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Abstract

In this paper we investigate the continuous feedback stabilization of
nonlinear affine systems, on the basis of an associate optimal regulation
problem. We point out several analogies between the present setting and
the classical linear theory.

1 Introduction

The relationships between the quadratic regulator problem on the infinite hori-
zon and the stabilization problem, are well understood in the case of linear
systems. Analogous results for nonlinear systems have been pointed out occa-
sionally and in a partial way in the literature, but a systematic study seems to
have never been carried out. This paper is an attempt in this direction.

In Section 2 we recall some well known definitions and introduce the nota-
tion. In Section 3 we focus on the linear case. We briefly recall some typical
achievemnents. This provides an useful model and a logical track for the follow-
ing nonlinear developments. The proof of the results reviewed in this section
are available on many textbooks and will not be reported here.

In Section 4 we consider nonlinear affine systems. By means of suitable re-
interpretations and extentions of certain well known results ([3], [7], [10], [14])
and the development of a unified treatment, we show that the linear scheme
can be generalized in a satisfactory way. The proofs of the main results are
given in Section 5. We note that completing the framework also requires the
achievement of some original results and lemmas.

Section 6 contains a new result about radial unboundedness of the value
function for the optimal regulation problem: it turns out to be useful in order
to read the main theorem as a stabilization result. In Section 7 we report in



extended and more precise form a result due to W. Kang ([9]). Tt shows that
under appropriate assumptions, the existence of a smooth stabilizer implies the
existence of a stabilizer in damping form (damping control is defined in Sect. 4).

In this paper we will be still confined in a “smooth” setting. This means that
we limit ourselves to stabilizing feedback laws which are at least continuous,
and to an optimization problem whose value function is at least C''. A very
exciting question is to what extent these “smoothness” assumptions can be
relaxed. Partial results in this direction can be reviewed as further contributions
to discontinuous Jurdjevic-Quinn theory (see [2]) and will be the subject of a
forthcoming paper.

2 Preliminary and notation

For reader’s convenience, we recall some basic definitions. In what follows |v]
and ||A|| denote respectively the (euclidean) norm of a vector v and of a matrix
A. The transposition of a matrix is denoted by AY. Let

i=f&) zeR" (1)

be a given system of ordinary differential equations, with f continuous and
f£(0) = 0. The origin is said to be globally asymptotically stable if the following
two properties hold:

(Stability) Ve 36 such that for each solution ¢(t) of (1),

lp(0)] <& = lp(t)] <e VE>0

(Global attraction) for each solution of (1) one has

Note that if f is only continuous, uniqueness of solutions is not guaranteed.

A function V : R” — R is said to be positive definite if V(0) = 0 and V() >
0 for « # 0. Moreover, V' is said to be radially unbounded if limyy| 400 V () =
+00.

It is well known that (1) is globally asymptotically stable at the origin if
and only if there exists a smooth global strict Liapunov function, that is a C!
function V : R™ — R such that

e V() is positive definite and radially unbounded
o VV(z)f(x) is negative definite (i.e., =VV () f(x) is positive definite)
(in fact, such a function V' can be taken of class C°°). If in addition we require

that —VV(z) f(#) is radially unbounded, then we shall say that V(z) is a smooth
global strong Liapunov function. As remarked in [12] p. 440, the existence of



a strict Liapunov function is actually equivalent to the existence of a (possibly
modified) strong Liapunov function.

A function « : [0, +00) — R issaid to be of class Ky if it is continuous, strictly
increasing and such that «(0) = 0. If & € Ky and in addition lim,, o a(r) =
~+00, then we say that o € Kf°.

It is clear that a continuous function V is both positive definite and radially
unbounded if and only if there exists a map o € K7° such that a(|z|) < V()
for each z € R™.

