with K = RN

r log p .
By the property (2) of ML decoding,

P (e|φl) ≤ P (e|φ) , l = 1, . . . , r . (13)

From (11), (12) and (13) it follows that necessary condition for P (e|φ) to be made arbitrarily
small is that

R ≤ min
l=1,...,r

r

l
Cl , (14)

and that the only way to eventually achieve this bound is by using encoders whose domain
is a free Zpr module, i.e. φ : Z

K
pr → Z

N
pr .

11



In the rest of this chapter we will generalize these considerations to generic Abelian groups
G. In Section 4 we will then prove the converse result which, for the particular cyclic case, will
amount to say that at any rate below min

l=1,...,r

r
l Cl we can reliably transmit using Zpr -encoders.

3.2 Arbitrary Abelian group

In order to generalize our considerations to arbitrary Abelian groups, we need to set down
some more notation and recall some basic facts about finite Abelian groups.

Let M be a finite Abelian group. Given µ ∈ N define the following subgroups of M :

µM = {µx | x ∈ M} , M(µ) = {x ∈ M | µx = 0} .

It is immediate to verify that µM = {0} if and only if M(µ) = M . Let then

µM = min{µ ∈ N | M(µ) = M} = min{µ ∈ N | µM = {0}} .

Notice that µM is well defined and µM ≤ |M |, since, as it is easy to see, M(|M |) = M or
equivalently |M |M = {0}.

Decompose µM = pr1
1 · · · prs

s where p1 < p2 < · · · < ps are distinct primes and r1, . . . , rs

are non-negative integers, existence and uniqueness of such a decomposition being guaranteed
by the fundamental theorem of algebra. It is a standard fact that M admits the direct sum
decomposition

M = M(p
r1
1 ) ⊕ · · · ⊕ M(prs

s ) . (15)

Each M(p
ri
i ) is a Zp

ri
i

-module and, up to isomorphisms, can be further decomposed, in a

unique way, as a direct sum of cyclic groups

M(p
ri
i ) = Z

ki,1
pi ⊕ Z

ki,2

p2
i

⊕ · · · ⊕ Z
ki,ri

p
ri
i

. (16)

The sequence σM = (p1, . . . , ps) will be called the spectrum of M , the sequence rM =
(rM

1 , . . . , rM
s ) the multiplicity and, finally, the double indexed sequence

kM =
(

ki,j |i = 1, . . . , s ; j = 1, . . . , rM
i

)

,

will be called the type of M . It will be convenient often to use the following extension:
ki,j = 0 for j > rM

i . Given a sequence of primes σ = (p1, . . . , ps), we will say that M is
σ-adapted if σM is a subsequence of σ. Notice that, once the sequence of primes σ has been
fixed, all σ-adapted Abelian groups are completely determined by their type (which includes
the multiplicities rM

i with the agreement that some of them could be equal to 0). We will
denote by Mk the finite Abelian group having type k.

Notice that if M is a finite Abelian group with type k and N ∈ N, the Abelian group
MN has the same spectrum and multiplicity of M and type Nk.

If M and L are finite Abelian groups and φ ∈ Hom(M, L), then φ(M(µ)) ⊆ L(µ) and

φ(µM) ⊆ µL for every µ ∈ N. It follows that φ is surely non-injective if M is not σL-adapted
or if any of the multiplicities in M is strictly larger than the corresponding in L.

Suppose now we have fixed, once for all, a finite Abelian group G having spectrum σG =
(p1, . . . , ps), multiplicity rG = (rG

1 , . . . , rG
s ) and type kG. We will consider G-encoders φ ∈

Hom(U , GN ) with domain consisting of a finite Abelian group U which is σG-adapted and is
such that, rU ≤ rG (in the sense that rUi ≤ rG

i for each i). In fact if U does not fulfil these
requirements then φ is surely noninjective for our previous considerations, and thus its ML

12



woed error probability is bounded from below by the constant 1/2. The group U admits a
decomposition as illustrated above in (15) and (16). Let us fix now a matrix

l =
(

li,j ∈ Z
+ | i = 1, . . . , s , j = 1, . . . , rG

i

)

such that li,j ≤ j for every i and j. We will say that l is an rG-compatible matrix. Define

U(l) =

s
⊕

i=1

U
(p

rG
i

i )
(li) . (17)

U
(p

rG
i

i )
(li) =

rG
i

⊕

j=1

p
j−li,j
i Z

ki,j

pj
i

. (18)

An immediate consequence of previous considerations is that

φ(U(l)) ⊆





s
⊕

i=1

rG
i

∑

j=1

p
j−li,j
i G

(pj
i )





N

.

These inclusions automatically give information theoretic constraints to the possibility of
reliable transmission using this type of encoders. Denote by Rl the rate of φ|U(l) and by Cl

the capacity of the subchannel having as input alphabet the subgroup Gl of G defined by:

Gl =
s

⊕

i=1

rG
i

∑

j=1

p
j−li,j
i G

(pj
i )

.

Then,
Rl ≤ Cl for every rG − compatible l (19)

is a necessary condition for reliable transmission. This does not give explicit constrints yet
to the rates R at which reliable transmission is possible using G-encoders. For this we need
some extra work using the structure of the Abelian groups U(l). Notice that

Rl =
1

N

s
∑

i=1

rG
i

∑

j=1

li,jki,j log pi .

It is useful introduce the following probability distribution on the pairs (i, j):

αi,j =
jki,j log pi

log |U|
.

From the above definition, and recalling that log |U| = RN , we can represent

ki,j =
RNαi,j

j log pi
.

Hence,

Rl = R

s
∑

i=1

rG
i

∑

j=1

li,j
j

αi,j .

13



Consequently, (19) can be equivalently expressed as

R ≤ min
l6=0

rG−comp.

Cl

s
∑

i=1

rG
i

∑

j=1

li,j
j αi,j

, (20)

where l 6= 0 means that li,j 6= 0 for some i, j.
Denote now by P(rG) the set of probability distributions αi,j on the set of pairs (i, j)

such that i = 1, . . . , s and j = 1, . . . , rG
i . We define the G-capacity of a G-symmetric channel

as

CG = max
α∈P(rG)

min
l6=0

rG−comp.

Cl

s
∑

i=1

rG
i

∑

j=1

li,j
j αi,j

. (21)

Since P(rG) is compact and

f : α 7→ min
l6=0

rG−comp.

Cl

s
∑

i=1

rG
i

∑

j=1

li,j
j αi,j

is a continuous map from P(rG) to R
+, definition (21) is well posed in the sense that f

has a maximum point in P(rG). Such a maximum point could be not unique in principle:
nevertheless we will call G-optimal splitting and denote by αG any element of P(rG) such
that

min
l6=0

rG−comp.

Cl

s
∑

i=1

rG
i

∑

j=1

li,j
j αG

i,j

= CG . (22)

It clearly follows from our previous considerations that CG is a un upper bound to reliable
transmission using G-encoders. Precisely, we have the following result which is an immediate
consequence of the inverse Shannon coding theorem (item (b) of Theorem 1).

Theorem 5 Consider a G-symmetric channel and let CG be its G-capacity. Then, for every
R > CG there exists AR > 0 depending on R but not on N , such that, for every G-encoder
φ of rate R and length N , with any decoding rule, the corresponding word error probability
satisfies

P (e|φ) ≥ AR .

In the next three examples we present some explicit computations of CG for groups G
with particular algebraic structure. First we examine the field case, showing as in this case
G-capacity CG do coincide with Shannon capacity C, as follows from classical linear coding
theory.

Example 6 Suppose the group G admits Galois field structure. In this case we necessarily
have G ≃ Z

k
p for some prime p and positive integer k. Thus

σG = (p) , rG = (1) .

Consequently, the only rG-compatible l is given by l = 1 and therefore we have that in this
case CG = C.

However, GU constellations admitting a generating group which is isomorphic to a Galois
field are affected by a constraint on their bandwidth efficiency. In fact, if S is an n–dimensional

14



GU constellation admitting Z
k
p as generating group, then standard arguments using group

representation theory allow to conclude that

n ≥

{

k, if p = 2 ;
2k, if p ≥ 2 .

(23)

¤

In next example we would like to show that in the special case when G = Zpr condition
(20) coincides with condition (14) obtained in the previous subsection.

Example 7 Let G = Zpr . We want to show that

CG = min
l=1,...,r

r

l
Cl .

Notice first that in this case σG = (p) and rG = r. A vector l = (l1, . . . , lr) is rG-compatible
if and only if lj ≤ j for every j = 1, . . . , r. Notice now that

Gl =

r
∑

j=1

pj−ljG(pj) =

r
∑

j=1

pj−ljpr−j
Zpr =

r
∑

j=1

pr−lj Zpr = pr−l∗
Zpr ,

where
l∗ =

r
max
j=1

lj .

Hence, Cl = Cl∗ .
Notice now that P(rG) simply consists of the probability distributions α = (α1, . . . , αr).

Suppose we have fixed α ∈ P(rG). We have that

min
l6=0

rG−comp.

Cl

r
∑

j=1

lj
j αj

=
r

min
ρ=1

Cρ
1

max
l6=0 rG−comp.

l∗=ρ

r
∑

j=1

lj
j αj

.

Now,

max
l6=0 rG−comp.

l∗=ρ

r
∑

j=1

lj
j

αj ≥
ρ

r

and equality holds true if and only if αr = 1 and αj = 0 for every j 6= r.
Hence, in this case we have rediscovered what we had already found out in the previous

subsection, i.e.

CZpr =
r

min
ρ=1

r

ρ
Cρ , αZpr = (0, . . . , 0, 1) .

¤

Example 8 Now consider the Kβ
2×3 constellation introduced in Example 4. Consider a

Kβ
2×3–AWGN channel. It is easy to show that the independence of othogonal components

of the Gaussian noise imply that the capacity C6(β) of such a channel is equal to the sum
of the capacities of its two subchannels, C2(β) and C3(β). This fact allows us to explicitly
write down the optimal splitting, i.e. the α ∈ P(rG) solution of the variational problem (21)
defining CZ6 , as a function of the parameter β.
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Figure 3: The optimal splitting for Kβ
2×3 as a function of β

Since Z6 ≃ Z2 ×Z3, we have that s = 2, p1 = 2, p2 = 3, and rG =
(

rG
1 , rG

2

)

= (1, 1). (21)
reduces to

CZ6(β) = max
α∈P({2,3})

min

{

C2(β)

α2
,
C3(β)

α3
, C6(β)

}

.

We claim that, for every β ∈ (0, +∞), CZ6(β) = C6(β) and the optimal splitting is given by

α
Z6(β) =

(

αZ6
2 (β), αZ6

3 (β)
)

= 1
C6(β)(C2(β), C3(β)) .

Indeed we have that

C6(β) ≥ CZ6(β)

= max
α∈P({2,3})

min
{

C6(β), C2(β)
α2

, C3(β)
α3

}

≥ min
{

C6(β), C2(β)

αG
2 (β)

, C3(β)

αG
3 (β)

}

= C6(β) .

In Figure 3 αZ6
2 (β) is plotted: notice how the optimal splitting follows the geometry of

the constellation as α2(β) is monotonically increasing in β with lim
β→0

αZ6(β) = (0, 1) ( as β

goes to 0 K2×3(β) collapses onto constellation K3) and lim
β→+∞

αZ6(β) = (1, 0) (as β goes to

+∞ K2×3(β) collapses onto constellation 2–PAM). ¤

As we shall see later in Section 5, there are important cases other than the field one when
CG = C. In Section 6 we will also exhibit examples where CG < C and the more general
problem of evaluating CG will be discussed.

