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Abstract. Recent results on the harmonic analysis of spinor fields on the complex hyperbolic space
Hn(C) are reviewed. We discuss the action of the invariant differential operators on the Poisson
transforms, the theory of spherical functions and the spherical transform. The inversion formula,
the Paley–Wiener theorem, and the Plancherel theorem for the spherical transform are obtained by
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1. Introduction

Scalar harmonic analysis on noncompact Riemannian symmetric spaces G/K is
by now well understood. Harmonic analysis on sections of homogeneous vector
bundles on G/K is not so well developed.

Let Eτ be the vector bundle over G/K associated to an irreducible representa-
tion (K-type) (τ, Vτ ) of K. We identify the space of cross-sections of Eτ with the
space �(G, τ) of Vτ -valued functions on G satisfying f (xk) = τ(k−1)f (x) for all
x ∈ G, k ∈ K. We denote by C∞(G, τ), C∞

0 (G, τ), and L2(G, τ) the elements of
�(G, τ) that are, respectively, smooth, smooth with compact support, and square
integrable with respect to the inner product

(f, g) =
∫
G

dx〈f (x), g(x)〉.

The first approach to the analysis on L2(G, τ) is the abstract approach from
representation theory. It gives an abstract Plancherel theorem for L2(G, τ), i.e.,
a direct integral decomposition of this space into G-irreducible modules via an
appropriate Fourier transform. Let us briefly recall this approach.

Let L and R denote the left and right regular representations of G on L2(G):

L(g)f (x) = f (g−1x), R(g)f (x) = f (xg) (f ∈ L2(G), x, g ∈ G).
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We regard G as the homogeneous space G×G/diag(G). The Plancherel theorem
for (L⊗ R,L2(G)) states that

L2(G) =
∫ ⊕

Ĝ

Hπ ⊗Hπ∗ dν(π),

where Ĝ stands for the unitary dual of G, ν is the Plancherel measure supported on
the set of tempered representations, Hπ is the Hilbert space of the representation
π , and π∗ is the contragredient representation of π . Now the space L2(G, τ) can
naturally be identified with the subspace (L2(G) ⊗ Vτ )

(R⊗τ )(K) of (R ⊗ τ)(K)-
invariant vectors in L2(G)⊗ Vτ . This gives the decomposition

L2(G, τ) =
∫ ⊕

Ĝ

Hπ ⊗ (Hπ∗ ⊗ Vτ )
(π∗⊗τ )(K) dν(π)

=
∫ ⊕

Ĝ

Hπ ⊗ HomK(Hπ, Vτ ) dν(π), (1.1)

where we have used the classical identification of (Hπ∗ ⊗ Vτ)
(π∗⊗τ )(K) with

HomK(Hπ, Vτ ), the space of K-intertwining operators between the K-modules
Hπ and Vτ . Note that this space is nonzero only if the representation τ occurs in
the restriction of π to K (with multiplicity mπ > 0). In (1.1) G acts on the left by
the induced representation indG

K(τ) = L, and on the right on Hπ ⊗HomK(Hπ, Vτ )

by π ⊗ 1, so one obtains

L =
∫ ⊕

Ĝ

π ⊗ 1 dν(π).

This decomposition of L2(G, τ) is implemented by the following (group-theo-
retic) Fourier transform (see, e.g., [2]). For f ∈ C∞

0 (G, τ) and T ∈ HomK(Vτ ,Hπ),
define

Hπ(f )(T ) =
∫
G

π(x) Tf (x) dx ∈ Hπ.

The notation f̃ (π)(T ) in place of Hπ(f )(T ) is also used. Note that Hπ (f ) can
be viewed as an element of Hπ ⊗ HomK(Vτ ,Hπ)

∗ � Hπ ⊗ HomK(Hπ, Vτ ), so
that the mapping f → Hπ(f ) maps indeed C∞

0 (G, τ) ⊂ L2(G, τ) into the space
Hπ ⊗ HomK(Hπ, Vτ ). It is easy to check that this map is G-equivariant. If {Tj }mπ

j=1
is an orthonormal basis of HomK(Vτ ,Hπ) with respect to the scalar product

〈T1, T2〉 = 1

dim τ
Tr(T1T

∗
2 ),

with dual basis {T ∗
j }mπ

j=1, we can expand

Hπ(f ) =
∑
j

Hπ(f )(Tj )⊗ T ∗
j ,
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and the norm squared of Hπ (f ) is

‖Hπ (f )‖2 =
∑
j

‖Hπ(f )(Tj )‖2
Hπ

.

Then we get the following Plancherel and inversion formulas (see, e.g., [2, 5, 14]):
for all f ∈ C∞

0 (G, τ) we have

‖f ‖2
L2(G,τ)

= 1

dτ

∫
Ĝ

‖Hπ (f )‖2 dν(π),

f (x) = 1

dτ

∫
Ĝ

∑
j

T ∗
j π(x

−1)Hπ(f )(Tj ) dν(π)

= 1

dτ

∫
Ĝ

(f ∗ ϕτ
π)(x) dν(π) (x ∈ G),

where dτ = dim τ , ϕτ
π is the End(Vτ )-valued τ -spherical function given by

ϕτ
π (x) =

∑
j

T ∗
j π(x

−1)Tj ,

and the convolution is defined by

(f ∗ ϕτ
π)(x) =

∫
G

ϕτ
π(y

−1x)f (y) dy.

The second approach to the analysis on vector bundles uses the theory of τ -
spherical functions on G to develop spherical harmonic analysis on G/K, i.e.,
the spherical transform theory of τ -radial functions on G. A function F : G →
End(Vτ ) is called τ -radial if

F(k1xk2) = τ(k−1
2 )F (x)τ(k−1

1 ), ∀x ∈ G,∀k1, k2 ∈ K. (1.2)

For each τ -radial function F and for v in Vτ , the vector-valued function x →
F(x)v is in �(G, τ) and is called a radial cross-section of Eτ . Thus, τ -radial
functions generalize to vector bundles the notion of radial (i.e., K-invariant) scalar
functions on G.

We denote by C∞(G, τ, τ), C∞
0 (G, τ, τ), and L2(G, τ, τ) the spaces of τ -radial

functions that are respectively smooth, smooth with compact support, and square
integrable with respect to the inner product

〈F1, F2 〉 =
∫
G

dx tr
[
F1(x)F2(x)

∗],
where ∗ denotes adjoint. The space C∞

0 (G, τ, τ) becomes a convolution algebra
under the convolution product

(F1 ∗ F2)(x) =
∫
G

dy F1(y
−1x)F2(y).
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This algebra may or may not be commutative, depending on the group G and on
the K-type under consideration. A formal theory of the spherical transform on
C∞

0 (G, τ, τ) can be developed both in the commutative [4, 14] and noncommuta-
tive [5] settings, in analogy with the Fourier transform theory outlined above for
the nonradial case.

If G/K is a noncompact symmetric space of rank one, i.e., a hyperbolic space
Hn(F) (F = R,C,H) or the Cayley plane H2(O), we can make this approach more
explicit using the theory developed in the 70’s by Flensted–Jensen and Koorn-
winder for the scalar case (Jacobi functions and analysis on rank-one symmetric
spaces, see [13] for a survey). Namely, scalar spherical functions on G/K of
rank one can be realized as Jacobi functions, and the spherical transform of radial
functions coincides with a Jacobi transform.

