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Abstract

In this paper we investigate the continuous feedback stabilization of

nonlinear a�ne systems, on the basis of an associate optimal regulation

problem. We point out several analogies between the present setting and

the classical linear theory.

1 Introduction

The relationships between the quadratic regulator problem on the in�nite hori-

zon and the stabilization problem, are well understood in the case of linear

systems. Analogous results for nonlinear systems have been pointed out occa-

sionally and in a partial way in the literature, but a systematic study seems to

have never been carried out. This paper is an attempt in this direction.

In Section 2 we recall some well known de�nitions and introduce the nota-

tion. In Section 3 we focus on the linear case. We brie
y recall some typical

achievements. This provides an useful model and a logical track for the follow-

ing nonlinear developments. The proof of the results reviewed in this section

are available on many textbooks and will not be reported here.

In Section 4 we consider nonlinear a�ne systems. By means of suitable re-

interpretations and extentions of certain well known results ([3], [7], [10], [14])

and the development of a uni�ed treatment, we show that the linear scheme

can be generalized in a satisfactory way. The proofs of the main results are

given in Section 5. We note that completing the framework also requires the

achievement of some original results and lemmas.

Section 6 contains a new result about radial unboundedness of the value

function for the optimal regulation problem: it turns out to be useful in order

to read the main theorem as a stabilization result. In Section 7 we report in

1



extended and more precise form a result due to W. Kang ([9]). It shows that

under appropriate assumptions, the existence of a smooth stabilizer implies the

existence of a stabilizer in damping form (damping control is de�ned in Sect. 4).

In this paper we will be still con�ned in a \smooth" setting. This means that

we limit ourselves to stabilizing feedback laws which are at least continuous,

and to an optimization problem whose value function is at least C1. A very

exciting question is to what extent these \smoothness" assumptions can be

relaxed. Partial results in this direction can be reviewed as further contributions

to discontinuous Jurdjevic-Quinn theory (see [2]) and will be the subject of a

forthcoming paper.

2 Preliminary and notation

For reader's convenience, we recall some basic de�nitions. In what follows jvj
and kAk denote respectively the (euclidean) norm of a vector v and of a matrix

A. The transposition of a matrix is denoted by At. Let

_x = f(x) x 2 Rn (1)

be a given system of ordinary di�erential equations, with f continuous and

f(0) = 0. The origin is said to be globally asymptotically stable if the following

two properties hold:

(Stability) 8" 9� such that for each solution '(t) of (1),

j'(0)j < � =) j'(t)j < " 8t � 0

(Global attraction) for each solution of (1) one has

lim
t!+1

'(t) = 0 :

Note that if f is only continuous, uniqueness of solutions is not guaranteed.

A function V : Rn! R is said to be positive de�nite if V (0) = 0 and V (x) >

0 for x 6= 0. Moreover, V is said to be radially unbounded if limjxj!+1 V (x) =

+1.

It is well known that (1) is globally asymptotically stable at the origin if

and only if there exists a smooth global strict Liapunov function, that is a C1

function V : Rn! R such that

� V (x) is positive de�nite and radially unbounded

� rV (x)f(x) is negative de�nite (i.e., �rV (x)f(x) is positive de�nite)
(in fact, such a function V can be taken of class C1). If in addition we require

that �rV (x)f(x) is radially unbounded, then we shall say that V (x) is a smooth

global strong Liapunov function. As remarked in [12] p. 440, the existence of
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a strict Liapunov function is actually equivalent to the existence of a (possibly

modi�ed) strong Liapunov function.

A function � : [0;+1)! R is said to be of class K0 if it is continuous, strictly

increasing and such that �(0) = 0. If � 2 K0 and in addition limr!+1 �(r) =

+1, then we say that � 2 K10 .

It is clear that a continuous function V is both positive de�nite and radially

unbounded if and only if there exists a map � 2 K10 such that �(jxj) � V (x)

for each x 2 Rn.

Now, let us consider a time-invariant input system

_x = f(x; u) x 2 Rn; u 2 Rm (2)

where f : Rn � R
m ! R

n is at least continuous. Throughout this paper,

an admissible input is a piecewise continuous and right continuous function

u(t) : [0;+1) ! R
m. For each admissible input u(t) and each initial state

x0, any corresponding (Carath�eodory) solution of (2) will be denoted by x =

'(t;x0; u(�)).
A continuous function k : Rm ! R

m is called a feedback. Replacing u by a

feedback k(x) in (2), gives rise to the so-called closed-loop system

_x = f(x; k(x)) : (3)

The symbol 'k(�)(t;x0) denotes any solution of (3) corresponding to the

initial state x0.