Of course up to now it is not at all clear if the G-capacity CG can actually be achieved
by means of G-encoders. In principle there could be other algebraic constraints coming into
the picture which we have overlooked in our analysis. In Section 4 we will see that this is
not the case: the conditions R < CG will be proved to be sufficient for reliable transmission
using G-encoders over a G–symmetric channel.

4 Classical ensembles of G-codes

We now present a result which completes Theorem 5 by stating that at every rate R < CG

reliable transmission over a G-symmetric channel is possible using G-encoders.
Following the classical technique originally proposed by Shannon we will use a probabilistic

method, introducing ensembles of G-encoders and analyzing their average performances. This
will then allow us to obtain our result. This technique had already been used to study
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performances of linear codes in [19]: this covers the case when G ≃ Z
k
p for some prime p. For

general Abelian group however the derivation is more complicate.
We define an ensemble as a sequence of Abelian groups UN and of independent uniformly

distributed random variables ΦN ∈ Hom(UN , GN ). We will see later that different choices of
ensembles are possible and give similar results.

The above ensemble is completely determined by the sequence UN . We now describe
the construction of specific examples. Given a design rate R ∈ [0, log |G|[, and a splitting
distribution α ∈ P(rG), for each block length N ∈ N define kN by

(kN )i,j =

⌊

RNαi,j

j log pi

⌋

. (24)

Let UkN
be the corresponding Abelian group having type kN . The corresponding ensemble

will be denoted by EG(R, α). Note that, for each N , ΦN ’s rate is a deterministic constant
RN (i.e. it is the same for each realization of ΦN ) with RN ≤ R, and limN→+∞ RN = R.

Let P (e|ΦN )
(R,α)

denote the word error probability averaged over the ensemble E(R, α).
Our goal is to estimate this average. To do this we will need to establish a number of
preliminary results extending the classical Gallager bound.

4.1 Gallager Bound for codes over groups

In this subsection we state a convenient version of the Gallager bound (see [19]) for the special
case of G–symmetric channels; it is based on the techniques presented in [31].

We start by recalling the Gallager bound.

Lemma 6 (Gallager bound) Given a MC (X ,Y, W ), suppose we have a block encoder

φ : U → XN ,

and ML decoding is used. Then, for any fixed u ∈ U and ρ ∈ [0, +∞) the conditioned word
error probability satisfies

P (e|φ, u) ≤

∫

YN

WN (y|φ(u))
1

1+ρ





∑

v 6=u

WN (y|φ(v))
1

1+ρ





ρ

dµN (y) . (25)

We now want to rewrite the Gallager bound in the special case when the channel is G–
symmetric for an Abelian group G. It is not restrictive to assume that X = G. We start by
introducing some notation of types. Given an arbitrary finite set G and a vector x ∈ GN , the
type of x is θ(x) ∈ P(G) defined by letting, for any x ∈ G, θx(x) be the relative frequency of
the symbol x in x, i.e.

θx(x) =
1

N
|{j : 1 ≤ j ≤ N, xj = x}| .

The subset of P(G) containing all types of vectors x ∈ GN is denoted by PN (G). For θ ∈
PN (G) we define T N

θ
as the subset of GN containing all vectors of type θ.

We now introduce distance spectra of an encoder φ : U → GN . For each u ∈ U and
θ ∈ PN (G) we define S(θ|φ, u) as the cardinality of the subset of U \ {u} consisting of those
v such that the difference φ(v) − φ(u) has type θ, i.e.

S(θ|φ, u) =
∑

v∈U\{u}

1T N
θ

(φ(v) − φ(u)) . (26)
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Lemma 7 Given a G–symmetric MC (G,Y, W ), suppose we have a block encoder

φ : U → GN ,

and ML decoding is used. For every u ∈ U the conditioned error probability satisfies the
following inequality:

P (e|φ, u) ≤
1

|G|N

∑

z∈GN

∫

YN

WN (y|z)
1

1+ρ





∑

θ∈PN (G)

S(θ|φ, u)
(

N
Nθ

)

∑

x∈T N
θ

(WN (y|z + x))
1

1+ρ





ρ

dµN (y) .

(27)

Proof: We generate the following random encoder from φ:

Φ = G + ΩφΠ

where:

• Π is a random variable uniformly distributed over the group of permutations of the set
U leaving u fixed;

• Ω is a random variable uniformly distributed over SN , the group of permutations of
{1, . . . , N}, independent from Π (we intend ω ∈ SN acting on x ∈ GN by permuting
its components, i.e. (ωx)i := (x)ωi);

• G is a random variable uniformly distributed over GN , independent from Π and Λ.

Throughout the proof we will denote by E[·] the average operator with respect to such a
probabilistic structure. The crucial point here is that the average word error probability of
the random encoder Φ is equal to the word error probability of φ. In fact for any realization
π of Π

P (e|φπ, u) = P (e|φ, πu) = P (e|φ, u) .

For every ω ∈ SN realization of Ω we have that, due to the memoryless property of the
channel, ML decision regions Λφ(v) satisfy Λωφ(v) = ωΛφ(v), thus

P (e|ωφ, u) = 1 −

∫

Λωφ(u)

WN (y|ωφu)dµN (y)

= 1 −

∫

ωΛφ(u)

WN (y|ωφu)dµN (y)

= 1 −

∫

Λφ(u)

WN (ωy|ωφu)dµN (y)

= 1 −

∫

Λφ(u)

WN (y|φu)dµN (y)

= P (e|φ, u) .

Moreover, due to the G–symmetry of the channel, for any g ∈ GN realization of G, we have
that ML decision regions satisfy Λg+φ(v) = g + Λφ(v), so implying

P (e|g + φ, u) = P (e|φ, u) .
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Thus we have
E[P (e|Φ, u)] = P (e|φ, u) .

Now fix an arbitrary x ∈ GN ; we have that

P (Φ(u) = x) = P (G + Ωφ(Πu) = x)

=
∑

z∈GN

P (G = x − z|Ωφ(Πu) = z)P (Ωφ(Πu) = z)

=
∑

z∈GN

P (G = x − z)P (Ωφ(Πu) = z)

=
∑

z∈GN

1

|G|N
P (Ωφ(Πu) = z) =

1

|G|N
;

(28)

hence Φ(u) has uniform distribution over GN . We now want to find out for any fixed v ∈
U \ {u} the conditional distribution of Φ(v) given Φ(u). We start by noticing that

P
(

φ(Πv) = x
)

=
1

|U| − 1

∑

w∈U\{u}

1{x}(φ(w)) . (29)

From the independence of Ω, Π and G and the uniform distribution of G in GN , it follows
that Ω, Π and G + Ωφ(u) are independent, and so

P (Φ(v) = z + x|Φ(u) = z) = P (Φ(v) − Φ(u) = x|Φ(u) = z)
= P (Ωφ(Πv) + G − Ωφ(Πu) − G = x|G + Ωφ(u) = z)
= P (Ωφ(Πv) − Ωφ(u) = x|G + Ωφ(u) = z)
= P (Ωφ(Πv) − Ωφ(u) = x) .

(30)
For every x ∈ GN we denote by Stab(x) the stabilizer of x in SN , i.e. the subgroup of SN

containing all permutation leaving x fixed; the cardinality of Stab(x) is

(Nθ(x))! :=
∏

g∈G

(Nθg(x))! . (31)

Successively applying (30), (31), (29) and (26) we get

P (Φ(v) = z + x|Φ(u) = z) = P (Ω(φ(Πv) − φ(u)) = x)

=
∑

ω∈SN

1

N !
P (φ(Πv) − φ(u) = ωx)

= 1
N !

∑

y∈T N
θ(x)

∑

ω∈Stab(y)

P (φ(Πv) = φ(u) + y)

= 1
N !

∑

y∈T N
θ(x)

(Nθ(x))!
1

|U| − 1

∑

v∈U\{u}

1{φ(u)+y}(φ(v))

=
(

N
Nθ(x)

)−1 ∑

y∈T N
θ(x)

1

|U| − 1

∑

v∈U\{u}

1{y}(φ(v) − φ(u))

=
(

N
Nθ(x)

)−1 1
|U|−1

∑

v∈U\{u}

1Tθ(x)
(φ(v) − φ(u))

= 1
|U|−1

(

N
Nθ(x)

)−1
S(θ(x)|φ, u) .

(32)
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We now apply the Gallager bound to each realization of the random encoder Φ. We get

P (e|φ, u) = E [P (e|Φ, u)]

≤ E







∫

YN

WN (y|Φ(u))





∑

v∈U\{u}

(

WN (y|Φ(v))

WN (y|Φ(u))

) 1
1+ρ





ρ

dµN (y)







= E







∫

YN

WN (y|Φ(u))
1

1+ρ





∑

v∈U\{u}

(WN (y|Φ(v)))
1

1+ρ





ρ

dµN (y)







= 1
|G|N

∑

z∈GN

∫

YN

WN (y|z)
1

1+ρ E









∑

v∈U\{u}

(WN (y|Φ(v)))
1

1+ρ





ρ∣
∣

∣

∣

∣

∣

Φ(u) = z



dµN (y) ,

(33)
last equality following from (28). The conditional expectation in the last term of (33) can be
upperbounded by the Jensen inequality, yielding

E









∑

v∈U\{u}

(WN (y|Φ(v)))
1

1+ρ





ρ∣
∣

∣

∣

∣

∣

Φ(u) = z





≤



E





∑

v∈U\{u}

(WN (y|Φ(v)))
1

1+ρ

∣

∣

∣

∣

∣

∣

Φ(u) = z









ρ

=





∑

x∈GN

∑

v∈U\{u}

P (Φ(v) = z + x|Φ(u) = z) (WN (y|z + x))
1

1+ρ





ρ

=





∑

θ∈PN (G)

∑

x∈T N
θ

S(θ(x)|φ, u)

(

N

Nθ(x)

)−1

(WN (y|z + x))
1

1+ρ





ρ

=





∑

θ∈PN (G)

S(θ|φ, u)

(

N

Nθ

)−1
∑

x∈T N
θ

(WN (y|z + x))
1

1+ρ





ρ

(34)

where the second equality follows from (32) and from GN =
⋃

θ∈PN (G)

T N
θ

. Substituting (34)

into (33) yields (27).

We would like to emphasize the fact that both Definition 26 and Lemma 7 do not need
φ to be a G–encoder; in what follows we will make use of this generality. When φ is a
G–encoder it is easy to show that S(θ|φ, u) does not depend on u, so in this case we will
use the notation S(θ|φ). Generalizations of both Definition 26 and Lemma 7 to non Abelian
groups are straightforward: the only difference is that one has to define left and right distance
spectra (the two notions coincide for group encoders but they generally do not for arbitrary
encoders).

4.2 Averaged estimations

The idea is to average estimation (27) on our ensembles. In the field case this would lead
us to the classical direct Shannon theorem for linear codes. However, in this context, we
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need some more carefulness since averaging distance spectra becomes more delicate. For this
we first develop some further considerations on random variables taking values over Abelian
groups.