For homogeneous vector bundles over hyperbolic spaces the link between spher-
ical harmonic analysis and Jacobi analysis persists, although the theory becomes
considerably more complicated. This analytic approach makes it possible to ob-
tain not only the inversion and Plancherel formulas for the spherical transform,
but also the concrete Paley–Wiener theorem. The image of C∞

0 (G, τ, τ) under
spherical transformation is known, in principle, by the work of Campoli [3] in
the rank one case, and Arthur [1] in the general case. To state concretely the so-
called Arthur–Campoli relations requires, however, a complete knowledge of all
the irreducible subquotients of the principal series of G, which is not available yet.
Therefore a case-by-case discussion is needed, based on a specific choice of the
vector bundle Eτ .

The cases of differential forms and Dirac spinors on Hn(R) were considered in
[14, 7], and the case of differential forms on Hn(C) was studied in [15]. The case
of vector bundles Eτ over Hn(H) associated with irreducible representations τ of
K = Sp(n)× Sp(1) which are trivial on Sp(n) was discussed in [9].

In this paper we review the results obtained recently in [6] for the case of Dirac
spinors on the complex hyperbolic space Hn(C).

The material will be organized as follows. In Section 2 we discuss spinors on
Hn(C). The spinor bundle is realized concretely as an exterior bundle constructed
from a maximal isotropic subspace V of the complexification pC of p � To(G/K).
Here the groups G and K are respectively SU(n, 1) and S(U(n) × U(1)), for n

odd, and two double covers of these groups, for n even. The isotropy group K acts
irreducibly on the homogeneous component

∧j
(V ) of the exterior algebra

∧
(V )

by the K-type τj = τ0 ⊗∧j
(Ad|V ), where τ0 is a one-dimensional K-type. The

Dirac operator D can then be written as D = d + δ, where d and δ are first-order
differential operators acting respectively as raising and lowering operators for the
index j . The algebra D(G, τj ) of invariant differential operators on the bundle
C∞(G, τj ) is generated by dδ and δd.

In Section 3 we identify the continuous part and the discrete part in the Plan-
cherel decomposition for L2(G, τj ), given respectively in [8] and [10]. Then we
define the Poisson transform and give its geometric interpretation as a map sending
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spinors defined on the boundary of Hn(C) into spinors defined on the interior.
The action of D, d, δ, and ∗̄ (the conjugate-linear Hodge operator) on the Poisson
transforms is given.

In Section 4 the spinor τj -spherical functions # are computed in terms of Ja-
cobi functions. We use the radial parts of the differential equations satisfied by
#, namely D2# = χ#(D

2)#, and either d# = 0 or δ# = 0, where χ# is the
character of D(G, τj ) corresponding to #. We show that the solutions to D2# = 0
are in L2 if and only if the K-type τj equals τn/2.

In Section 5 we write down the spherical transform of a τj -radial function F in
terms of suitable Jacobi transforms of the scalar components of F . Then we give
the inversion formula, the Paley–Wiener theorem and the Plancherel theorem on
L2(G, τj , τj ).

2. Spinors on Hn(C)

The complex hyperbolic space is the manifold

Hn(C) = {z ∈ Cn+1 : L(z, z) = −1}/U(1),

where L is the Hermitian Lorentz form in Cn+1

L(z,w) = z1w1 + · · · + znwn − zn+1wn+1.

The group G = SU(n, 1) acts transitively on Hn(C) and the isotropy subgroup at
the origin x0 = (0, . . . , 0, 1)U(1) is K = S(U(n) × U(1)), which is a maximal
compact subgroup of G. Thus we may view Hn(C) as the Riemannian symmet-
ric space of noncompact type G/K. Let g = su(n, 1) = k ⊕ p be the Cartan
decomposition of the Lie algebra g of G, where

p =
{
p(z) ≡

(
0n z
t z̄ 0

)
, z ∈ Cn

}
,

k =
{(

B 0
0 b

)
, B ∈ u(n), b ∈ u(1), b + trB = 0

}
.

Let {vj }nj=1 be the canonical basis of Cn. We define the real basis {ej , ẽj }nj=1 of p �
R2n by ej = p(vj ), and ẽj = p(i vj ), where i = √−1. This basis is orthonormal
with respect to cB|p×p, where B is the Killing form on g = su(n, 1), and the
normalization constant c > 0 is chosen so that

cB(X, Y ) = 1
2 tr(XY ), ∀X,Y ∈ su(n, 1). (2.1)

With this choice the scalar product 〈 , 〉 = cB|p×p on p induces, by left translation,
the standard metric of sectional curvature −4 � κ � −1 on Hn(C). The scalar
curvature of this metric is given by S = −4n(n+ 1).
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We fix the maximal Abelian subspace a = Re1 ⊂ p, and let A = exp(a), and
M be the centralizer of A in K, with Lie algebra m given by

m =

 b 0 0

0 B 0
0 0 b

 , B ∈ u(n− 1), b ∈ u(1), 2b + trB = 0

 .

Let h be the diagonal matrices in su(n, 1), then h ⊂ k ⊂ g is a compact Cartan
subalgebra. Let b ⊂ h denote the Cartan subalgebra of m consisting of the diagonal
elements. For 1 � j � n + 1, let εj be the linear functional on hC defined by
εj (diag(h1, . . . , hn+1)) = hj . Then ε1 +· · ·+ εn+1 = 0, and each linear functional
on hC can be written nonuniquely as

∑n+1
1 cj εj . We require

∑n+1
1 cj = 0, so that

the realization as
∑

cjεj is unique. The restriction of εj to bC will be denoted by
the same symbol εj .

If H ∈ hC and Eij denotes the n+ 1× n+ 1 matrix with entry 1 at place (i, j),
and zero entries elsewhere, we have

[H,Eij ] =
(
εi(H)− εj (H)

)
Eij .

Then the roots 6g, 6k, and 6m of the pairs (gC, hC), (kC, hC), and (mC, bC) are
the linear functionals εi − εj , with 1 � i �= j � n+ 1 for 6g, 1 � i �= j � n for
6k, and 2 � i �= j � n for 6m. All roots are real valued on hR = ih and define
members of h∗

R
by restriction. In the usual lexicographic ordering the positive roots

are given by εi − εj with i < j . The positive (open) Weyl chamber of 6+
k

in h∗
R

is

C+
k
=
{

n+1∑
1

ckεk : c1 > c2 > · · · > cn

}
. (2.2)

The positive noncompact roots are given by

6+
p = {αj = εj − εn+1, 1 � j � n}. (2.3)

The noncompact roots ±αj are the weights of the complexified isotropy represen-
tation k → Ad(k)|pC of K on pC. Set

e±j = ej ± iẽj√
2

∈ p
C.

Then the vectors

e+j = √
2En+1,j ≡

√
2E−αj , e−j = √

2Ej,n+1 ≡ √
2Eαj ,

are root vectors for ∓αj respectively, i.e., ad(H)e±j = ∓αj(H)e±j for all H ∈ hC.
We have the decomposition

pC = p+ ⊕ p−, p± =
n∑

j=1

CE±αj . (2.4)
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The (Abelian) subspaces p± are invariant and irreducible under Ad(K). Thus
Ad|pC = Ad+ ⊕ Ad−, where Ad± = Ad|p± have highest weights λ+ = α1 and
λ− = −αn. More generally, the representation

∧j
(Ad+) is irreducible with highest

weight λj = α1 + · · · + αj .
Now let us introduce the spinor representation of k. We identify p with R2n

by means of the orthonormal basis {ua}2n
a=1, where u2j−1 = ej , u2j = ẽj and

1 � j � n. For each Y ∈ k the operator α(Y ) = ad Y |p is in so(p) � so(2n), and
the map α: k → so(p) is a Lie algebra homomorphism. (This is just the differential
of the real isotropy representation α of K on p, α(k) = Ad(k)|p.) Let Cl(p) � Cl2n
be the real Clifford algebra of p � R2n, and let Cl(pC) � Cl(p) ⊗ C � Cl2n be
its complexification. Let (γ, S) be a space of spinors for Cl(pC), i.e., an irreducible
representation γ of Cl(pC) on S � C2n � ∧

(Cn). We realize (γ, S) concretely as
follows (see [11], Chapter 6).