3 Linear systems: summary of results

Consider a linear, time-invariant input system of the form

_x = Ax+Bu (4)

where, as before, x 2 Rn and u 2 Rm. A and B are matrices of appropriate

dimensions.

De�nition 1 We say that (4) is stabilizable if there exists a continuous feed-

back u = k(x) such that the origin is a globally asymptotically stable equilibrium

position for the closed-loop system. In this case, we also say that u = k(x) is a

stabilizing feedback or a stabilizer for (4).

There are many interesting characterizations of stabilizable linear systems.

In particular, we recall the following one, due to M.J.L. Hautus ([6]).

Theorem 1 The following properties are equivalent.

(1.i) System (4) is stabilizable.

(1.ii) rank (A� �I;B) = n for each � 2 C with Re � � 0.
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(1.iii) There exists a matrix F such that all the eigenvalues of the matrix A+BF

lie on the open left half complex plane.

Property (1.iii) actually states that (4) is stabilizable by means of the linear

feedback u = Fx. Thus, we arrive in particular at the following nice conclusion:

if (4) is stabilizable by means of a continuous feedback, then it is also stabilizable

by means of a linear feedback.

Now, let us associate to (4) the cost functional

Z +1

0

(j'(t;x0; u(�))j2 + ju(t)j2) dt : (5)

Intuitively, in order to minimize (5), one needs to keep as near to zero

as possible both the input u(t) and the solution '(t;x0; u(�)). The following

theorem is essentially due to R. Kalman; we refer to [4] for a nice exposition.

Theorem 2 The following statements are equivalent.

(2.i) There exists a linear stabilizer u = Fx for (4).

(2.ii) There exists a symmetric, positive de�nite matrix P which solves the ma-

trix equation

PA+AtP � PBBtP = �I (6)

where I is the identity matrix of R
n
.

(2.iii) For each x0, there exists an admissible input u�
x0
(t) : [0;+1) ! R

m

which minimizes (5).

The conclusions of this theorem can be made more precise.

Remark 1 A. If (6) can be solved in the class of the symmetric, positive

de�nite matrices, then in this class the solution is unique.

B. If (6) has a (unique) symmetric, positive de�nite solution P , then u =

�BtPx is a stabilizing feedback. More precisely, (4) can be stabilized by setting

u = ��BtPx (7)

for every � � 1
2
. By combining Theorems 1 and 2, we see therefore that if (4) is

stabilizable by a continuous feedback, then it is also stabilizable by a feedback

of the form (7), for a suitable choice of P and a su�ciently large �.

C. If (6) has a (unique) symmetric, positive de�nite solution P , then the min-

imizer u�
x0
(t) of (5) can be expressed as

u�
x0
(t) = �BtP'(t)

where '(t) is the unique solution of the Cauchy problem
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�
_x = Ax�BBtPx

x(0) = x0 :

This means that the solution of the optimization problem (4), (5) can be

put in feedback form. Note that '(t) coincides with the (optimal) solution

'(t;x0; u
�
x0
(�)) of (4) corresponding to the initial state x0 and the optimal control

u�
x0
(t).

D. Given x0, we associate to (5) the value function

V (x0) = inf
u(�)

�Z +1

0

(j'(t;x0; u(�))j2 + ju(t)j2) dt
�

(8)

where the \inf" is taken over all the admissible inputs. If (6) has a (unique)

symmetric, positive de�nite solution P , then V (x0) is a quadratic form. More

precisely, we have V (x0) = xt0Px0.

4 A�ne systems: the main theorem

De�nition 1 applies also to nonlinear systems, of course. In particular, we are

interested in a�ne, time-invariant systems of the form

_x = f(x) +

mX
i=1

uigi(x) (9)

where x 2 R
n, u = (u1; : : : ; um) 2 R

m. The vector �elds f; g1; : : : ; gm are

required to be of class C1, so that uniqueness of solutions is guaranteed for

any admissible input. However, it should be clear that uniqueness of solutions

could be lost if we close the loop by means of a (merely) continuous feedback

u = k(x). We denote by G(x) the matrix whose columns are g1(x); : : : ; gm(x).

We also assume that f(0) = 0.

We are especially interested in the extention of the properties listed in The-

orem 2. Let a continuous, positive de�nite function h(x) and a number 
 > 0

be given. We associate to (9) the following cost functional

J(x0; u(�)) = 1

2

Z +1

0

�
h('(t)) +

ju(t)j2



�
dt (10)

where we set for simplicity '(t) = '(t;x0; u(�)). For a given initial state x0, we

say that the minimization problem de�ned by (10) is solvable if there exists an

admissible input, denoted by u�
x0
(t), such that J(x0; u

�
x0
(�)) <1 and

J(x0; u
�
x0
(�)) � J(x0; u(�))

for any other admissible input u(t). The value function is de�ned, as usual, by
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V (x0) = inf
u

J(x0; u(�)) : (11)

V (x0) is actually a minimum if and only if the minimization problem is

solvable for x0. We are ready to state the main result.