Let M and L be finite Abelian groups and let Φ be a r.v. uniformly distributed on the
Abelian group Hom(M, L). Given m ∈ M , we want to investigate the probability distribution
of the r.v’s Φ(m). In the case when both M and N are vector space over a finite field Fpr , it
is a standard fact that, if m 6= 0, Φ(m) is a r.v. uniformly distributed over L. In the general
case however the analysis is a bit more complicate due to algebraic constraints which show
up in the problem. We start with a simple preliminary result.

Suppose we have a finite Abelian group G and a r.v. X uniformly distributed over G.
Let H be another Abelian group and θ : G → H a surjective homomorphism.

Lemma 8 θ ◦ X is a r.v. uniformly distributed over H.

Proof: Let y ∈ H. Notice that since θ is surjective, |θ−1(y)| = |G|/|H| for every y. We now
clearly have

P (θ ◦ X = y) = P (X ∈ θ−1(y)) =
|θ−1(y)|

|G|
=

1

|H|
.

Let us go back to our setting with the Abelian groups M and L. Given any m ∈ M we can
consider the valuation homomorphism ψM,L,m : Hom(M, L) → L given by ψM,L,m(φ) = φ(m).
Using Lemma 8 we thus obtain that the r.v. Φ(m) is uniformly distributed on Im(ψM,L,m).
The problem is therefore to characterize the image of ψM,L,m: this depends on the choice of
the element m.

We gather a few simple properties of the valuation homomorphism:

Lemma 9 ψM,L,m satisfies the following properties:

(1) If M = Zpr and m ∈ M is invertible, we have that Im(ψM,L,m) = L(pr).

(2) Assume that M = M1 ⊕ M2 and let m = (m1, m2) ∈ M . Then, Im(ψM,L,m) =
Im(ψM1,L,m1) + Im(ψM2,L,m2).

Assume that M has the structure given by (15) and (16). Each m ∈ M can be decomposed
accordingly

m = (m1, . . . , ms), mi = (mi,1, . . . , mi,ri) .

For any i = 1, . . . , s and j = 1, . . . ri, let li,j ∈ Z
+ be such that

mi,j ∈ p
j−li,j
i Z

ki,j

pj
i

\ p
j+1−li,j
i Z

ki,j

pj
i

.

We will use the notation li,j(m) (and l(m) in a more compact form) to emphasize the de-
pendence on the chosen m. Clearly, l(m) is r-compatible. Finally, given an r-compatible l,
define

Hl = {m ∈ M | l(m) = l} . (35)

Clearly, the various Hl are pairwise disjoint and form a partition of M .

Proposition 10 Let m ∈ Hl. Then,

Im(ψM,L,m) =
s

∑

i=1

ri
∑

j=1

p
j−li,j
i L

(pj
i )

.
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Proof Immediate consequence of Lemma 9.

Corollary 11 Let m ∈ Hl. Then, the r.v. Φ(m) is uniformly distributed over the set

s
∑

i=1

ri
∑

j=1

p
j−li,j
i L

(pj
i )

.

Notice that the first summation above is direct while the second is not in general. There

are relations among the various p
j−li,j
i L

(pj
i )

as j varies keeping the index i fixed. Indeed it

holds
pL(pr) ⊆ L(pr−1) ⊆ L(pr) .

Let us apply these considerations to our context. Recall that we have fixed a G–symmetric
MC (G,Y, W ) where G is a finitely generated Abelian group having spectrum σG = (p1, . . . , ps),
multiplicity rG = (rG

1 , . . . , rG
s ) and type kG. Recall moreover that the ensemble EG(R, α) con-

sists of the sequence of independent random variables ΦN with ΦN uniformly distributed over
Hom(UkN

, GN ), where kN is defined by

(kN )i,j =

⌊

RNαi,j

j log pi

⌋

. (36)

For a random variable X will denote by X
(R,α)

the average operator with respect to such a
probabilistic structure.

We are now ready to prove our first fundamental result:

Theorem 12 Let (G,Y, W ) be a G–symmetric MC. For every R ∈ [0, log |G|[, α ∈ P(rG),
the following estimation holds true:

P (e|ΦN )
(R,α)

≤
∑

l6=0

rG−compatible

exp (−NEl (Rl)) , (37)

where El is the error exponent of the subchannel obtained by restricting the input set to Gl,
and

Rl := R
s

∑

i=1

ri
∑

j=1

li,j
j

αi,j .

Proof Let HkN,l be the set defined by (35) for the group UkN
. We can thus decompose

UkN
=

⋃

l

rG−comp.

HkN,l . (38)

It follows from Corollary 11 that, if u ∈ HkN,l, ΦN (u) is a r.v. uniformly distributed over
GN

l .
We now notice that, because of the uniform error property, all estimations of the word

error probability can be done assuming that the all-zero information word u = 0 has been
transmitted, i.e.

P (e|φ) = P (e|φ,0)

for every φ ∈ Hom(UkN
, GN ).
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For any rG-compatible l, we define the encoder φl as the restriction of φ to the set
{0}∪HkN ,l. Note that the encoders φl are not G-encoders since their domain is not a group,
so that the UEP does not necessarily hold true for them but for φ only. Since

{0} ∪ HkN ,l ⊆
s

⊕

i=1

ri
⊕

j=1

p
ri−li,j
i Z

(kN )i,j

p
ri
i

φl’s rate satisfies

log (1 + |HkN ,l|)

N
≤

s
∑

i=1

ri
∑

j=1

1

N
log pi li,j (kN )i,j ≤ Rl .

A union bound yields

P (e|φ,0) ≤
∑

l
rG−comp.

P (e|φl,0) =
∑

l6=0

rG−comp.

P (e|φl,0) ,

(the equality follows from the fact that HkN ,0 = {0} and thus P (e|φ0,0) = 0).
Consider the r.v. ΦN,l obtained by restricting ΦN to the subset HkN,l. Now, given an

rG-compatible l, apply the bound of Lemma 7 (which, as we already remarked, does not need
the encoder to be an homomorphism) to each realization of P (e|ΦN,l,0), and then average
with respect to ΦN . For any ρ ∈ [0, 1] we obtain

P (e|ΦN,l,0)
(R,α)

≤

≤
1

|G|N

∑

z∈GN

∫

YN

WN (y|z)
1

1+ρ





∑

θ∈PN (G)

S(θ|ΦN,l, 0)
(

N
Nθ

)

∑

x∈T N
θ

(WN (y|z + x))
1

1+ρ





ρ

dµN (y)

(R,α)

≤
1

|G|N

∑

z∈GN

∫

YN

WN (y|z)
1

1+ρ





∑

θ∈PN (G)

S(θ|ΦN,l, 0)
(R,α)

(

N
Nθ

)

∑

x∈T N
θ

(WN (y|z + x))
1

1+ρ





ρ

dµN (y) ,

(39)
where the last inequality follows from Jensen inequality.

It remains to calculate the average distance spectra of ΦN,l. Using the fact (see Corollary
11) that for any u ∈ HkN ,l we have that ΦN (u) is uniformly distributed over GN

l , we obtain

S(θ|ΦN,l,0)
(R,α)

=
∑

u∈HkN ,l

1T N
θ

(Φlu)
(R,α)

=
∑

u∈HkN ,l

1T N
θ

(Φu)
(R,α)

=
∑

u∈HkN ,l

P
(

ΦN,l(u) ∈ T N
θ

)

= |HkN ,l|

(

N
Nθ

)1PN (Gl)(θ)

|Gl|N

(40)

Now fix a set Ωl ⊂ GN of coset representatives, i.e. a set of cardinality |G|N

|Gl|N
containing
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exactly one element for each coset of GN
l . By substituting (40) into (39) we obtain

P (e|ΦN,l,0)
(R,α)

≤
1

|G|N

∑

z∈GN

∫

YN

WN (y|z)
1

1+ρ





∑

θ∈PN (G)

|HkN ,l|
1

|Gl|N
1PN (Gl)(θ)

∑

x∈T N
θ

(WN (y|z + x))
1

1+ρ





ρ

dµN (y)

=
1

|G|N

∑

z∈GN

∫

YN

WN (y|z)
1

1+ρ



|HkN ,l|
1

|Gl|N

∑

x∈GN
l

(WN (y|z + x))
1

1+ρ





ρ

dµN (y)

= |HkN ,l|
ρ

∫

YN

∑

v∈Ωl

|Gl|
N

|G|N

∑

w∈GN
l

1

|Gl|N
WN (y|v + w)

1
1+ρ





1

|Gl|N

∑

x∈GN
l

(WN (y|v + x))
1

1+ρ





ρ

dµN (y)

= |HkN ,l|
ρ

∑

v∈Ωl

|Gl|
N

|G|N

∫

YN





1

|Gl|N

∑

x∈GN
l

(WN (y|v + x))
1

1+ρ





1+ρ

dµN (y) .

(41)
By the G–symmetry of the channel and the memoryless property, we have that, for each
v ∈ Ωl,

∫

YN





1

|Gl|N

∑

x∈GN
l

(WN (y|v + x))
1

1+ρ





1+ρ

dµN (y)

=

∫

YN





1

|Gl|N

∑

x∈GN
l

(WN ((−v)y|x))
1

1+ρ





1+ρ

dµN (y)

=

∫

YN





1

|Gl|N

∑

x∈GN
l

(WN (y|x))
1

1+ρ





1+ρ

dµN (y)

=





∫

Y





1

|Gl|

∑

x∈Gl

(WN (y|x))
1

1+ρ





1+ρ

dµ(y)





N

(42)

where (−v)y denotes the action of each component of −v on the corresponding component
of y (recall that by definition of G-symmetric channel, G isometrically acts on Y). Therefore,

P (e|ΦN,l,0)
(R,α)

≤ |HK,l|
ρ





∫

Y





1

|Gl|

∑

x∈Gl

(WN (y|x))
1

1+ρ





1+ρ

dµ(y)





N

.

Recalling that the random coding exponent El(R) is obtained with uniform distribution over
the input set Gl, and since the choice of ρ ∈ [0, 1] is arbitrary, we can rewrite the last
inequality as

P (e|Φl,0)
(R,α)

≤ exp(−NEl(Rl)) .

Now (37) follows because El is a non increasing function.

Define now two important figures. The G–random coding exponent is

EG(R) = max
α∈P(rG)

min
l6=0

rG−comp.

El



R
s

∑

i=1

rG
i

∑

j=1

li,j
j

αi,j



 , (43)
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while the G–optimal splitting rate function is defined by letting, for every R ∈ [0 log |G|],
αG(R) be one of the elements of P(rG) for which the maximum in (43) is achieved, i.e.

min
l6=0

rG−comp.

El



R
s

∑

i=1

rG
i

∑

j=1

li,j
j

αG
i,j(R)



 = max
α∈P(rG)

min
l6=0

rG−comp.

El



R
s

∑

i=1

rG
i

∑

j=1

li,j
j

αi,j





.

(44)

Since P(rG) is compact and fR(α) = min
l6=0

rG−comp.

El



R
s

∑

i=1

rG
i

∑

j=1

li,j
j

αi,j



 is continuous from

P(rG) to R for every R ∈ [0, log |G|], the above definition of αG(R) is coherent since fR has
at least (but not necessarily only) one maximum point in P(rG).

We can now state the following result which is an easy consequence of Theorem 12.