We denote by β the complex symmetric bilinear form on pC � C2n given by
β = cB|pC×pC , and by 〈 , 〉 the inner product on p given by cB|p×p and also the
associated Hermitian inner product on pC (cf. (2.1)).

Fix a pair V , V ∗ of dual maximal isotropic subspaces of pC relative to β. Then
V ∗ can be identified with the dual space of V via the form β, and pC = V ⊕ V ∗.
The space of spinors for Cl(pC) can then be realized as the exterior algebra over V :

S =
∧

(V ) =
n⊕

j=0

∧j

(V ).

Since the subspaces p± in (2.4) are maximal isotropic relative to the Killing form,
we choose V = p+ = span{e−j , 1 � j � n}. (The choice V = p− would do as
well.) Then {e−j }nj=1 is a 〈 , 〉-orthonormal basis of V , {e+j }nj=1 is the dual basis in
V ∗, and the set {e+j , e−j } is a β-isotropic basis of pC (cf. [11], p. 617). Given v ∈ V ,
we write v∗ for the unique element of V ∗ such that v∗(w) = 〈w, v 〉, ∀w ∈ V .
Thus e+j = (e−j )

∗.
Let ε(v) = v∧ be the operator of exterior left multiplication by v ∈ V in

∧
(V ).

The adjoint of ε(v) relative to the natural Hermitian inner product on
∧
(V ) is the

interior product i(v∗). Then the linear map γ : pC = V ⊕ V ∗ → End(S) defined
by

γ (v + w∗) = √
2 ε(v)−√

2 i(w∗) (v ∈ V,w∗ ∈ V ∗), (2.5)

satisfies the Clifford algebra anticommutation rules

{γ (x), γ (y)} = −2β(x, y)1, ∀x, y ∈ pC,

and extends to an irreducible representation γ : Cl(pC) → End(S). The map γ is
called Clifford multiplication.

Now let Spin(p) � Spin(2n) ⊂ Cl2n be the standard two-fold covering group
of SO(p) � SO(2n). The spinor representation (s, S) of Spin(2n) is the restriction
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s = γ |Spin(2n). We have s = s+ ⊕ s−, where s± are the so called half-spin rep-
resentations. These are the fundamental representations of Spin(2n) with highest
weights 1

2λ1 + · · · + 1
2λn−1 ± 1

2λn, where {λj} are the standard functionals on the
Cartan subalgebra of so(2n)C ([12], p. 64). The Lie algebra so(2n) is isomorphic
to spin(2n) by the map Eab − Eba → − 1

2uaub. The differential of s is given then
by s(Eab − Eba) = − 1

2γ (ua)γ (ub).
The spinor representation τ of k is defined by τ(Y ) = s(ad Y |p) = s ◦ α(Y )

(Y ∈ k). This is a unitary representation of k on the space of spinors S. We have
τ = τ+ ⊕ τ−, where τ± = s± ◦ α. It is easy to prove that for H ∈ hC the operator
τ(H) ∈ End(S) is given by

τ(H) =
n∑

j=1

αj(H)
(
ε(e−j )i(e

+
j )− 1

2

)
.

This formula implies easily that the weights of τ are all linear combinations

± 1
2α1 ± 1

2α2 ± · · · ± 1
2αn, (2.6)

with an even number of minus signs for τ+, and an odd number for τ−, all with
multiplicity one. The weight vectors are given as follows. For a multiindex I =
{i1 < · · · < ik} ⊂ {1, 2, . . . , n} let e−I = e−i1 ∧ · · · ∧ e−ik . Then we have

τ(H)e−I = λI (H)e−I , where λI = 1
2

∑
j∈I αj − 1

2

∑
j /∈I αj . (2.7)

By (2.2) and (2.3), we see that the only dominant weights of τ are δ0, δ1, . . . , δn,
where for 0 � j � n we set

δj = 1
2α1 + · · · + 1

2αj − 1
2αj+1 − · · · − 1

2αn

= 1
2ε1 + · · · + 1

2εj − 1
2εj+1 − · · · − 1

2εn +
(
n

2
− j

)
εn+1. (2.8)

We also see that these weights are 6+
k

-extreme, i.e., δj + α is not a weight for all
α ∈ 6+

k
. This implies the decomposition

τ = τ0 ⊕ τ1 ⊕ · · · ⊕ τn, (2.9)

where τj is the irreducible representation of k with highest weight δj , and each τj
occurs with multiplicity one. The weights of τj are precisely all linear combina-
tions of the form (2.6) with j plus signs. Then (2.7) implies that Vτj =

∧j
(V ). For

example the highest weight vector of τj is vδj = e−1 ∧ · · · ∧ e−j .
Lifting τ to K = S(U(n) × U(1)) requires some care since the weights (2.6)

need not be analytically integral (note that K and G are not simply connected).
Indeed, it turns out that each δj is analytically integral only for n odd [6]. This
means that for n odd the isotropy representation α of K lifts to a homomorphism
α̃ from K to Spin(2n), and τ lifts to K by τ = s ◦ α̃.
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For n even α does not lift to Spin(2n) and τ does not lift to K. To get around
this problem, we replace K by a suitable double cover K̃, namely the analytic
subgroup of Spin(2n) with Lie algebra ad(k)|p ⊆ so(2n) � spin(2n) (see [12],
p. 444). Correspondingly, we also replace G by a double cover G̃ such that K̃ ⊂ G̃,
and regard Hn(C) as the coset space G̃/K̃. In this way, α lifts to a homomorphism
α̃: K̃ → Spin(2n), and τ lifts to K̃ by τ = s ◦ α̃. The spinor bundle on Hn(C), n
even, is defined then as the homogeneous vector bundle Eτ = G̃×K̃ Vτ associated
with the representation τ of K̃ .

Remark. The nonexistence of a spin structure on the compact dual space U/K

= Pn(C) (the complex projective space) for n even can be understood as follows.
The group U = SU(n + 1) is now simply connected, thus a double cover of U is
isomorphic with U itself. Since U does not contain K̃ as a subgroup, we cannot
write Pn(C) as Ũ/K̃, and we cannot define a homogeneous vector bundle on Pn(C)

associated with τ .

To simplify the notation and unify the even and odd cases, we shall drop the
tildes from now on, and write G, K, M, etc. in place of G̃, K̃ , M̃, etc. for n even.

The representation τ of K on Vτ � ∧
(V ) satisfies the fundamental relation

τ(k)γ (X)τ(k−1) = γ (Ad(k)X), ∀k ∈ K,∀X ∈ p
C. (2.10)

This implies easily that the K-type τj in the decomposition τ = ⊕
j τj is just the

tensor product

τj = τ |∧j (V ) = τ0 ⊗
∧j

(Ad|V ), ∀j = 1, . . . , n,

where k → τ0(k) ∈ C is the one-dimensional K-type with highest weight δ0 =
− 1

2

∑n
1 αk. To check this, recall that the highest weight of

∧j
(Ad|V ) is λj =∑j

1 αk, so that δ0 + λj equals indeed δj , given by (2.8).
The branching rules for K ⊃ M give the following result for the restriction of

τj to M (see [8]):

τ0|M = σ0, τn|M = σn−1,

τj |M = σj−1 ⊕ σj (1 � j � n− 1),
(2.11)

where σj is the M-type with highest weight

µj = n− 1 − 2j

4
(ε1 + εn+1)+ 1

2

j+1∑
k=2

εk − 1

2

n∑
k=j+2

εk

(0 � j � n− 1).