Theorem 3 The following properties are equivalent.

(3.i) There exist a continuous, positive de�nite, radially unbounded function

h(x) and a positive number 
 such that the minimization problem (10) is solvable

for each x0. Moreover, V (x0) is radially unbounded and of class C1
.

(3.ii) There exist a radially unbounded, positive de�nite, C1
function W (x) and

a positive number 
 such that (9) is stabilizable by means of the continuous

feedback

u = k(x) = �


2
(rW (x)G(x))t : (12)

Moreover, the closed-loop system admits W (x) as a strict Liapunov function.

(3.iii) There exist a continuous, positive de�nite, radially unbounded function

h(x) and a positive number 
 such that the following �rst order partial di�er-

ential equation (of the Hamilton-Jacobi type)

rU (x)f(x) � 


2

��rU (x)G(x)��2 = �h(x)

2
(13)

has a solution U (x) which is radially unbounded, positive de�nite and of class

C1
.

A feedback law of the form (12) is called a damping control (or even a

feedback of the Jurdjevic-Quinn type). Note that it is the natural generalization

of (7) in a nonlinear setting.

Remark 2 A. As a by-product of the proof of Theorem 3, we shall see that if

the property (3.i) holds, then for each x0 and each t � 0

u�
x0
(t) = �
(rV ('(t; x0; u�x0(�)))G('(t; x0; u�x0(�))))t :

In other words, u�
x0
(t) is the composition of the continuous function

�
(rV (x)G(x))t
and the solution '(t; x0; u

�
x0
(�)). This means that the minimization problem has

a solution in feedback form.

B. If the property (3.ii) holds, then every feedback

u = ��(rW (x)G(x))t

with � � 
=2 stabilizes system (9).
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5 Proof of the main Theorem

In this section we give a proof of Theorem 3.

5.1 Some useful lemmas

The following lemma will be repeatedly used in the sequel.

Lemma 1 Let x0 be �xed. Assume that there exists a function a 2 K0 such

that h(x) � a(jxj) for each x 2 Rn
. Assume also that J(x0; u(�)) <1 for some

admissible input u(t). Then,

lim
t!+1

'(t;x0; u(�)) = 0 :

Proof. Since u(t) and x0 are �xed, we shall write simply '(t) instead of

'(t;x0; u(�)). From the assumption, it follows that both the integralsZ +1

0

h('(t)) dt and

Z +1

0

ju(t))j2 dt (14)

converge. It follows in particular that u(t) is square integrable on [0;+1) and

on every subinterval of [0;+1). It also follows that lim inft!+1 h('(t)) = 0,

and since h(x) is continuous, positive de�nite and bounded from below by class

K0 function, this in turn implies

lim inf
t!+1

j'(t)j = 0 :

Assume, by contradiction, that lim sup
t!+1 j'(t)j > 0, and let

l = minf1; lim sup
t!+1

j'(t)jg :

Let L be a Lipschitz constant for f(x), valid on the sphere jxj � l. Moreover,

let b > 0 be a bound for the norm of the matrixG(x) for jxj � l. By the de�nition

of l, there exists a strictly increasing, divergent sequence ftjg such that for each

j,

j'(tj)j > 3l

4
:

Without loss of generality, we can assume that tj+1 � tj > 1=(4L) for each

j 2 N. The existence of some � > 0 and k 2 N such that for each j > k and

each t 2 [tj � �; tj ]

j'(t)j � l

4
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is excluded, since in this case the �rst integral in (14) would be divergent (here

again, we use the facts that h is bounded from below by a(�)). Hence, for

� = 1=(4L) and each k 2 N, we can �nd an index jk > k and an instant sk such

that

tjk � � � sk � tjk and j'(sk)j < l

4
:

Since the solution '(t) is continuous, for each k there exist two instants �k,

�k such that

sk < �k < �k < tjk ; j'(�k)j = l

4
; j'(�k)j = 3l

4
;

and

l

4
< j'(t)j < 3l

4
; 8t 2 (�k; �k) :

We have, for each k,

j'(�k)� '(�k)j � j'(�k)j � j'(�k)j = l

2
: (15)