Corollary 13 Consider a G–symmetric memoryless channel of G–capacity CG, G–random
coding exponent EG(R), G-optimal splitting rate function αG(R). Then, EG(R) > 0 if and
only if R < CG and

P (e|ΦN )
(R,αG(R))

≤ AG exp(−NEG(R)) , (45)

where

AG =
∣

∣

{

l 6= 0 , rG − compatible
}∣

∣ =
s

∑

i=1

rG
i (rG

i + 3)

2
− 1 . (46)

Proof
Notice that, if l 6= 0 and α is any splitting, we have that

El



R
s

∑

i=1

rG
i

∑

j=1

li,j
j

αi,j



 > 0 ⇔ R
s

∑

i=1

rG
i

∑

j=1

li,j
j

αi,j < Cl ⇔ R <
Cl

s
∑

i=1

rG
i

∑

j=1

li,j
j αi,j

.

Hence,

min
l6=0

rG−comp.

El



R
s

∑

i=1

ri
∑

j=1

li,j
j

αi,j



 > 0 ⇔ R < min
l6=0

rG−comp.

Cl

s
∑

i=1

ri
∑

j=1

li,j
j αi,j

. (47)

By choosing α = αG (the G-optimal splitting for which CG is achieved), we thus obtain

min
l6=0

rG−comp.

El



R
s

∑

i=1

ri
∑

j=1

li,j
j

αG
i,j



 > 0 ⇔ R < CG . (48)

This clearly implies that if R < CG then EG(R) > 0. Actually, Theorem 5 immediately
implies that

EG(R) > 0 ⇔ R < CG . (49)

Using now Theorem 12 we obtain the result.

Remark: It follows from the proof of Corollary 13 that using input groups corresponding
to the G-optimal splitting αG, we can reach CG-capacity. However, in order to obtain best
mean rate of convergence one has to use input groups corresponding to the splitting αG(R)
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which in general is a function of the rate R. Straightforward continuity arguments allow to
show that αG(R) can always be chosen in such a way that αG(CG) = αG. Notice that in
the cyclic example G = Zpr (s = 1) it was already proven that αG(R)r = 1 and αG(R)j = 0

if j < r. This corresponds to take U = Z
⌊RN⌋
pr . In other words free input groups over Zpr in

this case suffice to achieve G–symmetric capacity.

Standard probabilistic considerations allow us to state the following.

Corollary 14 Consider a G–symmetric memoryless channel of G–capacity CG, G–random
coding exponent EG(R), and G-optimal splitting rate function αG(R). The ensemble E(R, αG(R))
satisfies

PG

(

lim inf
N

− log P (e|ΦN )

N
≥ EG(R)

)

= 1 , (50)

where PG denotes the probability on the ensemble.

Proof: For any ε ∈ (0, EG(R)), N ∈ N define the event Aε
N as

Aε
N := {P (e|ΦN ) ≥ AG exp(−N(EG(R) − ε))} ,

where AG is defined in (46). By applying (45) and the Markov inequality to each r.v. P (e|ΦN )
we obtain

PG(Aε
N ) ≤ PG

(

P (e|ΦN ) ≥ exp(Nε)P (e|ΦN )
(R,αG(R))

)

≤ exp(−Nε) .

Then
+∞
∑

N=1

P (Aε
N ) ≤

+∞
∑

N=1

exp(−Nε) < +∞ . (51)

Let us denote by {Aε
N i.o.} the event ’Aε

N occurs infinitely many times’, i.e.

{Aε
N i.o.} :=

⋂

k∈N

⋃

N≥k

Aε
N .

By Borel Cantelli theorem, (51) implies that PG(Aε
N i.o.) = 0 for every ε > 0. But clearly

{Aε
N i.o.}c ⊆

{

lim inf
N

− log P (e|ΦN )

N
≥ EG(R) − ε

}

.

By the σ–additivity of PG, this implies

PG

(

lim inf
N

− log P (e|ΦN )

N
≥ EG(R)

)

= 1 .

Corollary 15 Consider a G–symmetric channel whose G–capacity is CG. Then, for every
R < CG and for every ε > 0, there exists a G–encoder φG, of rate greater than or equal to
R, whose ML decoding word error probability satisfies

P (e|φG) < ε . (52)

Proof: Trivial consequence of Corollary 14.
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4.3 On tightness of the error exponent

In the previous subsection an upper bound to the average word error probability of the G-
codes ensembles has been derived, consisting in a term which is exponentially decreasing to
0 in the block length for every rate below CG. We now want to address the question whether
this bound is exponentially tight or not.

First we want to specify what we actually mean by ’tight’. Consider a memoryless channel
(X ,Y, W ). It is a well known fact (see [19], [36], [1]) that the random coding exponent in (7)
is given by

E(R) =

{

R0 − R , 0 ≤ R ≤ Rcr

Esp(R) , Rcr ≤ R ≤ C .
(53)

where Rcr is the so called critical rate, R0 the cutoff rate, and Esp(R) the sphere packing
exponent, all functions of the channel {W} only.

For the classical Shannon random coding ensemble the error exponent is tight for any
deterministic sequence of codes only for R ≥ Rcr, while this is not the case for low rates
R < Rcr: in fact in this case expurgation techniques lead to the existence of sequences
of codes guaranteeing higher error exponents. There are conjectures ([36], [15]) about the
actual achievable error exponent (the so called reliability function of the channel) at any rate
R ∈ [0, C], but still no completely proved results.

Nevertheless it was proved in [20] that E(R) is tight for the average code from the classical
random coding ensemble at any rate, i.e.

lim
N→∞

−
log P (e|ΦN )

N
= E(R) , ∀0 ≤ R ≤ C . (54)

Moreover, when dealing with a channel which is symmetric with respect to the action of
a Galois field Fq (as for instance a binary-input symmetric-output channel), it is well known
that (54) holds true for the Fq-linear coding ensemble. The proof of this fact, although
probably never explicitly published yet ([15]), can be obtained with a slight modification of
Gallager’s proof in [20]. Indeed, a closer look at [20] shows that the fundamental ingredients
of that proof in the special case of Fq-symmetrical channels are uniform distribution of the
codewords over F

N
q and their pairwise independence. As these two properties are preserved

when moving from the random coding ensemble to the Fq-linear one, almost the same proof
of [20] can be carried on showing that (54) continues to hold true in this case.

We conjecture that the G–error exponent is tight in the latter sense, i.e. that

lim
N→+∞

−
log P (e|ΦN )

(R,αG(R))

N
= EG(R) . (55)

We have not yet a complete proof of (55), but only some partial results, and we want to
explain them in the simple special case when G = Z4.

Let 0 < R ≤ CZ4 . The Z4-coding ensemble is the sequence of independent random vari-

ables (ΦN )N , with each ΦN uniformly distributed over Hom(ZkN
4 , ZN

4 ), where kN :=
⌊

RN
log 4

⌋

.

The Z4-random coding exponent of the channel is

EZ4(R) = min {E1(R/2), E2(R)} ,

where, as usual, E2(R) and E1(R) are, respectively, the random coding exponent of the Z4-
symmetric channel, and of its 2Z4-symmetric subchannel. In this case partition (35) reduces
to

Z
kN
4 = {0} ∪ HkN ,1 ∪ HkN ,2
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where HkN ,1 = 2Z
N
4 \ {0}, HkN ,2 = Z

kN
4 \ 2Z

kN
4 . Consider the random encoders

ΦN,1 := ΦN |HkN ,1∪{0}
, ΦN,2 := ΦN |HkN ,2∪{0}

.

We have, by successively applying the UEP, property (2) of ML decoding, and Jensen in-
equality (notice that function R

d ∋ x 7→ max
1≤i≤d

xi ∈ R is convex),

P (e|ΦN )
(R,αG(R))

= P (e|ΦN ,0)
(R,αG(R))

≥ max{P (e|ΦN,1,0), P (e|ΦN,2,0)}
(R,αG(R))

≥ max
{

P (e|ΦN,1,0)
(R,αG(R))

, P (e|ΦN,2,0)
(R,αG(R))

}

.

(56)

Now we clearly have that ΦN,1x = ΦNx is uniformly distributed over 2Z
N
4 for every x ∈ HkN ,1

and ΦN,2x = ΦNx is uniformly distributed over Z
N
4 for every x ∈ HkN ,2. Moreover ΦN,1x

and ΦN,1y are independent for every x,y ∈ HkN ,1 such that x 6= y. Indeed (ΦN,1)N is the
binary linear ensemble (identifying 2Z4 with the binary field F2), so that from the previ-
ous observations we know that the random coding exponent E1(R/2) is tight for the term

P (e|ΦN,1,0)
(R,αG(R))

, i.e.

lim
N→∞

log P (e|ΦN,1,0)
(R,αG(R))

N
= E1(R/2) , 0 ≤ R ≤ C1 . (57)

Instead, two r.v.s ΦN,2x and ΦN,2y are independent only for those x,y ∈ HkN ,2 such that
x−y ∈ HkN ,2; otherwise, when x−y ∈ HkN ,1, then ΦN,2x has uniform distribution over the
coset ΦN,2y + 2Z

N
4 . In this case Gallager’s arguments cannot be directly applied to obtain

a tightness result at low rates for the term P (e|ΦN,2,0)
(R,αG(R))

(though we conjecture they
can be properly modified to get the desired result), so that we actually only have that

lim
N→∞

log P (e|ΦN,1,0)
(R,αG(R))

N
= E2(R) , Rcr,2 ≤ R ≤ C2 , (58)

where Rcr,2 denotes the critical rate of the Z4-symmetrical channel By combining (56) with
(57) and (58), we obtain that

lim
N→∞

log P (e|ΦN )
(R,αG(R))

N
= EZ4(R) , whenever EZ4(R) = E1(R) or Rcr,2 ≤ R ≤ CZ4 .

(59)
We observe that the first condition in (59) is surely holding at very low rates: indeed

lim
R→0

E1(R/2) = E1(0) ≤ E2(0) = lim
R→0

E2(R) , (60)

with strict inequality holding true in (60) for nontrivial channels. So we can conclude that,
even for Z4–symmetric channels for which CZ4 = C4 so that there is no loss of capacity, there
is a loss in the average error exponent at low rates when restricting from Shannon’s random
coding ensemble to the Z4-code ensemble.

Similar considerations can be extended to a generic finite Abelian group G, showing that,
when G does not admit Galois field structure (i.e. when G is not isomorphic to any Z

r
p), then

even if the G-capacity coincides with Shannon one, restricting to G-encoders causes a loss in
the average error exponent at low rates.
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4.4 The parity check ensemble

There is another way to represent Abelian group codes. Instead of using the encoder image
representation, one can as well use kernel representations. We essentially obtain the same
codes, however the probabilistic ensembles present certain differences.

Given a design rate R and a splitting α ∈ P(rG), for each block length N ∈ N we define
hN by

(hN )i,j =

⌈

RN(1 − αi,j)

j log pi

⌉

Let VhN
the corresponding Abelian group having type hN . Consider a sequence of indepen-

dent r.v.s Φ′
N uniformly distributed over Hom(GN ,VhN

). Let UN = ker(Φ′
N ) the correspond-

ing sequence of independent r.v. taking values in the set of subgroups of GN , and finally
let

ΦN : UN →֒ GN

the immersion of UN in GN . The corresponding ensemble will be denoted by E ′(R, α).
Notice that for this ensemble the rate of ΦN is a r.v. RN ; indeed it can be proved that

P ′
G

(

lim
N

RN = R

)

= 1 (P ′
G denotes the probability with respect to this new ensemble).