(2.12)

For 1 � j � n − 1 we write Vτj = Vσj−1 ⊕ Vσj . In the identification Vτj �∧j
(V ) � ∧j

(Cn), the M-isotypic subspaces Vσj−1 and Vσj of Vτj are given then
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by

Vσj−1 = e−1 ∧ span{e−k2
∧ · · · ∧ e−kj , kr � 2} � e−1 ∧ ∧j−1

(Cn−1),

Vσj = span{e−k1
∧ · · · ∧ e−kj , kr � 2} � ∧j

(Cn−1).
(2.13)

We now come to the spinor bundle Eτ = ⊕n
j=0 E

τj . Any f ∈ �(G, τj ) can be
written as

f (x) =
∑

k1<···<kj

f (x)k1···kj e
−
k1
∧ · · · ∧ e−kj ≡

∑
I

fI (x) e
−
I (x ∈ G).

The Dirac operator D: C∞(G, τ) → C∞(G, τ) is defined by

Df (x) =
2n∑
a=1

γ (ua) uaf (x) =
2n∑
a=1

γ (ua)
d

dt

∣∣∣∣
0

f (x exp tua).

It is easy to see that this definition is independent on the orthonormal basis {ua}
of p, and (using (2.10)) that D maps indeed C∞(G, τ) into itself. Using the basis
{ek, ẽk}nk=1, with

ek = 1√
2
(e+k + e−k ) and ẽk = −i√

2
(e+k − e−k ),

and recalling (2.5), we get

D =
n∑

k=1

(
γ (e−k )e

+
k + γ (e+k )e

−
k

) = d + δ,

where d and δ are the differential operators given by

df (x) = √
2

n∑
k=1

e−k ∧ (e+k f )(x),

δ f (x) = −√
2

n∑
k=1

i(e+k ) (e
−
k f )(x),

for all f ∈ C∞(G, τ). The following properties of D, d and δ hold [6].

PROPOSITION 2.1. (I) For all j = 0, . . . , n, we have

d: C∞(G, τj ) → C∞(G, τj+1), δ: C∞(G, τj ) → C∞(G, τj−1),

D: C∞(G, τj ) → C∞(G, τj−1)⊕ C∞(G, τj+1),
(2.14)

where C∞(G, τn+1) = C∞(G, τ−1) ≡ {0}.
(II) d2 = 0, δ2 = 0,⇒ D2 = dδ + δd.
(III) We have the formal adjoints D∗ = D, d∗ = δ, δ∗ = d.
(IV) Let D(G, τj ) be the algebra of G-invariant differential operators on

C∞(G, τj ). Then D(G, τ0) (resp. D(G, τn)) is generated by δ d (resp. d δ), and
D(G, τj ) (1 � j � n − 1) is generated by d δ and δ d. In particular, D(G, τj ) is
commutative for all j .
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Since the spinor bundle is an exterior bundle, we have a natural notion of duality
on it. Let ∗ be the usual Hodge operator, and define the conjugate Hodge operator
∗̄: Vτj → Vτn−j

by ∗̄(β) = ∗(β̄), where β̄ = ∑
βI e

−
I if β = ∑

βI e
−
I ∈ Vτj . Now

note that the contragredient representation τ̌j of τj is equivalent to τn−j , for all j .
[This can be seen from (2.8) and the classical fact that the highest weight of τ̌j
equals minus the lowest weight of τj .] This implies easily that the conjugate-linear
map ∗̄ intertwines τj and τn−j , ∗̄ τj (k) = τn−j (k) ∗̄ for all k ∈ K, and extends to a
conjugate-linear isomorphism

∗̄: C∞(G, τj ) → C∞(G, τn−j ),

by (∗̄f )(x) = ∗̄(f (x)). As in the case of p-forms we have the relations

∗̄2 = (−1)j (n−j) on Vτj , (2.15)

and

δ = (−1)n(j+1)+1 ∗̄ d ∗̄ on C∞(G, τj ). (2.16)

3. The Poisson Transform

We keep the notations of Section 2. Thus G and K denote the groups SU(n, 1) and
S(U(n)× U(1)), for n odd, and two double covers of these groups, for n even.

Recall the maximal Abelian subspace a = Re1 of p. The corresponding analytic
Lie subgroup A of G is parametrized by the elements at = exp(te1). Let α ∈ a∗
be defined by α(te1) = t . Then {±α,±2α} is a restricted root system of (g, a),
with Weyl group W � {±id}. Hereafter we identify the complex dual a∗

C
with C

by means of λα ↔ λ.
Let n = gα ⊕ g2α be the sum of the positive root subspaces, with dimensions

mα = 2n− 2 and m2α = 1, and let ρ = 1
2 (mαα+m2α2α) = nα be the half-sum of

the positive roots, counted with multiplicity. Let N = exp n, let G = KAN be the
corresponding Iwasawa decomposition of G, and write x = k(x) exp[H(x)]n(x),
for all x ∈ G, where H(x) ∈ a, k(x) ∈ K, and n(x) ∈ N . Let M be the centralizer
of A in K.

For σ ∈ M̂ and λ ∈ a∗
C
� C, let πσ,λ denote the principal series indG

MAN(σ ⊗
eiλ⊗1) of G, acting on Hσ,λ � L2(K, σ ), the space of square integrable Vσ -valued
functions on K satisfying f (km) = σ (m−1)f (k), for all k ∈ K, m ∈ M. For a
K-type δ we denote by M̂(δ) the set of M-types σ that occur in δ|M . By (2.11) we
have

M̂(τ0) = {σ0}, M̂(τn) = {σn−1},
M̂(τj ) = {σj−1, σj } (1 � j � n− 1).

By Frobenius Reciprocity, each τj occurs in πσ,λ|K (σ ∈ M̂(τj ), λ ∈ a∗
C

) with mul-
tiplicity one. The continuous part in the Plancherel decomposition of L2(G, τ) =
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2(G, τj ) (i.e., in the right-hand side of (1.1)) can then be worked out using
Harish-Chandra’s Plancherel theorem for real rank one semisimple Lie groups, and
is given by [8, 6]

L2
c(G, τ) �

n⊕
j=0

⊕
σ∈M̂(τj )

∫ ⊕

R+
Hσ,λ pσ (λ) dλ,

where dλ denotes Lebesgue measure on a∗+ � R+ (the positive Weyl chamber in
a∗), and pσ (λ) is the Plancherel density associated with πσ,λ.

The discrete part L2
d(G, τj ) of L2(G, τj ) can be obtained from the work of

Goette and Semmelmann [10]. It is zero for j �= n/2, since in this case τj does
not occur in the restriction of π to K for any discrete series representation π of
G. For j = n/2 (n even) the K-type τn/2 is contained with multiplicity one in the
discrete series representation (π,Hπ) of G with Harish-Chandra parameter δk =
1
2

∑
α∈6+

k
α. (Actually τn/2 is precisely the minimal K-type of π , see [6].) Thus

L2
d(G, τn/2) = Hπ . More generally, Goette and Semmelmann prove that the point

spectrum of the Dirac operator on a noncompact (irreducible) Riemannian symmet-
ric space X is nonempty if and only if X is isometric to SU(p, q)/S(U(p)×U(q))

with p + q odd, and specp(D) = {0} in this case.
We now come to the Poisson transform. To ease the notation, we temporarily

drop the index j in τj , and denote by (τ, Vτ ) any of the K-types τj (j = 0, . . . , n)
in (2.9).