On the other hand,

j'(�k)� '(�k)j �
Z

�k

�k

jf('(t))j dt+
Z

�k

�k

jG('(t))j � ju(t)j dt :

By construction, for t 2 [�k; �k] we have j'(t)j � l. Hence, on the interval

[�k; �k] the following inequalities hold:

jf('(t))j � Lj'(t)j and jG(x)j � b :

This yields

j'(�k)� '(�k)j � lL� + b

Z
tjk

tjk
��

ju(t)j dt : (16)

Now, taking into account (15), (16) and recalling that � = 1=(4L), we infer

l

2
� l

4
+ b

Z
tjk

tjk
��

ju(t)j dt

that is, Z
tjk

tjk
��

ju(t)j dt � l

4b
:

Using H�older inequality and the fact that u(t) is square integrable on [tjk �
�; tjk], we also have

8



C

 Z
tjk

tjk
��

ju(t)j2 dt
! 1

2

�
Z

tjk

tjk
��

ju(t)j dt

where C is a positive constant independent of u(�). This yields
Z

tjk

tjk
��

ju(t)j2 dt � l2

16b2C2
> 0 :

But this is impossible, since u(t) is square integrable on [0;+1) by virtue

of (14). Thus, we conclude that

lim inf
t!+1

j'(t)j = lim sup
t!+1

j'(t)j = 0

which implies

lim
t!+1

j'(t)j = 0

as required.

Next lemma is actually a remark about Jurdjevic-Quinn method of stabi-

lization.

Lemma 2 Assume that there exists a positive de�nite, radially unbounded C1

function W (x) such that the a�ne system (9) can be globally stabilized by the

feedback law

u = �!(rW (x)G(x))t (17)

where ! is a positive constant, and assume also that the closed loop system

admits W (x) as a strict global Liapunov function. Then there exists a function

~W (x) such that (9) can be globally stabilized by the feedback law

u = �!(r ~W (x)G(x))t (18)

and the closed loop system admits ~W (x) as a strong global Liapunov function.

Proof. Let �(r) be any function of class K10 such that

�(jxj) � W (x) :

Moreover, let � 2 K10 be such that

lim
jxj!1

_W (x)�(jxj) = �1 (19)
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where _W (x) denotes the derivative of W with respect to the closed loop system

(with u given by (17)) i.e.,

_W (x) = rW (x)f(x)� !jrW (x)G(x)j2 :
The argument which proves the existence of such � is easy and can be found

in [12], p. 440.

Since �; ��1 2 K10 , there exists R > 0 such that �(��1(R)) = 1. Let

�(r) =

�
1 for r 2 [0; R]

�(��1(r)) for r > R

We are now ready to introduce ~W (x), by a suitable modi�cation of an idea

borrowed from [12]. Let

~W (x) =

Z
W (x)

0

�(r) dr :

We see immediatly that ~W (x) is positive de�nite, radially unbounded and

satis�es ~W (0) = 0. Let C be the compact set fx : W (x) � Rg. We have

r ~W (x) = �(W (x))rW (x) =

�rW (x) if x 2 C

�(��1(W (x)))rW (x) if x =2 C .

In fact, we have ~W (x) = W (x) if x 2 C. Now consider the derivative of ~W

with respect to the closed loop system, with u given by (18), denoted by
_~W (x).

We have

_~W (x) = r ~W (x)[f(x)� !(r ~W (x)G(x))tG(x)]

=

8<
:

_W (x) if x 2 C

�(��1(W (x)))
�rW (x)f(x)

�!�(��1(W (x)))jrW (x)G(x)j2� if x =2 C .

In order to achieve the proof, we need to prove that
_~W (x) is negative de�nite

and radially unbounded. Since
_~W = _W for x 2 C, from now on we can limit

ourselves to the case x =2 C. This implies in particular that �(��1(W (x))) > 1.

Hence,

�!�(��1(W (x)))jrW (x)G(x)j2 � �!jrW (x)G(x)j2 :
It follows
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rW (x)f(x) � !�(��1(W (x)))jrW (x)G(x)j2
� rW (x)f(x) � !jrW (x)G(x)j2
= _W (x) :

From �(jxj) � W (x) we infer �(jxj) � �(��1(W (x))). Finally,

_~W (x) = �(��1(W (x)))
�rW (x)f(x)� !�(��1(W (x)))jrW (x)G(x)j2�

� �(��1(W (x)))
�rW (x)f(x)� !jrW (x)G(x)j2�

� �(jxj) �rW (x)f(x)� !jrW (x)G(x)j2�
= �(jxj) _W (x) :

The proof is achieved by virtue of (19).