Let P (e|ΦN )
(R,α,′)

denote the word error probability averaged over this ensemble. Using

techniques very similar to those used to upperbound P (e|ΦN )
(R,α)

it is possible to prove the
following estimation, which constitutes an analogous of Theorem 12.

Theorem 16 Let (G,Y, W ) a G–symmetric MC. For every R ∈ [0, log |G|[, α ∈ P(rG),

P (e|ΦN )
(R,α,′)

≤
∑

l6=0

rG−compatible

exp (−NEl (Rl))

where El(R) is the error exponent of the subchannel obtained by restricting the input to the
subgroup Gl and

Rl := R
s

∑

i=1

ri
∑

j=1

li,j
j

αi,j .

5 Zpr-codes for pr-PSK do achieve capacity of the AWGN

channel!

In this section we will consider MCs having as input set the m-PSK constellation

Km = {ξk
m, k = 0, . . . , m − 1}

where, we recall, ξm := e
2π
m

i. Notice that Km is a subgroup of the multiplicative subgroup of
non-zero complex numbers C

∗.
The following definition captures many interesting channels, among which the 2-dimensional

Km–AWGN channel.

Definition 17 A Km additive isotropic decreasing noise (Km–AIDN) channel is a memo-
ryless channel (Km,Y, W ) where

• Y = (Y,B, µ) where Y is a closed subgroup of C
∗ such that Km ≤ Y , B is the corre-

sponding Borel σ–algebra , and µ is a measure over B;
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• the transition laws W (y|x) only depend on the distance |x − y| and such dependence is
monotonically decreasing, i.e. there exists a decreasing function ζ : [0, +∞) → [0, +∞)
such that W (y|x) = ζ(|y − x|).

This rather abstract definition allows us to treat at once many different widely used
symmetric channels with input Km and either continuous or discrete output. Notice that from
Def.17 it follows that any Km–AIDN is Zm–symmetric, since Zm is a generating group for Km,
Zm isometrically acts on Y (by rotations), and W (gy|gx) = ζ(|gy−gx|) = ζ(|x−y|) = W (y|x).
We show some examples of Km–AIDN channels.

Example 9 Both the unquantized Km-AWGN channel and the unquantized Km-Laplacian
channel are AIDN channels. ¤

Next example shows how discrete output Km–AIDN channels can be obtained from con-
tinuous output ones by a proper quantization.

Example 10 Suppose an unquantized Km–AIDN channel (a Km–AWGN for instance)

(Km, C∗, W ) (61)

is given, and let ζ : [0, +∞) → [0, +∞) the decreasing function such that W (y|x) = ζ(|y−x|)
(whose existence is guaranteed by the Def.17). For every positive integer m′ such that m | m′,
we can introduce a new, discrete output, Km–AIDN channel by quantizing the output of (61)
over Voronoi regions of the Km′ constellation. Explicitly such channel is given by

(

Km, Km′ , W ′
)

, (62)

where the output Km′ is equipped with the counting measure µ′, and transition laws are
given by

W ′(ξk
m′ |ξj

m) :=

∫

V
W (ξk

m′t|ξj
m)dµ(t) =

∫

V
ζ

(

|ξk
m′t − ξj

m|
)

dµ(t) =

∫

V
ζ

(

∣

∣

∣ξ
k−j m′

m
m′ t − 1

∣

∣

∣

)

dµ(t) ,

and V is the Voronoi region of 1 = ξ0
m′ ∈ Km′ , defined as

V :=

{

ρeiθ ∈ C : ρ > 0,−
2π

2m′
≤ θ ≤

2π

2m′

}

.

Clearly Km ≤ Km′ ≤ C, so that, in order to see that channel (62) fulfil Def.17, it remains
to show that the second requirement is fulfilled. We start by noticing that for every ρ > 0,
θ ∈ R,

∣

∣

∣ξk
m′ρeiθ − ξj

m

∣

∣

∣

2
=

(

ρ cos(θ + 2π
m′ k) − cos(j 2π

m )
)2

+
(

ρ sin(θ + 2π
m′ k) − sin(j 2π

m )
)2

= ρ2 + 1 − 2ρ
(

cos(θ + 2π
m′ k) cos(j 2π

m ) + sin(θ + 2π
m′ k) sin(j 2π

m )
)

= ρ2 + 1 + 2ρ cos
(

θ + 2π
m′ k − j 2π

m

)

.

(63)

From (63), and from the fact that cos(x) = cos(y) if and only if x = ±y (mod 2π), it
immediately follows that for every couple of values k, k′ ∈ Zm′

∣

∣

∣ξk
m′ − ξj

m

∣

∣

∣ =
∣

∣

∣ξk′

m′ − ξj
m

∣

∣

∣ ⇐⇒ k −
m′

m
j = −k′ +

m′

m
j or k = k′ . (64)
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Then for k 6= k′ ∈ Zm′ such that
∣

∣

∣
ξk
m′ − ξj

m

∣

∣

∣
=

∣

∣

∣
ξk′

m′ − ξj
m

∣

∣

∣
, we have

W ′(ξk
m′ |ξ

j
m) =

∫

V
ζ

(

∣

∣

∣
ξ
k−j m′

m
m′ t − 1

∣

∣

∣

)

dµ(t)

=

∫

V
ζ

(

∣

∣

∣
ξ
−k′+j m′

m
m′ t − 1

∣

∣

∣

)

dµ(t)

=

∫

V
ζ

(

∣

∣

∣
ξ
−k′+j m′

m
m′ t−1 − 1

∣

∣

∣

)

dµ(t)

=

∫

V
ζ

(

∣

∣

∣ξ
k′−j m′

m
m′ t − 1

∣

∣

∣

)

dµ(t) = W ′(ξk′

m′ |ξj
m)

(65)

where we exploited (64), the symmetry property of Voronoi region V = V −1, and finally (63).
Equality (65) clearly implies that transition laws W ′(y|x) are function of the distance |x−y|,
i.e. we can define a function ζ ′ : [0, +∞) → [0, +∞) such that

ζ ′(|ξk
m′ − ξj

m|) :=

∫

V
ζ

(

∣

∣

∣ξ
k−j m′

m
m′ t − 1

∣

∣

∣

)

dµ(t) = W ′(ξk
m′ |ξj

m) ,

arbitrarily interpolating ζ ′(z) for values of z not included in the set {|ξk
m′ − ξj

m|, k ∈ Zm′ , j ∈
Zm}. At this point we are only left to prove that ζ ′ can be chosen decreasing; clearly it
suffices to show that

|ξk
m′ − ξj

m| < |ξk′

m′ − ξj
m| =⇒ ζ ′(|ξk

m′ − ξj
m|) ≥ ζ ′(|ξk′

m′ − ξj
m|) . (66)

Due to (64) it is sufficient to show (66) for value of k and k′ such that j m′

m ≤ k, k′ ≤ j m′

m + m′

2 .
Notice that if

0 ≤ k − j
m′

m
< k′ − j

m′

m
≤

m′

2
, −

2π

2m′
≤ θ ≤

2π

2m′
, ρ > 0

then
∣

∣

∣
ξk
m′ρeiθ − ξj

m

∣

∣

∣

2
= ρ2 + 1 + 2ρ cos

(

θ + 2π
m′

(

k − j m′

m

))

≥ ρ2 + 1 + 2ρ cos
(

θ + 2π
m′

(

k′ − j m′

m

))

=
∣

∣

∣
ξk′

m′ρeiθ − ξj
m

∣

∣

∣

2
,

from which it follows that

W ′(ξk
m′ |ξ

j
m) =

∫

V
ζ

(

∣

∣ξk
m′t − ξj

m

∣

∣

)

dµ(t)

≥

∫

V
ζ

(

∣

∣ξk′

m′t − ξj
m

∣

∣

)

dµ(t)

= W ′(ξk
m′ |ξ

j
m)

where we made use of the decreasing property of ζ. ¤

We conclude our series of examples with the following one.
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Example 11 Let S1 = {eiθ} ⊂ C be the complex unitary circumference. Consider an
unquantized Km–AIDN channel of type (61). We define a new channel by projecting the
output C

∗ onto S1. Explicitly we consider the channel

(

Km,Y = (S1,B′, µ′), {W (·|x)}x∈Km ∈ P(Y)
)

(67)

where µ′ is the Lebesgue measure of S1, and

W (y|x) :=

∫ +∞

0
ζ(|ρy − x|)ρdµ′′(t)

and µ′′ is the Lebesgue measure of R.
The verification that (67) is an AIDN channel is almost the same as that of Example 10.

¤

Now fix a prime number p and a positive integer r; throughout the rest of the present
section the base of log (and thus of the entropy function H) will be p. For a function
f : Y → R we write {f > 0} to denote the set {y ∈ Y : f(y) > 0}.

In the following we will deal with Kpr–AIDN channels; we will prove that for this class of
channels the Shannon capacity Cpr and the Zpr–capacity CZpr do coincide. Recall that, by
definition

CZpr = min
l=1,...,r

r

l
Cl ,

where Cl is the Shannon capacity of the pl–th channel, i.e. the channel obtained by con-
straining the input on the Kpl constellation.

Hence, our result is equivalent to say that

rCpl ≥ lCpr , ∀l, r : 1 ≤ sl ≤ r . (68)

Notice that a simple inductive argument shows that (68) is equivalent to

qCpq+1 ≤ (q + 1)Cpq , ∀q = 1, . . . , r − 1 (69)

The rest of section will be devoted to the proof of (69). The result will be achieved through
a series of technical intermediate steps. We start with some notation.

Given a Kpq–AIDN channel (Kpq ,Y, W ) we define some connected probability densities
which will pay a key role in the following:

• for every y ∈ Y, 1 ≤ q ≤ r,

λq(y) :=
1

pq

∑

x∈Kpq

W (y|x) =
1

pq

pq−1
∑

j=0

W (yξj
pq |1) ;

(second equality follows from the Zpq -symmetry of the channel);

• for every 1 ≤ q ≤ r − 1 and y ∈ Y such that λq+1(y) > 0,

νq(y) :=
1

pλq+1(y)

(

λq(yξ0
pq+1), λq(yξ1

pq+1), . . . , λq(yξp−1
pq+1)

)

;

• for every 1 ≤ q ≤ r and y ∈ Y such that λq(y) > 0,

ωq(y) :=
1

pqλq(y)

(

W (y|ξ0
pq), W (y|ξ1

pq), . . . , W (y|ξpq−1
pq )

)

.
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Notice that:

• λq ∈ P(Y) ;

• for any fixed y ∈ Y such that λq+1(y) > 0, ωq(y) ∈ P(pq);

• for any fixed y ∈ Y such that λq(y) > 0, νq(y) ∈ P(p);

• Kpq+1 =
⋃

0≤k<p

ξk
pq+1Kpq , and therefore, for y ∈ Y,

λq+1(y) =
1

p

p
∑

k=1

λq

(

yξk
pq+1

)

. (70)

For any q = 1, . . . , r consider the pq-th subchannel. Since this subchannel is Zpq–
symmetric (in fact it is a Kpq AIDN channel), its Shannon capacity Cpq is obtained by
uniform distribution over the input set Kpq . The corresponding distribution over the output
set Y is described by

PY (y) =
∑

x∈Kpq

p−qW (y|x) = λq(y) .