For each σ ∈ M̂(τ) and λ ∈ C, the space HomK(Vτ ,Hσ,λ) �
HomK(Vτ , L

2(K, σ )) is one-dimensional and isomorphic to the space
HomM(Vτ , Vσ ) of M-intertwining operators from Vτ to Vσ (by Frobenius Reci-
procity). Let us think of the representation space Vσ of σ as the σ -isotypic subspace
of Vτ . Then the isometric generator J τ

σ of HomK(Vτ , L
2(K, σ )) is given by

(J τ
σ v)(·) =

√
dτ

dσ
Pσ τ(·)−1v, v ∈ Vτ , (3.1)

where Pσ ∈ HomM(Vτ , Vσ ) is the orthogonal projection from Vτ onto Vσ , and
dτ , dσ are the dimensions of τ and σ . The adjoint operator P τ

σ = (J τ
σ )

∗ ∈
HomK(L

2(K, σ ), Vτ ) is given by

P τ
σ f =

√
dτ

dσ

∫
K

dk τ(k)f (k). (3.2)

Let C∞(G, σ ⊗ eiλ ⊗ 1) denote the space of smooth maps in Hσ,λ, i.e., smooth
Vσ -valued functions on G satisfying f (xmatn) = e−(iλ+ρ)tσ (m−1)f (x), for all
x ∈ G, m ∈ M, at ∈ A, and n ∈ N . The Poisson transform on C∞(G, σ ⊗ eiλ⊗1)
is the map

P τ
σ,λ: C∞(G, σ ⊗ eiλ ⊗ 1) → C∞(G, τ)
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given by

(P τ
σ,λf )(x) = P τ

σ πσ,λ(x
−1) f

=
√
dτ

dσ

∫
K

dk e−(iλ+ρ)(H(xk)) τ (k) f (k(xk)). (3.3)

This map is continuous, linear, and G-equivariant. Its geometric interpretation is as
follows. The elements of C∞(G, σ ⊗ eiλ ⊗ 1) can be considered as cross sections
of the homogeneous vector bundle over the boundary G/MAN associated to the
representation σ ⊗ eiλ ⊗ 1 of MAN . Equivalently, note that if f ∈ C∞(G, σ ⊗
eiλ ⊗ 1) then f |K ∈ C∞(K, σ ). Therefore for each λ ∈ C, the Poisson transform
P τ

σ,λ maps cross sections of the homogeneous vector bundle Eσ over the boundary
K/M associated to σ into cross sections of the bundle Eτ over G/K.

In the present case the boundary K/M � S2n−1 admits a (unique) spin structure,
and one can see that the bundle Eσ0 ⊕ Eσ1 ⊕ · · · ⊕ Eσn−1 is precisely the spinor
bundle on K/M. Letting P j

k,λ = P
τj
σk,λ

(where k = 0 for j = 0, k = n − 1 for

j = n, and k ∈ {j − 1, j} for 1 � j � n − 1), we see that P j

k,λ sends spinors of
M-type σk on K/M into spinors of K-type τj on G/K.

In general the Poisson transforms P j

k,λf are eigenfunctions of the invariant dif-
ferential operators on C∞(G, τj ), such as D2, dδ and δd. The first-order operators
D, d and δ are not in D(G, τj ) since they are G-equivariant (cf. (2.14)). Their action
on the Poisson transforms is given by the following result.

PROPOSITION 3.1 ([6], Prop. 7.2). For all f ∈ C∞(G, σj ⊗ eiλ ⊗ 1), where
0 � j � n− 1 and λ ∈ C, we have

d P j

j,λf = cj (λ)P
j+1
j,λ f, δP j

j,λf = 0, &⇒ DP j

j,λf = cj (λ)P
j+1
j,λ f,

δP j+1
j,λ f = dj (λ)P

j

j,λf, d P j+1
j,λ f = 0,&⇒ DP j+1

j,λ f = dj (λ)P
j

j,λf,
(3.4)

where the numbers cj (λ), dj (λ) are given by

cj (λ) =
√
j + 1

n− j

(
n− 1

2
− j − iλ

)
,

dj (λ) =
√
n− j

j + 1

(
n− 1

2
−j + iλ

)
.

(3.5)

Thus the effect of the operators D, d and δ is to relate Poisson transforms with
the same M-type and with the correct K-type (consistent with (2.14) and (2.11)).

Let us denote by the same symbol ∗̄ the conjugate-linear mapping on the exte-
rior algebra

∧
(Cn−1),

∗̄: Vσj �
∧j

(Cn−1) → Vσn−1−j
� ∧n−j−1

(Cn−1),

defined as before by ∗̄(β) = ∗(β̄) for β ∈ Vσj �
∧j

(Cn−1) (cf. (2.13)).
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It follows from (2.12) that σ̌j ∼ σn−j−1. This implies that ∗̄ σj (m) =
σn−j−1(m) ∗̄ for all m ∈ M, and ∗̄ extends to a conjugate-linear isomorphism

∗̄: C∞(K, σj ) → C∞(K, σn−1−j ),

by (∗̄f )(k) = ∗̄(f (k)). It can be checked that ∗̄ intertwines πσj ,λ with πσn−j−1,−λ̄,
i.e.,

∗̄πσj ,λ(x) = πσn−j−1,−λ̄(x) ∗̄ (x ∈ G). (3.6)

The action of ∗̄ on the Poisson transforms is given then as follows.

PROPOSITION 3.2 ([6], Prop. 7.3). For all f ∈ C∞(G, σj ⊗ eiλ ⊗ 1) (0 � j �
n− 1, λ ∈ C), we have

∗̄P j

j,λ f = (−1)j P n−j

n−j−1,−λ̄
∗̄ f, ∗̄P j+1

j,λ f = P n−j−1
n−j−1,−λ̄

∗̄ f. (3.7)

The duality allows one to prove only half of the relations (3.4). For example
suppose we have proved d P j+1

j,λ f = 0. Then by (2.16) and (3.7) we see that

δP j

j,λf is proportional to ∗̄d(P n−j

n−j−1,−λ̄
∗̄f ) = 0. Similarly, suppose we have

proved d P j

j,λf = cj (λ)P
j+1
j,λ f . Then by (2.15), (2.16) and (3.7) we get

δP j+1
j,λ f = −cn−j−1(−λ̄)P j

j,λf.

This gives the relation dj (λ) = −cn−j−1(−λ̄), which is easily checked from (3.5).
By (3.4) we see that the Poisson transforms P j

j,λf and P j+1
j,λ f are both eigenfunc-

tions of D2, with eigenvalue

cj (λ)dj (λ) = λ2 +
(
n− 1

2
− j

)2

. (3.8)

Another way to check this value is to express the iterated Dirac operator D2 on
G/K in terms of the Casimir operator Lg of g by the so-called Parthasarathy
formula,

D2 = −Lg + S

8
Id,

where S is the scalar curvature of G/K, and then use the explicit formula

πσ,λ(−Lg) = λ2 + ρ2 − c(σ ),

where c(σ ) > 0 is the Casimir value of σ (see, e.g., [8]).