5.2 (3.iii) =) (3.ii)

This is the easiest part of the theorem. Indeed, we can identify W (x) with

the solution U (x) of the equation (13). Using the feedback law (12) in (9), the

derivative of U with respect to the closed-loop systems is easily computed:

_U (x) = rU (x) � [f(x) � 


2
G(x)(rU (x)G(x))t]

which is negative de�nite by virtue of (13). The global asymptotic stability of

the closed-loop system then follows according to the well known extention of

the second Liapunov theorem to systems with continuous right-hand side.

5.3 (3.ii) =) (3.i)

The following proof is inspired by, but at the same time is a generalization of,

analogous proofs available in [5], [3], [11].

According to Lemma 2 it is not restrictive to assume that W (x) is actually a

strong Liapunov function for the closed loop system. We de�ne an appropriate

cost functional of the form (10), by taking the same 
 as in (12), and

h(x) = �2rW (x)f(x) + 
jrW (x)G(x)j2 :
Clearly, h is continuous, positive de�nite and radially unbounded. Thus, the

functional to be minimized takes the form
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J(x0; u(�)) =

Z +1

0

h
�rW ('(t;x0; u(�)))f('(t;x0; u(�)))

+



2

��rW ('(t;x0; u(�)))G('(t;x0; u(�)))
��2 (20)

+
1

2


��u(t)��2i dt :
Let us consider the Cauchy problem�

_x = f(x) + G(x)ko(x)

x(0) = x0
(21)

where

ko(x) = �
(rW (x)G(x))t : (22)

According to Remark 2B above, (22) is a stabilizer for (9). If we select any

solution 'o(t) of (21) we have therefore

'o(t)! 0 when t! +1
which implies

lim
t!+1

W ('o(t)) = 0 : (23)

Let uo(t) = �
(rW ('o(t))G('o(t)))t. Clearly the (unique) solution of (9)

with u = uo(t) is 'o(t) = '(t;x0; u
o(�)). Let us compute

J(x0; u
o(�)) =

Z +1

0

��rW ('o(t))f('o(t)) + 
jrW ('o(t))G('o(t))j2� dt
=

Z +1

0

�rW ('o(t)) [f('o(t)) + G('o(t))uo(t)] dt

=

Z +1

0

�rW ('o(t)) _'o(t)) dt =W (x0)

by virtue of (23).

Now, let u(t) be any admissible input. For simplicity, we use here the short-

ned notation '(t) = '(t;x0; u(�)). Let us distinguish two cases.

1) The integral in (20) diverges. In this case, it is obvious that J(x0; u
o(�)) <

J(x0; u(�)).
2) The integral in (20) converges. According to Lemma 1, we conclude

that limt!+1 '(t) = 0, and since W (x) is radially unbounded, continuous and
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positive de�nite, this in turn implies limt!+1W ('(t)) = 0. Finally, from (20)

we have

J(x0; u(�)) =

Z +1

0

�rW ('(t)) [f('(t)) + G('(t))u(t)] dt

+

Z +1

0

h ju(t)j2
2


+



2
jrW ('(t))G('(t))j2

+rW ('(t))G('(t))u(t)
i
dt

=

Z +1

0

�rW ('(t)) _'(t) dt

+
1

2

Z +1

0

����u(t)p


+
p

(rW ('(t))G('(t)))

����
2

dt � W (x0) :

Summing up, we have J(x0; u
o(�)) = W (x0) � J(x0; u(�)) for each x0. This

achieves the proof. In particular, we see that uo(t) � u�
x0
(t) and that W (x)

coincides with the value function of the minimization problem (20).

5.4 (3.i) =) (3.iii)

Let us �x an initial state x0, a positive time T and a constant input u0. Let

� = '(T ;x0; u0) :

De�ne a new input u(t) as

u(t) =

�
u0 t 2 [0; T ]

u�
�
(t� T ) t > T .

Of course,

V (x0) � J(x0; u(�)) = V (�) +
1

2

Z
T

0

(h('(t;x0; u0)) +
ju0j2



) dt :

Let us rewrite it in the form

�1

2

Z
T

0

�
h('(t; x0; u0)) +

ju0j2



�
dt � V (�) � V (x0) :

Dividing by T and using the mean value theorem we get

�1

2

�
h('(�;x0; u0)) +

ju0j2



�
� V ('(T ;x0; u0))� V (x0)

T

for some � 2 [0; T ]. Taking the limit for T ! 0+, we obtain
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� h(x0)

2
� ju0j2

2

� rV (x0)[f(x0) +G(x0)u0] : (24)

On the other hand, by de�nition we have

V (x0) = J(x0; u
�

x0
(�)) :