Now, let us consider a time-invariant input system

&= f(x,u) reR” uecR™ (2)

where f : R” x R — R” is at least continuous. Throughout this paper,
an admussible input 1s a piecewise continuous and right continuous function
u(t) : [0,400) = R™. For each admissible input «(¢) and each initial state
zg, any corresponding (Carathéodory) solution of (2) will be denoted by # =

p(t; o, u(-)).
A continuous function £ : R™ — R™ is called a feedback. Replacing u by a
feedback k(x) in (2), gives rise to the so-called closed-loop system

&= [(x,k(z)) . (3)

The symbol ¢ ()(t;x0) denotes any solution of (3) corresponding to the
initial state xg.

3 Linear systems: summary of results

Consider a linear, time-invariant input system of the form

= Az + Bu (4)

where, as before, * € R” and u € R™. A and B are matrices of appropriate
dimensions.

Definition 1 We say that (4) is stabilizable if there exists a continuous feed-
back v = k(x) such that the origin is a globally asymptotically stable equilibrium
position for the closed-loop system. In this case, we also say that u = k(z) is a
stabilizing feedback or a stabilizer for (4).

There are many interesting characterizations of stabilizable linear systems.
In particular, we recall the following one, due to M.J.L. Hautus ([6]).

Theorem 1 The following properties are equivalent.
(1.i) System (4) is stabilizable.
(1.ii) rank (A — AI, B) = n for each A € C with Re A > 0.



(1.iit) There exists a matriz F such that all the eigenvalues of the matriz A+ BF
lie on the open left half complex plane.

Property (1.iii) actually states that (4) is stabilizable by means of the linear
feedback u = Fz. Thus, we arrive in particular at the following nice conclusion:
if (4) is stabilizable by means of a continuous feedback, then it is also stabilizable
by means of a linear feedback.

Now, let us associate to (4) the cost functional

+oo
/0 (ot 2o, ul ) + [ut) ) di (5)

Intuitively, in order to minimize (5), one needs to keep as near to zero
as possible both the input w(¢) and the solution ¢(#; xg, u(-)). The following
theorem is essentially due to R. Kalman; we refer to [4] for a nice exposition.

Theorem 2 The following statements are equivalent.
(2.i) There exists a linear stabilizer w = Fu for (4).

(2.ii) There exists a symmetric, positive definite matriz P which solves the ma-
trixz equation

PA+ AP —pBBtP =] (6)
where I is the identity matriz of R™.
(2.1ii) For each xq, there exists an admissible input u; (t) : [0, +00) — R™
which minimizes (5).

The conclusions of this theorem can be made more precise.

Remark 1 A. If (6) can be solved in the class of the symmetric, positive
definite matrices, then in this class the solution is unique.

B. If (6) has a (unique) symmetric, positive definite solution P, then u =
—BtPrisa stabilizing feedback. More precisely, (4) can be stabilized by setting

w=—aBtPr (7)
for every o > % By combining Theorems 1 and 2, we see therefore that if (4) is
stabilizable by a continuous feedback, then it is also stabilizable by a feedback
of the form (7), for a suitable choice of P and a sufficiently large o.

C. If (6) has a (unique) symmetric, positive definite solution P, then the min-
imizer u}, (t) of (5) can be expressed as

wr (1) = =B Po(t)

Lo

where () is the unique solution of the Cauchy problem



{ & = Az — BBt Pz
z(0) = zp .

This means that the solution of the optimization problem (4), (5) can be
put in feedback form. Note that ¢(t) coincides with the (optimal) solution
@(t; xo,uj (-)) of (4) corresponding to the initial state z¢ and the optimal control
uy ().

D. Given xg, we associate to (5) the value function

+oo
Vieo = ot ([ (ettszoul) + lut) ®)

where the “inf” is taken over all the admissible inputs. If (6) has a (unique)
symmetric, positive definite solution P, then V(zg) is a quadratic form. More

precisely, we have V(xg) = ngxo.