4. τ -Spherical Functions

Let (τ, Vτ ) be any of the K-types τj (j = 0, . . . , n) in (2.9), and consider τ -radial
functions on G (cf. (1.2)). Since τ |M is multiplicity free, the convolution algebra
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C∞
0 (G, τ, τ) is commutative [4, 14]. A function # ∈ C∞(G, τ, τ) with #(e) = Id

is called τ -spherical if # is an eigenfunction for D(G, τ), i.e., there is a character
χ# of D(G, τ) such that

D#(·)v = χ#(D)#(·)v,
for all D ∈ D(G, τ) and all v ∈ Vτ . This is equivalent to the condition that the map

F → H#(F) = 1

dτ

∫
G

dx tr
[
F(x)#(x−1)

]
(4.1)

is a character of C∞
0 (G, τ, τ). We have two other equivalent characterizations of τ -

spherical functions as eigenfunctions with respect to convolution with C∞
0 (G, τ, τ),

and as solutions of functional equations [4, 14].
For σ ∈ M̂(τ) and λ ∈ C define #τ

σ (λ, ·) ∈ C∞(G, τ, τ) by

#τ
σ (λ, x) = P τ

σ ◦ πσ,λ(x
−1) ◦ J τ

σ (x ∈ G),

where J τ
σ and P τ

σ are given by (3.1) and (3.2). It is well known that #τ
σ (λ, ·) is

τ -spherical for any λ ∈ C. Conversely, every τ -spherical function can be written
as #τ

σ (λ, ·), for suitable λ ∈ C and σ ∈ M̂(τ). (This is a consequence of Harish-
Chandra’s Subquotient Theorem and the fact that τ |M is multiplicity free.) Since
the nontrivial element w of the Weyl group acts trivially on M̂ , the functions #τ

σ

are all even in λ. Note that for each v ∈ Vτ , the function #τ
σ (λ, ·)v is just the

Poisson transform #τ
σ (λ, ·)v = P τ

σ,λ(J
τ
σ v) (cf. (3.3)).

Now fix the K-type τ = τj (0 � j � n), and consider the τj -spherical
functions #

j

k(λ, ·) ≡ #
τj
σk (λ, ·). Proposition 3.1 and (3.8) imply that they satisfy

the following system of differential equations:

D2#
j

j−1(λ, ·) =
[
λ2 +

(
n+ 1

2
− j

)2]
#

j

j−1(λ, ·),
d#j

j−1(λ, ·) = 0,

(4.2)

D2#
j

j (λ, ·) =
[
λ2 +

(
n− 1

2
− j

)2]
#

j

j (λ, ·), δ#
j

j (λ, ·) = 0, (4.3)

for all j = 1, . . . , n − 1. For j = 0, n the equations d#n
n−1 = 0 and δ#0

0 = 0 are
identically satisfied, and we are left with the second-order equations obtained by
letting j = n in (4.2) and j = 0 in (4.3).

We now need to take the radial part of these equations. By the Cartan decompo-
sition G = KAK, it follows that any τj -radial function F is completely determined
from its restriction to A. Since F(a) ∈ EndM(Vτj ) ∀a ∈ A, Schur’s lemma implies
that F(a) must be a scalar on each M-isotypic subspace Vσ of Vτj . Thus for each
σ ∈ M̂(τj ) there exists a function fσ : R → C, such that

F(at ) =
∑⊕

σ∈M̂(τj )
fσ (t)IdVσ .
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The functions fσ are called the scalar components of F . One can prove they are
even functions of t , ∀σ ∈ M̂(τj ), ∀j . Thus for j = 0 and j = n a τj -radial
function F has only one scalar component, whereas for 1 � j � n − 1 it has
two scalar components (fj−1, fj ) with fk = fσk . We call fj−1 (resp. fj ) the upper
(resp. lower) component.

The following result gives the radial part of the homogeneous equations.

PROPOSITION 4.1 ([6], Prop. 7.5). Let F ∈ C∞(G, τj , τj ) (1 � j � n − 1),
with scalar components (fj−1, fj ). Then

dF = 0 ⇐⇒ fj−1 = 1

2j
sh(t)

[
d

dt
+
(
n+ 1

2
− j

)
th t + 2j cth t

]
fj , (4.4)

δ F = 0 ⇐⇒ fj

= 1

2(n− j)
sh(t)

[
d

dt
+
(
j − n− 1

2

)
th t + 2(n− j)cth t

]
fj−1. (4.5)

To get the radial part of the second-order equations, we use the Parthasarathy
formula D2 = −Lg + (S/8)Id, and the radial part of the Casimir operator acting
on τ -spherical functions. The result is as follows ([6], Props. 4.7 and 4.9).

PROPOSITION 4.2. The scalar component φ = φ0 of #0
0 satisfies the differential

equation{
d2

dt2
+ [(2n − 1) cth t + th t] d

dt
+ (n+ 1)2

4 ch2 t
+ λ2 + n2

}
φ(λ, t) = 0. (4.6)

Similarly, the scalar component φ = φn−1 of #n
n−1 satisfies (4.6).

PROPOSITION 4.3. The first differential equation in (4.2) corresponds to the
following system of differential equations for the scalar components (φj−1, φj ) of
#

j

j−1:{
d2

dt2
+ [(2n − 1) cth t + th t] d

dt
+ (n− 2j − 1)2

4 ch2 t
− 4(n− j)

sh2 t
+

+ λ2 + n2

}
φj−1(λ, t)+ 4(n − j) ch t

sh2 t
φj (λ, t) = 0, (4.7){

d2

dt2
+ [(2n − 1) cth t + th t] d

dt
+ (n− 2j + 1)2

4 ch2 t
− 4j

sh2 t
+

+ λ2 + n2 + n− 2j

}
φj (λ, t)+ 4j ch t

sh2 t
φj−1(λ, t) = 0. (4.8)

Similarly, the scalar components (φ̃j−1, φ̃j ) of #j

j satisfy (4.7)–(4.8), with the

replacements φj−1 → φ̃j−i , φj → φ̃j , and λ2 → λ2 − n+ 2j .
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We can now solve these equations in terms of Jacobi functions. For α, β, λ ∈ C,
α �= −1,−2, . . ., and t ∈ R, let ϕ(α,β)

λ (t) be the Jacobi function defined by

ϕ
(α,β)

λ (t) = F

(
α + β + 1 + iλ

2
,
α + β + 1 − iλ

2
, α + 1,− sh2 t

)
,

where F(a, b, c, z) is the hypergeometric function. It is well known (see, e.g., [13])
that ϕ = ϕ

(α,β)

±λ is the unique C∞ solution of the equation{
d2

dt2
+ [(2α + 1) cth t + (2β + 1) th t] d

dt
+ λ2 + (α + β + 1)2

}
ϕ = 0,

which is even and normalized by ϕ(0) = 1. From (4.6) we easily get

THEOREM 4.4 ([6], Thm. 4.10). The scalar components φ0 of #0
0 and φn−1 of

#n
n−1 are given by

φ0(λ, t) = φn−1(λ, t) = (ch t)(n+1)/2 ϕ
(n−1,(n+1)/2)
λ (t).

To get the scalar components (φj−1, φj ) of #j

j−1 we substitute (4.4) in (4.8) and
obtain the following result.