So
Cpq = H(λq) − H (W (·|1)) . (71)

Therefore (69) is equivalent to

H (W (·|1)) + qH(λq+1) ≤ (q + 1)H(λq) , q = 1, . . . , r − 1 . (72)

Next lemma shows how the entropies of the families of probability laws ωq(y) and νq(y) come
out in (72).

Lemma 18 For every q = 1, . . . , r − 1,

•

H(W (·|1)) = H(λq) − q +

∫

{λq>0}

λq(x)H(ωq(x))dµ(x) ; (73)

•

H(λq) = H(λq+1) − 1 +

∫

{λq+1>0}

λq+1(x)H(νq(x))dµ(x) . (74)

Proof:
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We have

H (W (·|1)) = −

∫

Y

W (y|1) log W (y|1)dµ(y)

= − 1
pq

pq−1
∑

k=0

∫

Y

W (yξk
pq |1) log W (yξk

pq |1)dµ(y) = −
1

pq

pq−1
∑

k=0

∫

{λq>0}

W (y|ξk
pq1) log W (y|ξk

pq)dµ(y)

= −

∫

{λq>0}

[

1

pq

pq−1
∑

k=0

W (y|ξk
pq)

]

log λq(x)dµ(y) −

∫

{λq>0}

λq(y)

pq−1
∑

k=0

W (y|ξk
pq)

pqλq(y)
log

W (y|ξk
pq)

λq(y)
dµ(y)

= −

∫

{λq>0}

λq(y) log λq(y)dµ(y) −

∫

{λq>0}

λq(y)

pq−1
∑

k=0

(ωq(y))k log(pq(ωq(y))k)dµ(y)

= H(λq) − q +

∫

{λq>0}

λq(y)H (ωq(y)) dµ(y) ,

(75)
and

H(λq) = −

∫

Y

λq(y) log λq(y)dµ(y)

= −1
p

p−1
∑

k=0

∫

{λq+1>0}

λq(yξk
pq+1) log λq(yξk

pq+1)dµ(y)

= −

∫

{λq+1>0}

1

p

p−1
∑

k=0

λq(yξk
pq+1) log λq+1(y)dµ(y) −

∫

{λq+1>0}

λq+1(y)

p−1
∑

k=0

λq(yξk
pq+1)

pλq+1(y)
log

λq(yξk
pq+1)

λq+1(y)
dµ(y)

= −

∫

{λq+1>0}

λq+1(y) log λq+1(y) −

∫

{λq+1>0}

λq+1(y)

p−1
∑

k=0

(νq(y))k log(p(νq(y))k)dµ(y)

= H(λq+1) − 1 +

∫

{λq+1>0}

λq+1(y)H (νq(y)) dµ(y) .

(76)

Lemma 18 shows that (72) is equivalent to

q

∫

{λq+1>0}

λq+1(y)H (νq(y)) dµ(y) ≥

∫

{λq>0}

λq(y)H (ωq(y)) dµ(y) , ∀q = 1, . . . , r − 1 . (77)

We will prove (77) by estimating the two entropies appearing in the integrals.
Now fix an arbitrary y ∈ Y and an integer 1 ≤ q < r, and consider the set of likelihood

values

Wq(y) :=
{

W (y|ξ0
pq), W (y|ξ1

pq), . . . , W (y|ξpq−1
pq )

}

=
{

W (yξ0
pq |1), W (yξpq−1

pq |1), . . . , W (yξ1
pq |1)

}

.

Notice that

Wq+1(y) =
{

W (yξ0
pq+1 |1), W (yξ1

pq+1 |1), . . . , W (yξpq+1−1
pq+1 |1)

}

=

p−1
⋃

j=0

Wq(yξj
pq+1) .
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The geometry of the Kpq+1 constellation implies that the ordering of the set Wq+1(y) has a
very particular structure.

Lemma 19 For every 1 ≤ q < r and y ∈ Y, there is a partition

Wq+1(y) =

pq
⋃

k=1

W k
q (y) , W k

q (y) = {wk
q,0(y), wk

q,1(y), . . . , wk
q,p−1(y)}

such that:

•
wk

q,j(y) ∈ Wq(ξ
j
pqy) , ∀k = 0, . . . pq − 1 , ∀j = 0, . . . , p − 1 ;

•
0 ≤ k < k′ < pq =⇒ wk

q,i(y) ≥ wk′

q,j(y) , ∀ i, j = 0, . . . , p − 1 . (78)

Proof:
By the definition of an AIDN channel, W (y|x) is a decreasing function of the Euclidean
distance |y − x|, the decreasing ordering of the set Wq+1(y) coincides with the increasing
ordering of the set of distances {|y − x|, x ∈ Kpq+1}. Let

y = ρeθi, ϕj = j
2π

pq+1
, j ∈ Zpq+1 .

Then
|y − ξj

pq+1 |
2 = (ρ cos θ − cos ϕj)

2 + (ρ sin θ − sinϕj)
2

= ρ2 + 1 − 2ρ(cos θ cos ϕj + sin θ sinϕj)
= ρ2 + 1 + 2ρ cos(θ − ϕj)

Let j∗ ∈ Zpq+1 such that
|θ − ϕj∗ | ≤ θ − ϕj , ∀j ∈ Zpq+1

Then

ϕj∗ ≤ θ ≤ ϕj∗ +
1

2

2π

pq+1
(79)

or

ϕj∗ −
1

2

2π

pq+1
≤ θ ≤ ϕj∗ . (80)

Suppose that (79) holds true. Then

cos(θ − ϕj∗) ≥ cos(θ − ϕj∗+1) ≥ cos(θ − ϕj∗−1) ≥ cos(θ − ϕj∗+2) ≥ . . . ≥ cos(θ − ϕ
j∗−⌊ pq

2
⌋
) .

(81)
From (81) it follows that, for odd p,

W 0
q (y) =

{

W (y|ξj∗

pq+1), W (y|ξj∗+1
pq+1 ), W (y|ξj∗−1

pq+1 ), . . . , W (y|ξ
j∗−⌊ p

2
⌋

pq+1 )
}

W 1
q (y) =

{

W (y|ξ
j∗+⌈ p

2
⌉

pq+1 ), W (y|ξ
j∗−⌈ p

2
⌉

pq+1 ), . . . , W (y|ξj∗+p
pq+1 )

}

...

W pq−2
q (y) =

{

W (y|ξ
j∗+⌊ pq

2
⌋−p

pq+1 ), W (y|ξ
j∗−⌊ pq

2
⌋+p

pq+1 ), . . . , W (y|ξ
j∗+⌊ pq

2
⌋−⌊ p

2
⌋

pq+1 )

}

W pq−1
q (y) =

{

W (y|ξ
j∗−⌊ pq

2
⌋+⌊ p

2
⌋

pq+1 ), W (y|ξ
j∗+⌊ pq

2
⌋−⌈ p

2
⌉

pq+1 ), . . . , W (y|ξ
j∗−⌊ pq

2
⌋

pq+1 )

}

.

(82)
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But (82) implies the desired result since for every k the set of ξ’s exponents of the elements
of W k

q (y) contains exactly one element from each equivalence class of integers modulo p.
The cases when (80) holds true instead of (79), and p = 2 are analogous.

Notice that for j = 0, . . . , p − 1

Wq(yξj
pq+1) =

{

w0
q,j(y) ≥ w1

q,j(y) ≥ . . . ≥ wpq−1
q,j (y)

}

.

So, for every y ∈ Y such that λq(yξj
pq+1) > 0, if we define

ωq(y, j) :=
1

pqλq(yξj
pq+1)

(

w0
q,j(y), w1

j (y), . . . , wpq−1
q,j (y)

)

,

we clearly have

H (ωq(y, j)) = H
(

ωq(yξj
pq+1)

)

,

since ωq(yξj
pq+1) and ωq(y, j) simply differ for a permutation.

Consider now the p-adic expansion map

θ : {0, . . . , pq − 1} → {0, . . . , p − 1}q ,

defined as follows: if s ∈ {0, . . . , pq − 1}, we can write, in a unique way

s =

q−1
∑

k=0

ρkp
k

for suitable elements ρk ∈ {0, . . . , p − 1}. We then define

θ(s) := (ρ0, . . . , ρq−1) .

It is a standard fact that θ is a bijection. Now let Z(y, j) be a random variable on {0, . . . , pq−
1} with distribution ωq(y, j) and let

Y (y, j) = (Y1(y, j), . . . , Yq(y, j)) := θ ◦ Z(y, j) .

For α = 1, . . . , q, let δα
q (y, j) be the distribution of Yα(y, j) on {0, . . . , p−1}. A straightforward

computation shows that

δ
α
q (y, j) =

1

pqλq(yξj
pq+1)





pα−1
∑

h=0

pq−α−1−1
∑

h̃=0

wh̃pα+1+spα+h
j (y)

∣

∣

∣s = 0, . . . , p − 1



 . (83)

Lemma 20 For every 1 ≤ α ≤ q,

H
(

ωq(yξj
pq+1)

)

≤

q
∑

α=1

H
(

δ
α
q (y, j)

)

(84)

Proof:
We have

H
(

ωq(yξj
pq+1)

)

= H (ωq(y, j)) = H (Z(y, j)) = H (θ ◦ Z(y, j)) = H (Y (y, j))

≤
q

∑

α=1
H (Yα(y, j)) =

q−1
∑

α=0
H

(

δα
q (y, j)

)

,
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where we first used the fact that θ is a bijection, then apply chain rule for entropy, and finally
the conditional entropy bound (see [7] for instance).

Next step of our proof consists in upperbounding the entropies H(δα
q (x)) with the entropy

H(νq(x)), for every 1 ≤ α ≤ q < r and for every j ∈ {0, . . . , p − 1} and y ∈ Y such that

λq(yξj
pq+1) > 0.

We start by stating a simple result characterizing the so called (generalized) ’permutahe-
dron’ of a given point in the n–dimensional Euclidean space. Let us introduce some notation.
For any K ⊆ R

n the convex hull of K is defined as the smallest convex subset of R
n contain-

ing K: it will be denoted by co(K). The set co(K) can be characterized as the intersection
of all the convex sets K ′ such that R

n ⊇ K ′ ⊃ K. A V–polytope in R
n is the convex hull

of finite set K ⊂ R
n. A H–polytope in R

n is a bounded intersection of closed halfspaces
({x ∈ R

n :
∑n

i=1 aixi ≤ a0}, ai ∈ R for 0 ≤ i ≤ n). Notice that, since every halfspace is
convex, then every H–polytope is covex too; moreover it can be easily proved that every
H–polythope is the convex hull of its boundary. There is a general fundamental result (see
[37] for instance) stating that an arbitrary set P ⊂ R

n is a V–polytope if and only if it is an
H–polytope: we will therefore simply call it polythope.

In the following we will deal with a special class of polytopes: given a point x ∈ R
n,

we shall consider co(Snx), i.e. the convex hull of the set of all component permutations of
x: this is sometimes called the (generalized) permutahedron of x. By the theorem we cited
above, co(Snx) can be characterized as an H–polytope, and next result explicitly gives such
characterization.