Let � = '(T ;x0; u
�
x0
(�)). Now we have

V (x0) = V (�) +
1

2

Z
T

0

�
h('(t; x0; u

�
x0
(�))) + ju�

x0
(t)j2



�
dt :

By repeating the same computation as before, we get

� h(x0)

2
� ju�

x0
(0)j2
2


= rV (x0)[f(x0) + G(x0)u
�
x0
(0)] (25)

(here we are using right-continuity of the admissible inputs). Comparing (24)

and (25), we �nd that

�rV (x)G(x)u�
x
(0)� ju�

x
(0)j2
2


= max
u2Rm

�
�rV (x)G(x)u� juj2

2


�

for each x 2 R
n (the subscript 0 has been suppressed, since x0 and u0 were

arbitrary). The expression to be maximized at the right hand side can be

rewritten as

�
��� up

2

+

p
2
(rV (x)G(x))t

2

���2 + 

jrV (x)G(x)j2

2
:

Now it is evident that the maximum is reached for u = �
(rV (x)G(x))t =
u�
x
(0). Substituting in (25) for a generic x 2 Rn, after sempli�cation we �nally

check that V satis�es the desired equation (13).

Remark 3 A. Concerning the map h, in the proof that (3:i) =) (3:iii) only

the assumption that it is continuous is really needed. It is interesting to discuss

what happens when h is positive semide�nite (i.e., h(x) � 0 8x 2 Rn), instead

of positive de�nite and radially unbounded. In this case, we can still apply

the feedback law (12) with W = U , but we don't have W as a strict Liapunov

function for the closed loop system any more. Indeed, the derivative of W with

respect to the closed loop system is only negative semide�nite, and the classical

Liapunov theory cannot be applied. However, we can obtain some stabilizability

results under additional assumptions by invoking LaSalle's invariance principle.

A remarkable example of this approach is the so-called Jurdjevic-Quinn

method (see [8]; see also [5] where the connection with optimal regulation was

14



pointed out for the �rst time, and [2] for a \nonsmooth" extension). Jurdjevic-

Quinn condition can be interpreted as an observability condition (see again [5]).

Concerning the relationship between optimal regulation and stabilization

when h(x) � 0 see also [10].

B. If we assume that statement (3:i) holds, then the value function V (x) is a

control Liapunov function for system (9). Hence, by means of this V one can

construct other types of stabilizing feedback. For instance, one can use the

so-called universal formula (see [13]).

6 A remark about radial unboundedness

From the point of view of stability theory, the implications (3:i) =) (3:iii) =)
(3:ii) of Theorem 3 are the most interesting. In this section, we prove that

under reasonable assumptions about the vector �elds f; g1; : : : ; gm, the radial

unboundedness of the value function V (x) imposed in (3:i) is in fact automati-

cally satis�ed. First of all, we prove the following lemma.

Lemma 3 Assume that there exist a map a(�) 2 K10 and positive numbers

A0; A1; b; R such that

(i) h(x) � a(jxj) for jxj > R,

(ii) jf(x)j � A0a(jxj) +A1 for jxj > R,

(iii) kG(x)k � b.

Assume further that for each x0 2 R
n
, it has been speci�ed an admissible

input ux0(t) such that

J(x0; ux0(�)) <1 :

Then, the function

v(x) = J(x0; ux0(�))
is radially unbounded.

Proof.

Let us assume that the conclusion is false. Then, there exists L > 0 such

that for each K > 0 we can �nd a point xK with jxKj > K for which v(xK) �
L. Without loss of generality, we can assume that L > a(R). Let us take

K > 2A1 + a�1(L) + 2A0L+ 2b
p

L. We remark that

K > a�1(L) (26)

and that

15



a(jxKj) > a(K) > L : (27)

Let us set for simplicity 'K(t) = '(t;xK; uxK(�)). Using Lemma 1, we have

that 'K(t)! 0 for t! +1 and since a 2 K10 , we also have a('K(t))! 0 for

t! +1. Recall now (27). Since a is continuous, there exists an instant TK > 0

such that a(j'K(TK)j) = L while

a(j'K(t)j) � L 8t 2 [0; TK] : (28)

This is the same thing as

j'K(t)j � a�1(L) > R 8t 2 [0; TK] : (29)

By assumption (i), we have

h('K(t)) � a(j'K(t)j) � L 8t 2 [0; TK] : (30)