THEOREM 4.5 ([6], Thm. 4.13). The scalar components (φj−1, φj ) of #j

j−1 (1 �
j � n− 1) are given by

φj−1(λ, t) = (ch t)j−
n−1

2

{
n

j
ϕ
(n−1,j− n−1

2 )

λ (t)− n− j

j
ϕ
(n,j− n+1

2 )

λ (t)

}
, (4.9)

φj (λ, t) = (ch t)j−
n+1

2 ϕ
(n,j− n+1

2 )

λ (t). (4.10)

The scalar components of #
j

j (λ, ·) can be obtained similarly by substituting
(4.5) in (4.7), or, more simply, using the duality. Given F ∈ C∞(G, τj , τj ), define
the τn−j -radial function F̃ by

F̃ (x)ξ = (−1)j (n−j)∗̄F(x) ∗̄ ξ (ξ ∈ Vτn−j
).

It is easy to see that if F has scalar components (fj−1, fj ), then F̃ has scalar
components (fj , fj−1). Now let F = #

j

j (λ, ·). By taking f = J
τj
σj ∗̄ β (β ∈ Vτn−j

)

in the first equation in (3.7), we find

˜
#

j

j (λ, ·) = #
n−j

n−j−1(−λ̄, ·).
This implies easily that

φ̃j−1 = φn−j , φ̃j = φn−j−1,

i.e., the upper component of #j

j equals the lower component of #n−j

n−j−1, and vice-
versa. Letting j → n− j in (4.9)–(4.10) gives
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THEOREM 4.6. The scalar components (φ̃j−1, φ̃j ) of #j

j (1 � j � n − 1) are
given by

φ̃j−1(λ, t) = (ch t)
n−1

2 −j ϕ
(n, n−1

2 −j)

λ (t),

φ̃j (λ, t) = (ch t)
n+1

2 −j

{
n

n− j
ϕ
(n−1, n+1

2 −j)

λ (t)− j

n− j
ϕ
(n, n−1

2 −j)

λ (t)

}
.

We can now check the existence of harmonic L2 τj -radial spinors. For σ ∈
{σj−1, σj } we have, by (3.8), πσ,λ(D

2) = 0 ⇔ λ = ±λj−1,±λj , where

λj−1 = i

(
n+ 1

2
− j

)
, λj = i

(
n− 1

2
− j

)
. (4.11)

By Proposition 3.1 it is easily seen that the τj -spherical functions # =
#

j

j−1(±λj−1, ·) and # = #
j

j (±λj , ·) satisfy the same differential equation, namely
d# = 0 and δ# = 0, with the same normalization. This implies that

#
j

j−1(±λj−1, ·) = #
j

j (±λj , ·). (4.12)

It is then enough to study the norm squared ‖#j

j−1(±λj−1, ·)‖2
L2 . Using the integral

formula for the Cartan decomposition, and the explicit expression for the scalar
components given above, it can be shown [6] that ‖#j

j−1(±λj−1, ·)‖2
L2 is finite if

and only if j = n/2. This is in agreement with the identification, made in Section
3, of the discrete part of L2(G, τn/2) as the discrete series (π,Hπ) with minimal
K-type τn/2.

5. The Spherical Transform

Let τ = τj (j = 0, . . . , n). The spherical transform of a τ -radial function F ∈
C∞

0 (G, τ, τ) is the collection of scalar-valued functions {λ → H τ
σ (F )(λ), σ ∈

M̂(τ)}, where

H τ
σ (F )(λ) = 1

dτ

∫
G

dx tr
{
F(x)#τ

σ (λ, x
−1)

}
.

The spherical transform arises naturally as the Gelfand transform on the com-
mutative convolution algebra C∞

0 (G, τ, τ) (cf. (4.1)). As usual, we set for short
H j

k = H
τj
σk .

Recall [13] the Jacobi transform J(α,β)(f ) of f ∈ C∞
0 (R)even, defined by

J(α,β)(f )(λ) =
∫ ∞

0
dt (2 sh t)2α+1(2 ch t)2β+1ϕ

(α,β)

λ (t) f (t).

The Paley–Wiener theorem for the Jacobi transform ([13], Theorem 2.1) says
that the map f → J(α,β)(f ) is, for all complex α, β with α �= −1,−2, . . . ,



SPHERICAL HARMONIC ANALYSIS FOR SPINORS ON Hn(C) 33

and all R > 0, a linear isomorphism from the space C∞
R (R)even of smooth even

functions on R with compact support contained in the interval [−R,R], onto the
space PWR(C)even of even entire functions h on C verifying the condition

∀N ∈ N, ∃CN > 0 : |h(λ)| � CN(1 + |λ|)−NeR|Im λ|.

The inversion formula and the Plancherel theorem for the Jacobi transform are
given in [13], Theorems 2.3 and 2.4.

The spherical transform of F ∈ C∞
0 (G, τj , τj ) can now be written in terms

of suitable Jacobi transforms of its scalar components. The case of τ = τ0, τn
involves a single Jacobi transform, and the inversion formula, the Paley–Wiener
theorem and the Plancherel theorem are obtained easily from the results in [13].

PROPOSITION 5.1 ([6], Prop. 5.1). Let τ = τ0, and let F ∈ C∞
0 (G, τ, τ), with

scalar component f . Then

H0
0 (F ) = 2−n−1J(n−1,(n+1)/2)

(
f (t)

(ch t)(n+1)/2

)
. (5.1)

Similarly, the spherical transform Hn
n−1(F ) of F ∈ C∞

0 (G, τn, τn), with scalar
component f , is given by the right-hand side of (5.1).

For any R > 0 we denote by C∞
R (G, τj , τj ) the space of smooth τj -radial

functions with compact support contained in the set BR = {k1atk2 : k1, k2 ∈
K, |t| � R}. Clearly F ∈ C∞

R (G, τj , τj ) if and only if its scalar components are in
C∞
R (R)even.

THEOREM 5.2 ([6], Thm. 5.4). Let τ = τ0 (resp. τn), and let H = H0
0 (resp.

Hn
n−1), and #(λ, ·) = #0

0(λ, ·) (resp. #n
n−1(λ, ·)).

(I) The spherical transform F → H(F ) is inverted by

F(x) =
∫ ∞

0
dν(λ)H(F )(λ)#(λ, x) (x ∈ G),

for all F ∈ C∞
0 (G, τ, τ), where

dν(λ) = 2n

π
|c(λ)|−2 dλ,

dλ being the Lebesgue measure on R, and

c(λ) = 2
3n+1

2 −iλ �(n)�(iλ)

�(
iλ+(3n+1)/2

2 )�(
iλ+(n−1)/2

2 )
.

(II) The map F → H(F ) is a linear isomorphism of C∞
R (G, τ, τ) onto

PWR(C)even.
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(III) For all F ∈ C∞
0 (G, τ, τ) we have the Plancherel formula

‖F‖2
L2(G,τ,τ )

=
∫ ∞

0
dν(λ) |H(F )(λ)|2.

(IV) The map F → H(F ) extends to an isometry of L2(G, τ, τ) onto
L2(R+, dν).

Consider now the generic case, i.e., τ = τj , with 1 � j � n− 1.

PROPOSITION 5.3 ([6], Prop. 5.3). Let τ = τj , with 1 � j � n − 1, and let
F ∈ C∞

0 (G, τ, τ), with scalar components (fj−1, fj ). Then the spherical trans-
form H(F ) = (H

j

j−1(F ),H
j

j (F )) can be written in terms of Jacobi transforms as
follows:

H j

j−1(F ) = −2n−2j−2

n
J(n,j− n+1

2 )×

×
([ d

dt + (j − n−1
2 ) th t + 2(n − j) cth t

]
fj−1 − 2(n−j)

sh t fj

sh t (ch t)j− n+1
2

)
,

H j

j (F ) = −22j−n−2

n
J(n, n−1

2 −j)×

×
([ d

dt + (n+1
2 − j) th t + 2j cth t

]
fj − 2j

sh t fj−1

sh t (ch t)
n−1

2 −j

)
.

