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Abstract—In this note we discuss the problem of stability of The simplest idea is to ask that for each solutieft) and each
(finite or infinite) families of continuous vector fields, all of them switching instant;; one has
asymptotically stable but, in general, not exponentially stable.
Under a multiple Liapunov function condition and an average Voi—1 (@(tr)) = Vi, (0(tr)) 1)
dwell time constraint, we prove that the system possesses a form
of stability, weaker than the standard one. The advantage of our
results is that the conditions imposed on the Liapunov functions

can be verified a priori, with no previous knowledge of the invariance principle (see also [1], [13] for related results).

integral curves of the fallmlly. N . . A more sophisticated compatibility condition was introduced in
Index terms—Dwell time, families of vector fields, Liapunov [4] (see also [2]) in order to generalize Liapunov first and second
functions, stability. theorem to switched systems; it states that

I. INTRODUCTION Vio((t) > Vi(e(t") )

Families of vector fields have been fruitfully employed as a modél ¢ andt’’ are left endpoints of the intervals where the same vector
for representing input systems both in geometric control theory andfiald f,(z) is in charge { < t").
the recent theory of switched systems. Here we consider a family ofConditions (1) and (2) can be practically applied only if the
finite dimensional, continuous vector fields= { f,(x)},cr, Which  switching times are determined by a positional rule, or if the solutions
possess a common equilibrium position at the origin. In general terne$, = are explicitly known. Thus, we are led to look for alternative
by a solution of 7 we mean any continuous, piecewise differentiableompatibility conditions, perhaps more conservative, but verifiable
curve which is obtained by gluing together integral curves of theithout solving differential equations.
vector fieldsf, (x); however, the solutions oF which are interesting ~ Such a condition has been proposed in [7], [8] (Theorem 4). It
from the point of view of applications, are often required to satisfytates that for somg > 1
additional constraints, as it will be explained later.

The problem of finding conditions under which the origin is stable pVq(x) > Vy(x) (3)
or asymptotically stable with respect to certain solutionsfohas . i S
been addressed in many papers (see the monographs [9], [16]fP5reaCh pair of indiceg, p € P {:md ez?\ch point in the state space.
a general introduction, basic results and lists of references). \N?e[s] the_ authors prove that if (3) is satisfied, _then the origin 1S
emphasize that such a stability problem cannot be solved in gen&%YmptOt'ca”y §tab|e with respect to all the SOIUt'OnS.Wh'Ch met an
by individually looking at the vector field$,(x); indeed, it is well average dwell time constraint, meaning that for each intefublere
known that the origin may be unstable t&reven if every vector field is a bound (depending on the lengthifon the number of switches

_ ¢ . ing inl.
f»(z) is asymptotically stable [4], [9]. In order to establish whethePccurmng in . . .
a family of vector fields is stable at the origin, it is natural to seek We point out that the proof of Theorem 4 in [8] is essentially based

some suitable extension of Liapunov direct method. on _Iinear te_chniq_ues_: in fac_t, i.f all th_e Liapunoy functiolh_(g(_x)
A rather naive approach relies on the condition that the vect pusfy a Lojasewicz inequality in a neighborhood of the origin [11],
fields f,(z) share a common smooth Liapunov function; under thi en the assumptions of Theorem 4 of [8] actually imply that the

assumption, it is easy to prove that the origin is asymptotical igin is exponentially stable for each vector fiefj(x) (see for

stable with respect to arbitrary solutions &f. From a theoretical ! s_}_ince '_Il'_neorem 54'2 cf)f Ef])' o | th bl f
point of view, such a result is not too restrictive: indeed, under 1huS: Theorem 4 of [8] seems to leave open the problem o

some reasonable uniformity assumptions, it has been proved that'ﬂY@.Stigating the dynamical behavior of the solutions?_bfnear the
converse is true, as well [5], [12]. However, in general it is hard rigin, when some of the vector fielgs(z) are asymptotically stable

find an explicit common Liapunov function; obviously, the difficultie ut not exponentially stable at the originVe point out that in this
grow with the number of vector fields of. Moreover, converse case the rate of convergence becomes slower and slower while the

theorems do not hold in general for simple (non asymptotic) Stabi“gylutions of the vector fields approach the origin, so that we should

where p; is the index of the vector field in charge after, and
pr—1 IS the index of the vector field in charge befase Under this
condition, in [6] the author obtains a generalized versions of LaSalle’s

Thus, at least from a practical point of view, it is advisable to explo ot expect that, in general, Stab'l't}'. is preserved under a constant
well time constraint (such an intuition seems to be confirmed by

other ways. imulations: Section V of thi
To reduce the difficulty of finding a common Liapunov functionS'MY atlons.. see Section /0 this paper). T
¢ We are finally able to illustrate the contribution of the present

in [15] the authors suggested the idea that stability of families o W ' family of . fields und

vector fields can be studied by using multiple Liapunov function§aper. We consider a family of continuous vector fields under

This means that each vector figfg(z:) has its own Liapunov function asSumptions which are slightly more general than those of Theorem
¢ of [8]: in particular, our assumptions do not imply that all the