Lemma 21 Let w ∈ R
n be such that

w1 ≥ w2 ≥ . . . ≥ wn . (85)

Then
co(Snw) = A

where

A :=
⋂

J⊂{1,...,n}







∑

i∈J

xi ≤

|J |
∑

i=1

wi







⋂

{

n
∑

i=1

xi =
n

∑

i=1

wi

}

⊂ R
n

Proof:
To prove co(Snw) ⊆ A it suffices to note that, for every σ ∈ Sn, σx ∈ A: in fact, it is easy
to check that, due to (85), every constraint is satisfied. Since A is convex and because of the
definition of co(Snw) it immediately follows that co(Snw) ⊆ A.

We now prove the converse inclusion, A ⊆ co(Snw), by induction (we use the strong form
of the induction principle). Clearly the statement is true for n = 1. Suppose that our claim is
true for every m ≤ n for some given n ∈ N. Let w ∈ R

n+1 such that w1 ≥ w2 ≥ . . . ≥ wn+1.
For every J ⊂ {1, . . . , n + 1} consider the facet AJ of A defined by

AJ :=
⋂

I⊂{1,...,n+1}
I 6=J







∑

i∈I

xi ≤

|I|
∑

i=1

wi







⋂







∑

i∈J

xi =

|J |
∑

i=1

wi







⋂

{

n+1
∑

i=1

xi =
n+1
∑

i=1

wi

}

.

We observe that
πJAJ ⊆ BJ , πJcAJ ⊆ CJ , (86)
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where πJ and πJc are the projections of R
n+1 onto the linear subspaces {xi = 0, i ∈ Jc} and

{xi = 0, i ∈ J} respectively, and

BJ :=
⋂

I⊂J







∑

i∈I

xi ≤

|I|
∑

i=1

wi







⋂







∑

i∈J

xi =

|J |
∑

i=1

wi







⋂ ⋂

i∈Jc

{xi = 0}

CJ :=
⋂

I⊂Jc







∑

i∈I

xi ≤

|J |+|I|
∑

i=|J |+1

wi







⋂







∑

i∈Jc

xi =

n+1
∑

i=|J |+1

wi







⋂ ⋂

i∈J

{xi = 0} .

In fact, the former inclusion in (86) is trivial since BJ is defined as the intersection of a subset
of the halfspaces whose intersection defines AJ , while for the latter it suffices to observe that,
for each I ⊂ Jc,

x ∈ AJ ⇒
∑

i∈I∪J

xi ≤

|I|+|J |
∑

i=1

xi,
∑

i∈J

xi =

|J |
∑

i=1

xi ⇒
∑

i∈I

xi =
∑

i∈I∪J

xi −
∑

i∈J

xi ≤

|I|+|J |
∑

i=|I|+1

xi .

Now let θJ ∈ Sn+1 be any permutation such that

θJ ({1, . . . , |J |}) = J ,

and let SJ := {σ ∈ Sn+1 : σ
∣

∣

{|J |+1,...,n+1}
≡ id}, SJc := {σ ∈ Sn+1 : σ

∣

∣

{1,...,|J |}
≡ id}. Notice

that SJ commutes with SJc in the sense that σρ = ρσ, for all σ ∈ SJ and ρ ∈ SJc . We
also define φJ : πJR

n+1 → R
|J | and φJc : πJcR

n+1 → R
|Jc| as the standard isomorphisms.

By applying the inductive hypothesis to ΦJπJθJw and ΦJcπJcθJw respectively, and then
immersing beck the results in R

n+1 by Φ−1
J and Φ−1

Jc respectively, you have that

BJ ⊆ co(πJθJSJw), CJ ⊆ co(πJcθJSJcw) . (87)

For every x ∈ AJ we have πJx ∈ BJ and πJcx ∈ CJ from (86) and then (87) implies that
λ′ ∈ P(SJ) and λ′′ ∈ P(SJc) exist such that

x = πJx + πJcx
=

∑

σ∈SJ

λ′(σ)πJθJσw +
∑

ρ∈SJc

λ′′(ρ)πJcθJρw

=
∑

σ∈SJ
ρ∈SJc

λ′(σ)λ′′(ρ)θJσρw

=
∑

σ∈θJSJSJc

λ(σ)σw ∈ co(Sn+1w),

with λ ∈ P(θJSJSJc) ⊆ P (Sn+1) defined by λ(θJσρ) := λ′(σ)λ′′(ρ). So, for every J ⊂
{1, . . . , n + 1}, we have proved that

AJ ⊆ co(Sn+1w) ,

but then

A = co(∂A) = co





⋃

J⊂{1,...,n+1}

AJ



 ⊆ co(Sn+1w) .
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Lemma 22 Suppose n2 real numbers {ak
i , i, k = 0, . . . , n − 1} are given, such that

k < k′ =⇒ ak
j ≤ ak′

i , j, l = 0, . . . , n − 1 . (88)

Define the two vectors

x =

(

n−1
∑

i=0

a0
i ,

n−1
∑

i=0

a1
i , . . . ,

n−1
∑

i=0

an−1
i

)

, v =

(

n−1
∑

k=0

ak
0,

n−1
∑

k=0

ak
1, . . . ,

n−1
∑

k=0

ak
n−1

)

.

Then v ∈ co(Snx), i.e. v is a convex combination of permutations of x.

Proof: (88) implies that
x0 ≥ x1 ≥ . . . ≥ xn−1

and, for every J ⊂ {1, . . . , n − 1},

∑

i∈J

vi ≤

|J |−1
∑

i=0

xi .

So Lemma 21 can be applied to show that v ∈ co(Snx).

We can now prove the following inequality.

Lemma 23 For every 0 ≤ α < q < r, and y ∈ Y such that λq+1(y) > 0,

H







∑

0≤j<p:λq(yξj

pq+1 )>0

λq(yξj
pq+1)

pλq+1(y)
δ

α
q (y, j)






≤ H (νq(y)) (89)

Proof: We will show that

νq(y) ∈ co






Sp







∑

0≤j<p:λq(yξj

pq+1 )>0

λq(yξj
pq+1)

pλq+1(y)
δ

α
q (y, j)












. (90)

Then (89) simply follows by the concavity of the entropy function.
From Lemma 19 and from (83) it follows that

∑

0≤j<p:λq(yξj

pq+1 )>0

λq(yξj
pq+1)δ

α
q (y, j) =





p−1
∑

j=0

pα−1
∑

h=0

pq−α−1−1
∑

h̃=0

wspα+h+h̃pα+1

j (y) , s = 0, . . . , p − 1





while, by definition,

pq+1λq+1(y)νq(y) =

(

pq−1
∑

i=0

wi
q,0(y),

pq−1
∑

i=0

wi
q,1(y), . . . ,

pq−1
∑

i=0

wi
q,p−1(y)

)

.

If we define, for 0 ≤ j, s ≤ p − 1,

as
j :=

pα−1
∑

h=0

pq−α−1−1
∑

h̃=0

wspα+h+h̃pα+1

q,j (y) ,
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then

pq
∑

0≤j<p:λq(yξj

pq+1)>0

λq(yξj
pq+1)δ

α
q (y, j) =





p−1
∑

j=0

a0
j

p−1
∑

j=0

a1
j , . . . ,

p−1
∑

j=0

ap−1
j



 ,

while

pq+1λq+1(y)νq(y) =

(

p−1
∑

s=0

as
0,

p−1
∑

s=0

as
1, . . . ,

p−1
∑

s=0

as
p−1,

)

Fix a couple (k, k′) ∈ {0, . . . , p − 1} such that k < k′: from (78) we have

wkpα+h+h̃pα+1

q,j (y) ≥ wk′pα+h+h̃pα+1

q,i (y) ,

for every j, i ∈ {0, . . . , p − 1}, h ∈ {0, . . . , pα−1 − 1}, h̃ ∈ {0, . . . , pq−α−1 − 1}, and thus

ak
j =

pα−1
∑

h=0

pq−α−1−1
∑

h̃=0

wkpα+h+h̃pα+1

j (y)

≤
pα−1
∑

h=0

pq−α−1−1
∑

h̃=0

wk′pα+h+h̃pα+1

i (y) = ak′

i .

So the coefficients {ak
j , j, k = 0, . . . , p − 1} satisfy (88) and then Lemma 22 can be applied

to conclude that

pq+1λq+1(y)νq(y) ∈ co






Sp






pq

∑

0≤j<p:λq(yξj

pq+1 )>0

λq(yξj
pq+1)δ

α
q (y, j)












, (91)

which in turn implies (90), since we have supposed λq+1(y) > 0.

Finally, we are ready to prove the following fundamental result.

Theorem 24 For every 1 ≤ q < r,

qCpq+1 ≤ (q + 1)Cpq . (92)

Proof: We already noticed that (92) is equivalent to

q

∫

{λq+1>0}

λq+1(y)H (νq(y)) dµ(y) ≥

∫

{λq>0}

λq(y)H (ωq(y)) dµ(y) . (93)

Fix an arbitrary y ∈ {λq+1(y) > 0}. Successively applying (84), the concavity of the entropy
function H and (89), we obtain

∑

0≤j<p:

λq(yξj

pq+1)>0

λq(yξj
pq+1)

pλq+1(y)
H

(

ωq(yξj
pq+1)

)

≤

q
∑

α=1





∑

j

λq(yξj
pq+1)

pλq+1(y)
H

(

δ
α
q (y, j)

)





≤

q
∑

α=1

H





∑

j

λq(yξj
pq+1)

pλq+1(y)
δ

α
q (y, j)





≤

q
∑

α=1

H (νq(y))

= qH (νq(y)) .

(94)
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Thus

1

p

∑

0≤j<p:

λq(yξj

pq+1)>0

λq(yξj
pq+1)H

(

ωq(yξj
pq+1)

)

≤ qλq+1(y)H (νq(y)) ∀y ∈ {λq+1 > 0} , (95)

which implies, since 1{λq+1>0}(y) ≥ 1{λq>0}(yξj
pq+1),

∫

{λq>0}

H (ωq(y)) dµ(y) =

∫

Y

λq(y)H (ωq(y))1{λq>0}(y)dµ(y)

= 1
p

p−1
∑

j=0

∫

Y

λq(yξj
pq+1)H

(

ωq(yξk
pq+1)

)1{λq>0}(yξj
pq+1)dµ(y)

=

∫

Y

1

p

∑

0≤j<p:

λq(yξj

pq+1 )>0

λq(yξj
pq+1)H

(

ωq(yξj
pq+1)

)1{λq+1>0}(y)dµ(y)

≤ q

∫

Y

λq+1(y)H (νq(y))1{λq+1>0}(y)dµ(y)

= q

∫

{λq+1>0}

λq+1(y)H (νq(y)) dµ(y) .

(96)

We summarize the results of the present section in the following:

Corollary 25 For any prime p and positive integer r, every Kpr–AIDN channel is such that

ĈZpr = Cpr . (97)

Combining Corollary 25 with Corollary 15, we can finally state a result first conjectured
by Loeliger in [25].

Corollary 26 Zpr(–free) codes achieve capacity of the pr–PSK AWGN channel.