4 Affine systems: the main theorem

Definition 1 applies also to nonlinear systems, of course. In particular, we are
interested in affine, time-invariant systems of the form

&= f(x)+ Z u;igi () (9)

where # € R" « = (uy,...,un) € R™  The vector fields f,¢1,...,9m are
required to be of class C'', so that uniqueness of solutions is guaranteed for
any admissible input. However, it should be clear that uniqueness of solutions
could be lost if we close the loop by means of a (merely) continuous feedback
u = k(x). We denote by G(z) the matrix whose columns are g1 (), ..., gm(2).
We also assume that f(0) = 0.

We are especially interested in the extention of the properties listed in The-
orem 2. Let a continuous, positive definite function h(x) and a number v > 0
be given. We associate to (9) the following cost functional

+o0 U 2
Hanu(n =5 [ (tey+ 00 a (10)

where we set for simplicity ¢(t) = ¢(¢; zo, u(-)). For a given initial state zg, we
say that the minimization problem defined by (10) is solvable if there exists an
admissible input, denoted by wj (t), such that J(zo,u} (-)) < oo and

I (wo, uz, (1)) < J(wo, u(-))

for any other admissible input w(¢). The value function is defined, as usual, by



Vixg) = i%fj(l‘o, u(-)) . (11)

V(xp) is actually a minimum if and only if the minimization problem is
solvable for zy. We are ready to state the main result.

Theorem 3 The following properties are equivalent.

(3.i) There exist a continuous, positive definite, radially unbounded function
h(z) and a positive number v such that the minimization problem (10) is solvable
for each xo. Moreover, V(zq) is radially unbounded and of class C*.

(3.1i) There erxist a radially unbounded, positive definite, C' function W (z) and
a positive number v such that (9) is stabilizable by means of the continuous

feedback

u=k(z) = —%(VW(m)G(r))t . (12)

Moreover, the closed-loop system admits W(x) as a strict Liapunov function.

(3.ii1) There exist a continuous, positive definite, radially unbounded function
h(z) and a positive number v such that the following first order partial differ-
ential equation (of the Hamilton-Jacobi type)

h(z)
2

has a solution U(x) which is radially unbounded, positive definite and of class

cth.

VU () f(x) - %|VU($)G($)|2 —_ (13)

A feedback law of the form (12) is called a damping control (or even a
feedback of the Jurdjevic-Quinn type). Note that it is the natural generalization
of (7) in a nonlinear setting.

Remark 2 A. As a by-product of the proof of Theorem 3, we shall see that if
the property (3.i) holds, then for each zy and each ¢ > 0

w, (8) = —3(VV (p(t 0,45, ()Gt 2o, uh, (D)) -
In other words, u} (t) is the composition of the continuous function
—(VV (2)G())*

and the solution ¢(t, o, u} (-)). This means that the minimization problem has
a solution in feedback form.

B. If the property (3.ii) holds, then every feedback

u = —a(VW(J:)G(x))t
with & > v/2 stabilizes system (9).



5 Proof of the main Theorem

In this section we give a proof of Theorem 3.

5.1 Some useful lemmas

The following lemma will be repeatedly used in the sequel.

Lemma 1 Let zy be fized. Assume that there exists a function a € Ky such
that h(x) > a(|x|) for each x € R™. Assume also that J(xg,u(-)) < oo for some
admissible input u(t). Then,

lim (¢ 2o, u(-)) =0 .

t—+o00

Proof. Since u(t) and z, are fixed, we shall write simply ¢(¢) instead of
o(t; 2o, u(+)). From the assumption, it follows that both the integrals

+o0 Foo
/0 h(p(t))dt and /0 lu(t))]? dt (14)

converge. It follows in particular that u(¢) is square integrable on [0, +00) and
on every subinterval of [0, 400). Tt also follows that liminf;_, ;o A(p(t)) = 0,
and since h(z) is continuous, positive definite and bounded from below by class
Ko function, this in turn implies

ltlin_l_lélof|g0(t)| =0.