Moreover H j

j (F ) = 0 if and only if dF = 0, and in that case

H j

j−1(F )(λ)

= 2n−2j−3

jn

[
λ2 +

(
n+ 1

2
− j

)2]
J(n,j− n+1

2 )
(
(ch t)

n+1
2 −jfj (t)

)
(λ). (5.2)

Similarly, H
j

j−1(F ) = 0 if and only if δF = 0, and in that case

H
j

j (F )(λ)

= 22j−n−3

n(n− j)

[
λ2 +

(
n− 1

2
− j

)2]
J(n, n−1

2 −j)
(
(ch t)j−

n−1
2 fj−1(t)

)
(λ). (5.3)

In the generic case we see that the spherical transform involves two ‘interlaced’
Jacobi transforms. As a preliminary step, one can derive the inversion formula for
the τ -radial functions F satisfying either dF = 0 or δF = 0, since in this case
a single Jacobi transform is involved (cf. (5.2) and (5.3)). Eventually, one gets
the following inversion formula and Paley–Wiener theorem for arbitrary τ -radial
functions.
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THEOREM 5.4 ([6], Thm. 5.7). Let τ = τj , with 1 � j � n− 1.

(I) For all j �= n/2 the spherical transform H(F ) = (H j

j−1(F ),H j

j (F )) of
F ∈ C∞

0 (G, τ, τ) is inverted by

F(x) = 1

dτj
×

×
∫ ∞

0

{
dνj−1(λ)H

j

j−1(F )(λ)#
j

j−1(λ, x)+ dνj (λ)H
j

j (F )(λ)#
j

j (λ, x)
}
, (5.4)

for all x ∈ G, where dτj =
(
n

j

)
and for all j = 0, . . . , n− 1 we set

dνj (λ) = dσj
2n+2−2j

π

n2

λ2 + [(n− 1)/2 − j ]2
dλ

|cj (λ)|2 , (5.5)

where dσj =
(
n−1
j

)
and

cj (λ) = 2
3n+1

2 −j−iλ �(n+ 1)�(iλ)

�(
iλ−j+(3n+1)/2

2 )�(
iλ+j+(n+3)/2

2 )
. (5.6)

For j = n/2 the discrete term

n 21−4n Hn/2
n/2 (F )

(
i

2

)
#

n/2
n/2

(
i

2
, x

)
(5.7)

must be added to the right-hand side of (5.4).
(II) The spherical transform F → H(F ) is a linear isomorphism of C∞

R (G, τ, τ)

onto the space

PWR = {
(h1, h2) ∈ PWR(C)2

even : h1(±λj−1) = h2(±λj)
}
,

where λj−1, λj are given by (4.11).

Note the relation dνj = dνn−j−1 between the Plancherel measures, which fol-
lows from (3.6). In particular for j = n/2 we get dνn/2−1 = dνn/2.

Let us make some remarks on the proof of this result. Equation (4.12) implies
that

H j

j−1(F )(±λj−1) = H j

j (F )(±λj )

for all F ∈ C∞
0 (G, τ, τ), thus H(F ) ∈ PWR for any F ∈ C∞

R (G, τ, τ). The
main step is to prove the surjectivity statement. To this end, given h = (h1, h2) ∈
PWR one defines Fh ∈ C∞(G, τ, τ) by the inversion formula (5.4), and proves
the support preserving property for each scalar component of Fh. The integration
over the real line is shifted into the upper half-plane to avoid the singularities of the
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functions (cj−1(−λ))−1 and (cj (−λ))−1 in (5.4). One is left with the two simple
poles at

λ = λj−1, λj

(
if j <

n− 1

2

)
and λ = −λj−1,−λj

(
if j >

n+ 1

2

)
due to the factors {λ2+[(n±1)/2−j ]2} in the denominators of dνj−1(λ) and dνj (λ).
For j = n/2, there is only one simple pole at λ = i/2, and for j = (n ± 1)/2 one
of the two poles is at the origin, so the procedure must be modified by taking the
principal value of the integral.

One proves that for j �= n/2 the contribution from the two residues cancels out,
thanks to the condition h1(±λj−1) = h2(±λj ) (this is the only ‘Arthur–Campoli’
relation needed here). For j = n/2 the contribution does not cancel and must be
subtracted out in order for Fh to have compact support. This amounts to adding
the ‘discrete term’ (5.7) to the inversion formula (5.4). Here #

n/2
n/2(i/2, ·) is (up to

a constant) the unique τ -radial function which is harmonic and in L2 (see the end
of Section 4).

Finally we give the Plancherel theorem in the generic case.

THEOREM 5.5 ([6], Thm. 5.8). (I) Let 1 � j � n − 1, j �= n/2. For all F ∈
C∞

0 (G, τj , τj ), we have the Plancherel formula

‖F‖2
L2(G,τj ,τj )

=
∫ ∞

0

{
dνj−1(λ) |H j

j−1(F )(λ)|2 + dνj (λ) |H j

j (F )(λ)|2}.
Moreover, the map F → H(F ) extends to an isometry of L2(G, τj , τj ) onto the
space

L2(R+, dνj−1)
⊥⊕ L2(R+, dνj ).

(II) Let τ = τn/2. For all F ∈ C∞
0 (G, τ, τ), we have the Plancherel formula

‖F‖2
L2(G,τ,τ )

=
∫ ∞

0
dν(λ)

{|Hn/2
n/2−1(F )(λ)|2 + |Hn/2

n/2 (F )(λ)|2}+
+ dτ n 21−4n|Hn/2

n/2 (F )(i/2)|2,
where dν = dνn/2−1 = dνn/2 and dτ = (

n

n/2

)
. Moreover, the map F → H(F )

extends to an isometry of L2(G, τ, τ) onto the space

L2(R+, dν)
⊥⊕ L2(R+, dν)

⊥⊕ C ·#n/2
n/2

(
i

2
, ·
)
.

The surjectivity statement is proved as follows. First one can show ([6], Prop.
7.6) that for all j = 1, . . . , n− 1,

{F ∈ C∞
0 (G, τj , τj ) : dF = 0} = d(C∞

0 (G, τj , τj−1)),
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and

{F ∈ C∞
0 (G, τj , τj ) : δF = 0} = δ(C∞

0 (G, τj , τj+1)),

where for two K-types δ1, δ2, we denote by C∞
0 (G, δ1, δ2) the space of smooth

compactly supported maps α: G → Hom(Vδ1, Vδ2) satisfying α(k1xk2) =
δ2(k

−1
2 )α(x)δ1(k

−1
1 ), ∀x ∈ G, ∀k1, k2 ∈ K.

Then, as in the usual Hodge–Kodaira decomposition theorem for p-forms on
noncompact Riemannian manifolds, one shows that for all j �= n/2

d(C∞
0 (G, τj , τj−1))

⊥⊕ δ(C∞
0 (G, τj , τj+1)) = L2(G, τj , τj ),

whereas for j = n/2

d(C∞
0 (G, τn/2, τn/2−1))

⊥⊕ δ(C∞
0 (G, τn/2, τn/2+1))

⊥⊕ C ·#n/2
n/2

(
i

2
, ·
)

= L2(G, τn/2, τn/2).

Finally, since on d(C∞
0 (G, τj , τj−1)) and on δ(C∞

0 (G, τj , τj+1)) the spherical
transform reduces to a single Jacobi transform (cf. (5.2) and (5.3)), one concludes
using the Plancherel theorem for the Jacobi transform ([13], Theorem 2.4).
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