On the other hand we have

L � v(xK) =
1

2

Z 1

0

�
h('K(t)) +

juxK(t)j2



�
dt � 1

2

Z 1

0

h('K(t)) dt � 1

2
LTK

from which we deduce that TK � 2. By virtue of (ii) and (iii), we also have

K � a�1(L) � jxK j � j'K(TK)j
� j'K(TK )� xK j

�
Z

TK

0

(jf('K(t))j + kG('K(t))k � juxK(t)j) dt

�
Z

TK

0

(A0a(j'K(t)j) +A1) dt+ b

Z
TK

0

juxK(t)j dt :

Using H�older inequality and (i), we obtain therefore

K � a�1(L) � A0

Z
TK

0

h(j'K(t)j) dt+ A1TK + b
p
TK

 



Z
TK

0

juxK(t)j2



dt

! 1

2

� 2A0L + TKA1 + 2b
p

L :

Finally, we get

TK � K � a�1(L) � 2A0L � 2b
p

L

A1

> 2 ;

a contradiction.
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Remark 4 Note that since h is radially unbounded and positive de�nite, then

h must satisfy an equality like that in (i) for some a(�) 2 K10 . The requirement

in Lemma 3 is actually that, apart from a multiplicative constant, the same

a(�) 2 K10 can be used to estimate h from below and the norm of f from above.

Now we can state the announced result.

Proposition 1 Assume that f;G and h satisfy the same conditions (i), (ii)

and (iii) as in Lemma 3. Assume further that the optimization problem (10) is

solvable. Then, the value function V (x) de�ned by (11) is radially unbounded.

Proof. If for each x0 2 Rn we specify ux0(t) = u�
x0
(t), then the assumptions of

Lemma 3 are ful�lled and, in addition, we have v(x0) = V (x0). The conclusion

is immediate.

7 The generality of damping control

As noticed in Section 3, if a linear system is stabilized by a continuous feedback,

it is also stabilized by means of a linear feedback and, more precisely, by a

feedback of the form (7). This fact has an analogue for the nonlinear case. We

actually prove that if an a�ne system admits a C1 stabilizer satisfying certain

additional conditions, then it also admits a stabilizing feedback in damping

form.

The material of this section is basically borrowed from [9], where the main

result is obtained by exploiting in a clever way the connections among stabi-

lization, optimal regulation and the so-called Zubov's equation. However, in

authors' opinion the argument requires assumptions which are not explicitly

stated in [9]. Thus, we �nd convenient to expose here a more precise and

slightly improved version.

Proposition 2 Consider the a�ne system (9) and assume that

jf(x)j � A0jxj2+ A1 and kG(x)k � b (31)

for some positive constants A0; A1; b. Assume further that (9) admits a stabilizer

u = k(x) such that:

(i) k(x) is of class C1
and k(0) = 0,

(ii) for each compact set C � Rn
, there exists a map �C(t) : [0;+1)! [0;+1)

such that

Z +1

0

�C(t) dt < +1 (32)
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and

k @

@x
'k(�)(t;x)k � �C(t) (33)

for each t � 0 and each x 2 C.

Then, there exists a map W (x) with the property stated in Theorem 3, (3:ii).

In other words, the system can be also stabilized by a damping control.

Proof. Let us set for simplicity '(t;x) = 'k(�)(t;x). Using the mean value

theorem and the fact that '(t; 0) = 0, it is not di�cult to infer from Assumption

(ii) that

Z +1

0

j'(t;x)j dt < +1 (34)

for each x 2 Rn. According to global asymptotic stability, we have j'(t;x)j ! 0

as t! +1. Hence, (34) implies that also the integral

Z +1

0

j'(t;x)j2 dt (35)

converges. Assumption (i) implies in particular that k(x) is locally Lipschitz

continuous. Taking again into account asymptotic stability, from (35) we there-

fore obtain that the integral

Z +1

0

jk('(t;x0))j2 dt (36)

converges, as well. Now, let us introduce the function

L(x) =
jxj2 + jk(x)j2

2
:

Notice that L(x) is C1, positive de�nite and radially unbounded. Moreover,

by virtue of (35), (36), the function

	(x) =

Z 1

0

L('(t;x)) dt (37)

is well de�ned for each x 2 Rn. Global asymptotic stability of the closed loop

system also implies that for each compact set C there exists R > 0 such that

j'(t;x)j � R for each t � 0 and each x 2 C ([1]). Using this fact, it is not

di�cult to see that

k @

@x
L('(t;x))k �M�C(t) (38)

for some M > 0, each t � 0 and each x 2 C. It follows by standard arguments

that 	 is of class C1 on Rn. Note that 	(0) = 0. We also note that by virtue of

18



(31), Lemma 3 is applicable, if we specify for each x the input ux(t) = k('(t;x)).

Hence, 	(x) is radially unbounded.