Assume, by contradiction, that limsup,_, ;. [¢(¢)] > 0, and let
[ = min{l, limsup|e(t)|} .
t—4o00

Let L be a Lipschitz constant for f(x), valid on the sphere |z| <{. Moreover,
let b > 0 be a bound for the norm of the matrix G(z) for |¢| < {. By the definition
of |, there exists a strictly increasing, divergent sequence {¢;} such that for each
j’

el >
Without loss of generality, we can assume that ¢t;41 —t; > 1/(4L) for each

j € N. The existence of some 7 > 0 and k& € NN such that for each 57 > &k and
each t € [t; — 7,1;]

()] =

I



is excluded, since in this case the first integral in (14) would be divergent (here
again, we use the facts that h is bounded from below by a(-)). Hence, for
7= 1/(4L) and each k € N, we can find an index ji > k and an instant s; such
that

l
tho =7 <sk <t and e(se) <o

Since the solution ¢(¢) is continuous, for each k there exist two instants oy,
8, such that

l 3l
sp<ok <O <ty plow)l=7 . el =7,
and
l 3l
Z<|g0(t)|<z , Vt € (o), k) .
We have, for each k,
l
|2(0%) = plo)| = | ()] = le(ow)] = 5 - (15)
On the other hand,
Gk ek
o0 = el < [ Irtetnlde+ [ G- )]t
(<% Tk

By construction, for ¢ € [0k, 0;] we have |¢(t)] < . Hence, on the interval
[0k, 0x] the following inequalities hold:

0] < Lp(O)] and [Ga)] <.
This yields
[p(00) = (ol <tir+b [ futo]ar. (16

ti,—T

Now, taking into account (15), (16) and recalling that 7 = 1/(4L), we infer

I i
- +b/ |u(t)| dt
1 .

Ik

<

N | =~

that is,

b tdt>l
/,_T'““' >

Ik
Using Holder inequality and the fact that w(¢) is square integrable on [t;, —
7,t5,.], we also have



c ( / |u<t>|2dt) B / ()| de

Ik Ik

where C'is a positive constant independent of w(-). This yields

tjk y 12
HEdt> — >0
/, Ptz e >

Ik

But this is impossible, since u(¢) is square integrable on [0, +00) by virtue
of (14). Thus, we conclude that
lim inf |p(t)| = Li ) =0
i inf [ip(1)] = lim sup |2 (¢)]
which 1implies

lim ()] = 0

t—+o00

as required.
|

Next lemma is actually a remark about Jurdjevic-Quinn method of stabi-
lization.

Lemma 2 Assume that there exists a positive definite, radially unbounded C!
funetion W (x) such that the affine system (9) can be globally stabilized by the
feedback law

u = —w(VW(2)G(x))* (17)

where w is a positive constant, and assume also that the closed loop system
admits W (x) as a strict global Liapunov function. Then there exists a function

W (x) such that (9) can be globally stabilized by the feedback law

u = —w(VIW(2)G(x))* (18)
and the closed loop system admits W(x) as a strong global Liapunov function.
Proof. Let a(r) be any function of class K§° such that

afle]) < W(z) .
Moreover, let p € K§° be such that

lim 1 (2)p(Jal) = —oc (19)

|#]—= o0



where W(x) denotes the derivative of W with respect to the closed loop system
(with u given by (17)) i.e.,

W(z) = VW (2)f(z) — w|VW(2)G(x)]* .

The argument which proves the existence of such p is easy and can be found
n [12], p. 440.
Since p,a™! € K§°, there exists R > 0 such that p(a=!(R)) = 1. Let

ﬁ(r):{l for r € [0, R]

pla=t(r)) forr>R

We are now ready to introduce W(a:), by a suitable modification of an idea
borrowed from [12]. Let

We see immediatly that W(x) is positive definite, radially unbounded and
satisfies W(0) = 0. Let C be the compact set {x : W(z) < R}. We have

VW (z) ifreC

VW (z) = BW(2)) VIV (z) = {p(a_l(W(x)))VW(x) ifrgC .