6 An example when CG < C

In the previous section we have shown that for a wide class of Zpr–symmetric channels with
pr–PSK as input Zpr–capacity and Shannon capacity do coincide, thus implying by Corollary
15 that Zpr–codes do suffice to achieve Shannon capacity of such channels. At this point
the question arising is whether it is the case for any higher dimensional GU constellation
admitting generating group isomorphic to Zpr . The answer is negative as we will show
in this section. In fact we will provide a whole family of counterexamples based on the
three–dimensional constellations introduced in Example 5 of Section 2. We will prove that
Z2r–capacity of the AWGN channel with input constrained on some of these constellations is
strictly less than the corresponding Shannon capacity, thus leading to an effective algebraic
obstruction to the use of Z2r–codes. This motivates the investigation of non Abelian group
codes for such constellations.
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We start by fixing some notation. Let r be an arbitrary positive integer to be considered
fixed throughout this section. We consider the family of three–dimensional GU constellations
Kβ

2r , parameterized by β ∈ (0, +∞) and defined as

Kβ
2r :=

{

xk =

(

√

1
1+β2 e

2π
2r ki,

√

β2

1+β2 (−1)k

)

, k = 0, 1, . . . , 2r − 1

}

⊂ C × R ≃ R
3 .

We recall that the symmetry group of Kβ
2r is isomorphic to the dihedral group D2r , and

that Kβ
2r admits two non isomorphic generating groups: the cyclic one Z2r and the dihedral

one D2r−1 . Let us fix a standard deviation value σ > 0, and consider the corresponding family

of Kβ
2r–AWGN channels

(

Kβ
2r , R3, W

)

, with W (y|x) = 1
(2πσ2)3/2 e−

||y−x||2

2σ2 . For s = 1, . . . , r

we will use the notation C2s(β) for the capacity of the Kβ
2s–AWGN channel, while CZ2r (β)

will be the Z2r–capacity of the Kβ
2r–AWGN channel, i.e.

CZ2r (β) = min
1≤s≤r

r

s
C2s(β) .

We start our analysis by considering the limit case as β goes to 0. For β = 0, Kβ
2r

degenerates into an R
3 embedding of the 2r–PSK constellation, so that we can extend our

definition of Kβ
2r to the case β = 0 in a natural way:

K0
2r :=

{

xk =
(

e
2π
2r ki, 0

)

, k = 0, 1, . . . , 2r − 1
}

⊂ C × R ≃ R
3 .

Notice that clearly K0
2r is not a 3-dimensional constellation since it does not span R

3. It is
a trivial fact that, since orthogonal components of the additive Gaussian noise are mutually
independent, for every 1 ≤ s ≤ r C2s(0) coincides with the capacity of the K2s–AWGN
channel, i.e. the 2-dimensional AWGN channel with input constrained over the 2s–PSK
constellation. Thus, all the results of last section hold true for the K0

2r–AWGN channel: in
particular we have Z2r–capacity and Shannon one coinciding, i.e.

CZ2r (0) = C2r(0) . (98)

Similar arguments can be applied, for every given β > 0, to the 2r−1–th subconstellation

{(

√

1
1+β2 e

2π
2r−1 ki,

√

β2

1+β2

)

, k = 0, 1, . . . , 2r−1 − 1

}

which coincides with a 3-dimensional embedding of the constellation
√

1
1+β2 K2r−1 , i.e. the

2r−1–PSK rescaled by the homotopy x 7→
√

1
1+β2 x. This observation, combined with the

equivalence of AWGN–channels with the same signal to noise ratio, and again the indepen-
dence of orthogonal components of the Gaussian noise, allows us to apply the results of the
previous section to state that

(r − 1)C2s(β) ≥ sC2r−1(β) , 1 ≤ s ≤ r − 1 . (99)

Thus, for every given β ∈ (0, +∞), in order to check whether C2r(β) and CZ2r (β) do coincide
or not we are only left to compare the two capacities C2r(β) and C2r−1(β), i.e.

CZ2r (β) = C2r(β) ⇐⇒ (r − 1)C2r(β) ≤ rC2r−1(β) .
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If we now let the parameter β go to +∞, the constellation Kβ
2r approaches an R

3 embed-
ding of the 2–PAM modulation, with the 2r−1 even labeled points {x2k, k = 0, . . . , x2r−1−1}
collapsed into the point (0, 0, 1), and the odd labeled ones {x2k+1, . . . , 2

r−1−1} into the point
(0, 0,−1). Let us define this limit constellation as

K∞ := {(0, 0, 1), (0, 0,−1)} .

We denote Shannon capacity of the K∞–AWGN channel by C(∞) and notice that, for every
finite standard deviation value σ, we have

C(∞) > 0 ,

while every subchannel of K∞ trivially has zero Shannon capacity. We now want to evaluate
the limit of both capacities C2r(β) and C2r−1(β) as β goes to infinity. Intuitively, as Kβ

2r is

approaching K∞
2r , we can expect that respectively C2r(β)

β→∞
−→ C(∞) and C2s(β)

β→∞
−→ 0 for

every s < r. In fact this is true as can be formally proved in the following way. We start by
noticing that

∑

x∈Kβ
2r

1
2r W (y|x) log

(

W (y|x)
1
2r

∑

z∈K
β
2r

W (y|z)

)

≤
∑

x∈Kβ
2r

1
2r

∑

z∈Kβ
2r

1
2r W (y|x) log

(

W (y|x)
W (y|z)

)

= 1
22r

∑

x,z∈Kβ
2r

W (y|x) log e
(

− ||y−x||2

2σ2 + ||y−z||2

2σ2

)

≤ 1
22r

∑

x,z∈Kβ
2r

W (y|x) log e
2σ2

(

−||y − x||2 + (||y − x|| + ||z − x||)2
)

≤ 1
22r

∑

x,z∈Kβ
2r

W (y|x) log e
2σ2

(

||y − x||2 + 2||x − z||2
)

≤ 1
2r

∑

x∈Kβ
2r

W (y|x) log e
2σ2

(

||y − x||2 + 8
)

where the first inequality is due to the convexity of the function x → log 1
x , the second one

to the triangular inequality, the third one comes from the fact that 2ab ≤ a2 + b2 for every
a, b ∈ R, and the last one from the fact that x and z both lie on a sphere of radius 1, so that
||x − z|| ≤ ||x|| + ||z|| ≤ 2. Since

1

2r

∑

x∈Kβ
2r

∫

C∗

W (y|x)
log e

2σ2

(

||y − x||2 + 8
)

dµ(y) = log e

(

1

2
+

4

σ2

)

< +∞

we can apply Lebesgue’s dominated convergence theorem (see [30]) in order to exchange the
limit and the integral signs in evaluating the expressions limβ→+∞ C2s(β) for any s ≤ r. By

this argument and the continuity of transition densities W (y|x) = 1
2πσ2 e−

||y−x||2

2σ2 , we get

lim
β→+∞

C2r(β) = lim
β→+∞

∑

x∈Kβ
2r

1

2r

∫

Y

W (y|x) log

(

W (y|x)
1
2r

∑

z∈Kβ
2r

W (y|z)

)

dµ(y)

=

∫

Y

1

2r
lim

β→+∞

∑

x∈Kβ
2r

W (y|x) log

(

W (y|x)
1
2r

∑

z∈Kβ
2r

W (y|z)

)

dµ(y)

=

∫

Y

1

2

∑

x∈K∞

W (y|x) log

(

W (y|x)
1
2

∑

z∈K∞

W (y|z)

)

dµ(y) = C(∞)

(100)
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Figure 4: Shannon capacity and Z8–capacity of Kβ
8 as a function of β

and, for every 1 ≤ s < r

lim
β→+∞

C2s(β) = lim
β→+∞

∫

Y

1

2s

2s−1
∑

j=0

W (y|x2r−sj) log











W (y|x2r−sj)

1
2s

2s−1
∑

k=0

W (y|x2r−sk)











dµ(y)

=

∫

Y

1

2s

2s−1
∑

j=0

lim
β→+∞

W (y|x2r−sj) log











W (y|x2r−sj)

1
2s

2s−1
∑

k=0

W (y|x2r−sk)











dµ(y)

=

∫

Y

W (y|(0, 0, 1)) log

(

W (y|(0, 0, 1))

W (y|(0, 0, 1))

)

dµ(y) = 0 .

(101)

Thus a continuity argument applied to C2r(β) and C2r−1(β) implies the existence of β = β(σ) ≥ 0
such that

C2r−1(β) < C2r(β) , ∀β > β .

As a consequence we have that

CZ2r (β) = C2r(β) ⇐⇒ β ≤ β . (102)

As an immediate consequence of Theorem 5, (102) tell us that for every σ > 0 algebraic
obstructions surely occur for β > β(σ). We can conclude that for sufficiently high -but finite-

values of β Z2r–codes do not achieve Shannon capacity of the Kβ
2r–AWGN channel of any

arbitrary given signal to noise ratio. We observe that it can be proved that, for r > 2,

(r − 1)C2r(0) < rC2r−1(0) .

A continuity argument implies then that β > 0, i.e. for sufficiently small -but positive- values
of β, Z2r–codes do achieve capacity of the Kβ

2r–AWGN channel.
Figure 4 reports the behaviour of C8(β) and CZ8(β) as a function of the parameter β

(Montecarlo simulations).
Summarizing, in this section we have provided an example of Abelian G–symmetric chan-

nel –the Kβ
2r–AWGN channel for β > β– for which G–codes are not sufficient to achieve

Shannon capacity. It remains an open question whether or not for high values of β the ca-
pacity of the Kβ

2R AWGN–channels can still be achieved by D2r−1–codes, i.e. codes which

are subgroups of DN
2r−1 . Our feeling is that it could be possible: it seems to us that, roughly

speaking, the structure of the dihedral group is more suitable to be adapted to Kβ
2r when β
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goes to infinity, since D2r−1 contains a binary subgroup with corresponding subconstellation
{(

√

1
1+β2 ,

√

β2

1+β2

)

,

(

√

1
1+β2 e

2π
2r i,−

√

β2

1+β2

)}

approaching K∞ = {(0, 1)(0,−1)} as β goes

to infinity. More in general, one can ask which geometrically uniform constellations S admit
eventually non-Abelian generating groups G such that Shannon capacity of the S–AWGN
channels can be achieved by G–codes.

7 Conclusions

In this paper we developed a Shannon theory for group codes over symmetric memoryless
channels, when the generating group G is an arbitrary finite Abelian group. Our results
generalize the classical theory for binary linear codes over symmetric channels. The main
example we have in mind is the AWGN channel with input restricted over a geometrically
uniform constellation S admitting G as generating group and either soft or quantized output.
We have individuated a new threshold value for the rates at which reliable transmission is
possible with G-codes, which we called the G-capacity CG, defined as the solution of an
optimization problem involving Shannon capacities of the channels obtained by restricting
the input to some of the subgroups of G. We have shown that at rates below CG the average
ML word error probability of the ensemble of G-codes goes to zero exponentially fast with
the block length, with exponent at least equal to the G-channel coding exponent EG(R),
while at rates beyond CG the word error probability of any G-code is bounded from below
by a strictly positive constant. We have proved that for the AWGN channel with m-PSK
constellation as input (and m the power of a prime) the G-capacity CG does coincide with
the Shannon capacity C, so that in this case we have shown that reliable transmission at any
rate R < C can in fact be reached using group codes over Zm. Finally we have exhibited a
counterexample when CG < C: it consists of the AWGN channel with as input a particular
three-dimensional constellation admitting Zm as generating group.

Among the still open problems we recall:

• giving a full proof that EG(R) is tight for the average G–code, and analyzing the error
exponent of a typical G-code from the ensemble;

• studying new geometrically uniform constellations;

• extending the theory to non-Abelian groups.

Especially last point seems to us a great challenge for future research.
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