Now, let

�(x) = 1� e�	(x) :

It is immediate to check that � is of class C1, �(0) = 0 and 0 < �(x) < 1

for x 6= 0, and that limjxj!1�(x) = 1. Moreover, for each s 2 Rwe have

�('(s;x)) = 1� e
�

R
1

0

L('(t;'(s;x)))dt

= 1� e
�

R
1

s
L('(� ;x)) d�

:

This yields

d

ds
�('(s;x)) = r�('(s;x)) _'(s;x)

= �L('(s;x))e�
R
1

s
L('(� ;x)) d�

:

Finally, taking s = 0, we obtain the equation

r�(x)[f(x) +G(x)k(x)] = �L(x)(1 � �(x)) (39)

for each x 2 Rn. Next, we set

V (x) = � log(1��(x)) :

We have that V is of class C1 and V (0) = 0. Moreover, V is positive de�nite

and radially unbounded. From (39) we also get

rV (x)[f(x) + G(x)k(x)] = �L(x) (40)

for each x 2 Rn. Let

h(x) = jxj2 + (k(x) + (rV (x)G(x))t)2 :
From (40) we see that

rV (x)f(x) � 1

2
jrV (x)G(x)j2 = �h(x)

2
(41)

for each x 2 Rn.

We are now ready to get the conclusion. Consider the a�ne system (9) with

the feedback law u = �1
2
(rV (x)G(x))t. The left hand side of (41) coincides

with the derivative of V with respect to the closed loop system. Hence, (9) with

the feedback law u = �1
2
(rV (x)G(x))t admits V as a global, strict Liapunov
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function. This implies that the origin is globally asymptotically stable for the

closed loop system and the statement is proved.

Remark 5 If the system is linear and k(x) is any linear stabilizer, then the

closed loop system exhibits exponential decay so that Assumption (ii) is auto-

matically ful�lled.

According to (34), we see that Assumption (ii) guarantees su�ciently fast

decay of solutions of the closed loop system (with u = k(x)).

References

[1] Andriano V., Bacciotti A. and Beccari G., Global Stability and External

Stability of Dynamical Systems, Journal of Nonlinear Analysis, Theory,

Methods and Applications, 28 (1997), pp. 1167-1185

[2] Bacciotti A. and Ceragioli F., Stability and Stabilization of Discontinu-

ous Systems and Nonsmooth Lyapunov Functions, Esaim-Cocv, 4 (1999),

pp. 361-376

[3] Bernstein D.S., Nonquadratic Cost and Nonlinear Feedback Control, Inter-

national Journal of Robust and Nonlinear Control, 3 (1993), pp. 211-229

[4] Conti R., Linear Di�erential Equations and Control, Academic Press, Lon-

don, 1976

[5] Gauthier J.P. and Bornard G., Stabilisation des systemes non lineaires, in

Outils et mod�eles math�ematiques pour l'automatique Vol. I, Ed. Landau,

Editions CNRS, 1981, pp. 307-322

[6] Hautus M.L.J., Stabilization, Controllability and Observability of Linear

Autonomous Systems, Indagationes Mathematicae, 32 (1970), pp. 448-455

[7] Hermes H., Asymptotically Stabilizing Feedback Controls and the Nonlinear

Regulator Problem, SIAM Journal on Control and Optimization 29 (1991),

pp. 185-196

[8] Jurdjevic V. and Quinn J.P., Controllability and Stability, Journal of Dif-

ferential Equations, 28 (1978), pp. 381-389

[9] Kang W., Zubov Theorem and Domain of Attraction for Controlled Dynam-

ical Systems, Proceedings of IFAC-NOLCOS Nonlinear Control Systems

Design Conference, Tahoe, 1995, pp. 160-163

[10] Sepulchre R., Jankovic M. and Kokotovic P., Constructive Nonlinear Con-

trol, Springer Verlag, London, 1997

20



[11] Krener A.J., Nonlinear Stabilizability and Detectability, Proceedings of the

Int. Symp. MTNS '93, ed.s U. Helmke, R. Mennicken, J. Saurer, Akademie

Verlag, pp. 231-250

[12] Sontag E.D., Smooth Stabilization Implies Coprime Factorization, IEEE

Transactions on Automatic Control, 34 (1989), pp. 435-443

[13] Sontag E.D., A \Universal" Construction of Artstein's Theorem on Non-

linear Stabilization, Systems and Control Letters, 13 (1989), pp. 117-123

[14] van der Schaft A.J., L2-gain Analysis of Nonlinear Systems and Nonlinear

State Feedback H1 Control, IEEE Transaction on Automatic Control, 37

(1992), pp. 770-784

21