In fact, we have W(x) = W(z) if x € C. Now consider the derivative of W

with respect to the closed loop system, with u given by (18), denoted by W(x)
We have

VW (@)[f(2) - w(VIV (2)G(2)) ()]
{ W(x) if 2 € C

W)

pla= Y (W (2)))[VW (z) f(z)
—wp(a LW @IV (@)G@))?] it ¢ C

In order to achieve the proof, we need to prove that W(x) is negative definite

and radially unbounded. Since W = W for x € C, from now on we can limit
ourselves to the case x ¢ C'. This implies in particular that p(a=! (W (x))) > 1.
Hence,

—wpla (W (@) [TW (@)G (@) < —w| VW (@) G(a)l?
It follows

10



VW () f(x) = wp(a™ (W (@) [VW (2)G(x) [
VIV () f(x) = | VW (2) G (x)|*
W)

A

From af(|z|) < W(z) we infer p(|z|) < p(a=1 (W (z))). Finally,

W) = pla™ (W(x)) [YW(2)f(x) — wpla™ (W (2)))[VW (2)G(x) ]
< pla”H (W(2))) [V (2) f(x) = w[ VW (2)G(2)[]
< pllz]) [VW (@) f(2) - C«)IVW( )G()[]
= ple)W(2)

The proof is achieved by virtue of (19).

5.2 (3.iili) = (3.ii)

This is the easiest part of the theorem. Indeed, we can identify W(x) with
the solution U(x) of the equation (13). Using the feedback law (12) in (9), the
derivative of U with respect to the closed-loop systems is easily computed:

U(@) = VU @) () - 26U (#)G)

which is negative definite by virtue of (13). The global asymptotic stability of
the closed-loop system then follows according to the well known extention of
the second Liapunov theorem to systems with continuous right-hand side.

5.3 (3.i) = (3.i)

The following proof is inspired by, but at the same time is a generalization of,
analogous proofs available in [5], [3], [11].

According to Lemma 2 it is not restrictive to assume that W(z) is actually a
strong Liapunov function for the closed loop system. We define an appropriate
cost functional of the form (10), by taking the same 4 as in (12), and

h(r) = ~2VW(2)f(x) + 1|V W () G ()"

Clearly, h is continuous, positive definite and radially unbounded. Thus, the
functional to be minimized takes the form

11



+oo
ool = [ [~ VW(altout)) otz ul))
IV el u() Gl (o, () (20)
+ %|u(t)|2}dt.

Let us consider the Cauchy problem

= f(x) + Gx)k°(x)
{ z(0) = zo (21)
where
ke (x) = (VW (2)G(x))® . (22)

According to Remark 2B above, (22) is a stabilizer for (9). If we select any
solution ¢°(t) of (21) we have therefore
¢’(t) =0 when t— 40

which 1implies

lim W(e°(t))=0. (23)

t—+o00

Let w®(t) = —y (VW (g° (t))G(goo(t)))t. Clearly the (unique) solution of (9)
with v = u?(t) is ¢°(t) = p(¢; 2o, u°(:)). Let us compute

J(@o,u’()) = /0 [=VW (")) (" (1)) + 1YW (¢ (1)) G(° (1)) ] dt

+oo
/0 —VW(? () [F(¢* (1) + G () u’(1)] di

/:w W (e ()¢ (1) dt = W (x0)

by virtue of (23).

Now, let u(t) be any admissible input. For simplicity, we use here the short-
ned notation ¢(t) = ¢(t; xg, u(-)). Let us distinguish two cases.

1) The integral in (20) diverges. In this case, it is obvious that J(zg, u°(-)) <
J(zo, u(")).

2) The integral in (20) converges. According to Lemma 1, we conclude
that lim; 4o ¢(t) = 0, and since W(z) is radially unbounded, continuous and

12



positive definite, this in turn implies lim; o W{(p(¢)) = 0. Finally, from (20)
we have

+o0
J(@o,u() = /0 —VW () [f () + Gp(1))u(t)] di

Ty 2
- [%+g|vw<so<t>>c;<so<t>>|2

VW ()G () ut) | dt

= [ -wwinpn

YA

—= + (VW (1)) Gp(t
N VIV (p(1))G(e(1)))

Summing up, we have J(zg, u°(+)) = W(zg) < J(xo,u(-)) for each xy. This
achieves the proof. In particular, we see that u°(t) = wj} (¢) and that W(x)

xr
coincides with the value function of the minimization problem (20).

2

5.4 (3.) = (3.ii)
Let us fix an initial state xg, a positive time T and a constant input ug. Let

§= (T w0, uo) -

Define a new input u(t) as

Up tE[O,T]
“(t):{ug(t—T) t>T

Of course,

Vo) < J(eo,u() = VO + 5 [ (bt ) + 12

Let us rewrite 1t in the form

=y ! (h@(t,xo,uon s '“3'2) dt < V(€)= Vi)

Dividing by 7" and using the mean value theorem we get

_% (h(éo(ﬁ;m,uo)) + |uf;| ) < VT xo’;O)) = Vi(zo)

for some @ € [0, T]. Taking the limit for T'— 0%, we obtain

13



B @ a % < VV(zo)[f(xo) + Glzo)uo] . (24)

On the other hand, by definition we have

Vi(wo) = J(xo,ug, () -

Let 7 = (T 20, uy,(-)). Now we have
Vi) =V +3 [ (h(gp(t,xo,uzu())) ¥ %) it

By repeating the same computation as before, we get
h(zo) _ |uz, (0) 7
2 27

(here we are using right-continuity of the admissible inputs). Comparing (24)

and (25), we find that

= VV(20)[f(xo) + G(x0)us, (0] (25)

*(() 2 2
—VV (2)G () (0) — % = max [—VV(x)G(x)u - %
for each # € R”™ (the subscript 0 has been suppressed, since zg and wuy were
arbitrary). The expression to be maximized at the right hand side can be
rewritten as

o VETV@GE P, [TV 66
VT 2 2 '
Now it is evident that the maximum is reached for u = —'y(VV(a:)G(J:))t =

ur(0). Substituting in (25) for a generic € R", after semplification we finally
check that V satisfies the desired equation (13).

Remark 3 A. Concerning the map h, in the proof that (3.4) = (3.i4¢) only
the assumption that it is continuous is really needed. It is interesting to discuss
what happens when h is positive semidefinite (i.e., h(x) > 0 V& € R"), instead
of positive definite and radially unbounded. In this case, we can still apply
the feedback law (12) with W = U, but we don’t have W as a strict Liapunov
function for the closed loop system any more. Indeed, the derivative of W with
respect to the closed loop system is only negative semidefinite, and the classical
Liapunov theory cannot be applied. However, we can obtain some stabilizability
results under additional assumptions by invoking LaSalle’s invariance principle.

A remarkable example of this approach is the so-called Jurdjevic-Quinn
method (see [8]; see also [5] where the connection with optimal regulation was

14



pointed out for the first time, and [2] for a “nonsmooth” extension). Jurdjevic-
Quinn condition can be interpreted as an observability condition (see again [5]).

Concerning the relationship between optimal regulation and stabilization
when h(z) > 0 see also [10].

B. If we assume that statement (3.¢) holds, then the value function V(z) is a
control Liapunov function for system (9). Hence, by means of this V one can
construct other types of stabilizing feedback. For instance, one can use the
so-called universal formula (see [13]).

6 A remark about radial unboundedness

From the point of view of stability theory, the implications (3.7) = (3.iii) =
(3.7¢) of Theorem 3 are the most interesting. In this section, we prove that
under reasonable assumptions about the vector fields f,g1,..., gm, the radial
unboundedness of the value function V(z) imposed in (3.7) is in fact automati-
cally satisfied. First of all, we prove the following lemma.

Lemma 3 Assume that there exist a map a(-) € K§° and positive numbers
Ap, A1, b, R such that

() h(x) > a(|z]) for x| > R,

(17) [f(2)] < Aoa(lz]) + Ay for [z] > R,

(i) |G(2)][ <.

Assume further that for each xy € R™, it has been specified an admissible
input ug, (t) such that

J(xoaul‘u(')) <o
Then, the function

v(@) = J(@o, ()

s radially unbounded.

Proof.

Let us assume that the conclusion is false. Then, there exists L > 0 such
that for each K > 0 we can find a point zx with |zx| > K for which v(zg) <
L. Without loss of generality, we can assume that L > a(R). Let us take
K >2A; +a (L) +2A0L + 2b\/yL. We remark that

K >a (L) (26)
and that

15



a(leg|) > a(K) > L . (27)

Let us set for simplicity ¢x (1) = ¢(t; 2k, tgp, (-)). Using Lemma 1, we have
that ¢x (t) = 0 for t = 400 and since a € K§°, we also have a(pg(t)) — 0 for
t — 400. Recall now (27). Since a is continuous, there exists an instant Tx > 0
such that a(|¢x (Tx)|) = L while

a(lex(®]) > L vt e[0,Tk] . (28)

This is the same thing as

lox ()| >a (L) >R Vte[0,Tk] . (29)

By assumption (i), we have

hex (1)) > allex(t)|) > L VL €[0,Tk] . (30)
On the other hand we have

L>v(eg) = %/Ooo (h(soK(t)) + M) dt > %/Ooo h(px (1)) dt > %LTK

from which we deduce that Tx < 2. By virtue of (ii) and (iii), we also have

K—a (L) < |ex|-lex(Tk)]
< |er(Tx) — 2k|
< / (I (pre (0)] + 1G x| - e (1)])
< /0K<Aoa<|soK<t>|>+A1> dt+b/0 " e ()]

Using Holder inequality and (i), we obtain therefore

1

T T Jug, O\ °
K—a'(L) < Ao/ Aok ()]) dt + ATk + by/Txk 'y/ det
0 0
< 2A0L +Tg A1 + 203/~ L .

Finally, we get

K —a Y (L) —24¢L — 2by/~L
TKZ A a () - 0 Y >2’
1

a contradiction.
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Remark 4 Note that since h is radially unbounded and positive definite, then
h must satisfy an equality like that in (7) for some a(-) € £§°. The requirement
in Lemma 3 is actually that, apart from a multiplicative constant, the same
a(-) € K§° can be used to estimate A from below and the norm of f from above.

Now we can state the announced result.

Proposition 1 Assume that f,G and h satisfy the same conditions (i), (i)
and (%it) as in Lemma 3. Assume further that the optimization problem (10) is
solvable. Then, the value function V(z) defined by (11) is radially unbounded.

Proof. If for each 2o € R™ we specify ug,(t) = uj,(t), then the assumptions of
Lemma 3 are fulfilled and, in addition, we have v(z¢) = V(2g). The conclusion
1s immediate.

7 The generality of damping control

As noticed in Section 3, if a linear system 1s stabilized by a continuous feedback,
it is also stabilized by means of a linear feedback and, more precisely, by a
feedback of the form (7). This fact has an analogue for the nonlinear case. We
actually prove that if an affine system admits a C'! stabilizer satisfying certain
additional conditions, then it also admits a stabilizing feedback in damping
form.

The material of this section is basically borrowed from [9], where the main
result is obtained by exploiting in a clever way the connections among stabi-
lization, optimal regulation and the so-called Zubov’s equation. However, in
authors’ opinion the argument requires assumptions which are not explicitly
stated in [9]. Thus, we find convenient to expose here a more precise and
slightly improved version.

Proposition 2 Consider the affine system (9) and assume that

[f(@)] < Aol + Ay and ||G(x)][ <b (31)

for some positive constants Ag, A1,b. Assume further that (9) admits a stabilizer
u = k(z) such that:
(1) k(z) is of class C' and k(0) =0,

(ii) for each compact set C' C R™, there exists a map Ac(t) : [0, 4+00) = [0, +0)
such that

+oo
/ A (t) dt < 400 (32)
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and

2 1) < Ac ) (53)

for each t > 0 and each x € C.

Then, there exists a map W (x) with the property stated in Theorem 3, (3.ii).
In other words, the system can be also stabilized by a damping control.

Proof. Let us set for simplicity ¢(t;x) = wg()(t;x). Using the mean value
theorem and the fact that ¢(¢; 0) = 0, it is not difficult to infer from Assumption
(ii) that

+oo
/0 lo(t; )| dt < 400 (34)

for each # € R™. According to global asymptotic stability, we have |¢(t; z)| = 0
as t = +00. Hence, (34) implies that also the integral

+oo
/0 o(t: ) dt (35)

converges. Assumption (i) implies in particular that k(z) is locally Lipschitz
continuous. Taking again into account asymptotic stability, from (35) we there-
fore obtain that the integral

+oo
/0 k(o (85 20)) (36)

converges, as well. Now, let us introduce the function

Loy = B

Notice that L(z) is C*, positive definite and radially unbounded. Moreover,
by virtue of (35), (36), the function

v = [ " Lip(t2)) di (37)

is well defined for each z € R™. Global asymptotic stability of the closed loop
system also implies that for each compact set C' there exists R > 0 such that
lo(t;z)] < R for each ¢ > 0 and each # € C ([1]). Using this fact, it is not
difficult to see that

12 Lol )l < MAC() (38)

for some M > 0, each £ > 0 and each z € C. It follows by standard arguments
that W is of class C! on R™. Note that ¥(0) = 0. We also note that by virtue of
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(31), Lemma 3 is applicable, if we specify for each « the input u,(¢) = k(p(t; 2)).
Hence, ¥(z) is radially unbounded.
Now, let

S(z)=1- e~ ¥

It is immediate to check that @ is of class C1, ®(0) = 0 and 0 < ®(z) < 1
for 2 # 0, and that limj,|, . ®(2) = 1. Moreover, for each s € R we have

D(p(s;x)) = l—e I Lie(tp(sie))) dt

R A O

s

This yields

Ta(plsi)) = V(pls)plsia)
= —L(p(s:z))e” f:o L{p(r;x)) dr
Finally, taking s = 0, we obtain the equation
Ve(z)[f(x) + G(z)k(z)] = —L(x)(1 — () (39)
for each x € R™. Next, we set

V(z) = —log(l — ®(x)) .

We have that V is of class C* and V(0) = 0. Moreover, V is positive definite
and radially unbounded. From (39) we also get

VV(2)[f(x) + G(x)k(x)] = = L(x) (40)
for each x € R™. Let

h(z) = |zf* + (k(z) + (VV (2)G(2)))? .
From (40) we see that

UV (@) () — TV ()G = -1 (41)

for each z € R™.
We are now ready to get the conclusion. Consider the affine system (9) with

the feedback law u = —%(VV(x)G(x))t. The left hand side of (41) coincides
with the derivative of V' with respect to the closed loop system. Hence, (9) with

the feedback law u = —%(VV(x)G(x))t admits V' as a global, strict Liapunov
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function. This implies that the origin is globally asymptotically stable for the
closed loop system and the statement is proved.

Remark 5 If the system is linear and k(z) is any linear stabilizer, then the
closed loop system exhibits exponential decay so that Assumption (ii) is auto-
matically fulfilled.

According to (34), we see that Assumption (i) guarantees sufficiently fast
decay of solutions of the closed loop system (with u = k(x)).
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