Vp(z). Of course, this assumption is too weak to imply stability o A . .
F (see again [4], [9] for counterexamples); it is actually necessary {gctor fields/f,(z) are exponentially stable at the origin. We prove
at F possesses a different form of stability, we name it here

add a condition ensuring compatibility among the Liapunov functio - . L " .
V,(z). A variety of compatibility conditions has been proposed iffSeudo-stability. The precise definition of pseudo-stability will be
P given in Section llI; intuitively, it means that the size of excursions

the literature. . L . ;
of solutions satisfying an average dwell time constraint can be
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controlled, provided that the estimation margin is not too small. Example 1:Letl, = {0,1,2,2+1,3,3+ %,...,n,n+ %,}
The proof relies on the method of multiple Liapunov functions and is easy to check that, for all > 0, for all ¢ > 0,
basically exploits classical arguments. No(t,t+1) < 2+ 2I. On the other hand, for all € (0,1),

The outline of the exposition is as follows. In Section Il wehere existg > 0 such thatN, (¢,t + 1) = 2.
introduce the notion of dwell time solutions, and we discuss some This remark leads to the following definition [6]:
of their properties. The definition of pseudo-stability is given in Definition 3: We say that a switching law has amaverage dwell-
Section Ill, where we state and prove the main result. The casee 7, > 0 if there existsNy > 0 such that, for alt > 0, for all
where assumptions hold globally is shortly considered in Section> 0,
IV; we shall see that average dwell time solutions JB6f possess Ny (t,t+1) < No + 1

> o\l = 0 .

a boundedness property which can be seen as a dual property of Ta
pseudo-stability. In Section V we discuss two illustrative examples.
We present further comments about the notion of pseudo-stabilityim
the Conclusion.

In [6], [7], No is often referred to as ahatter bound since on
ervals of lengthl < 7, there are at mosiV, discontinuities of
o. The set of switching laws satisfying Definition 3 is denoted by
Sa[No, 7a]. It is clear thatS,[1, 7u] = Sqw[7a]-

Il. DWELL-TIME SOLUTIONS In the following proposition we list some properties of these sets

In this section we discuss some properties of dwell-time solutionge are interested in.

As far as we know, the first result about stability preservation under Proposition 1: (1) Sa[No,7a] € Su[No,7s], for all 7, €
dwell time constraints was obtained by Morse [14] in a linear context. (0, Tal-
Let F = { fp(«)}pcp be a family of continuous and complete vector (2) S,[No,7a] C Sa[N¢, 7a], for all Nj > No.

fields of R", where P is any set (finite or infinite) of indices. (3) If 0 € Sa[No,7a)s te € Io, = No(tk,tr +1) < No —
Definition 1: A continuous functiony : [0, +o0c) — R™ is said 14 L.

to be aswitched solutiorof F if there exists a divergent sequence (4) If o ELSG[NOJG], th €Iyl <To = No(tg,tp+1) <

of times0 =ty < ¢1 < ... < t; < ... and a sequence of indices No — 1.

Po,P1,---,Pi, ... such thatp(t) is a solution ofi = fp,(z) for  (5) Let o € Su[No,7a], No > 1. If t, € I,,l > 7 =

t € [ti,tiy1). The set of all the switched solutions & is denoted No (tr, te +1) < Nob,

by S. Ta

In the literature, the sequenbe=to < t1 < ... <t; <...is of- Proof: (1), (2) are trivial
ten called the sequence sfitching timeof the switched solutiop. S ' 1
The piecewise constant, right-continuous functon [0, +o0) — P (3) Letx elIU anozli; 0. We choose > 0 59 thate < 3(t —
such thato(t) = p; for all t € [ti,t:41) is also called awitching t+—1) and LE] = [£=], where[] denotes the integer part of a real
law associated tap. In general, the switching law associated to &Umber. Then,
switching solution is not unique. l+e

On the other hand, given any switching law (i.e., a piecewigdlz (tx: tr +1) = No(tr —¢, (tx —) +1+e) =1 < No—1+——.
constant, right-continuous functian : [0, +00) — P), a switched ¢
solution associated ter is a continuous functionp, such that Since[--] = [£=], we have thatV, (5, t, +1) < No — 1+ .

<Pal(t)§ffo_<tt_)o(%0al(t)g gor achJtt # ti. b o wang @ It follows from (3), whenl < 7.
n Definition 1 we do not requirg; # p:.1, because we wan We setl = 7. + h. with & > 0. Then

to include switching laws which are constant or have finitely marfp) L&t tx € Lo andl > 7.
discontinuities. On the other hand, later on we need to consider with

special attention the actual discontinuities of a switchingdawhus, l Ta +h
et J No(titi+1) < No—14 —=No—14 72
h Noh Nol
= — < -0
I, = {ti > 0,0(t;) = lim o(t) # lim a(t)} U{to =0}. (4) No + Ta No+ Ta Ta
t—t t—t.
i i 1

When I, contains finitely many points, say=1to < t1 < ... <
tr, We agree to writéx 11 = +oo. _ ll. STABILITY
The distribution of the switches may be very complicated: we

limit ourselves to some cases, by considering some of the definitions” thi.s section we consider a farln.iIXj". = {fp(g.“".)}PGP’ wher.e .the
introduced by [6] et al. vector fieldsf, have a common equilibrium position at the origin. We

Definition 2: Given a switching law, if there existsrp > 0 such |ntr0dgce an appropriate notion of Stab'l.'ty' anq we give a syfflment
that condition, in terms of an associated family of Liapunov functions, to
check whetherF is stable in this sense.

The Euclidean norm of € R™ is denoted byjz|, and the ball
we say thato is a dwell-time switching lawA solution ¢ is said with radiusr > 0 and center at the origin is denoted Byr) = {z :
to be adwell-time solutionif there is a dwell-time switching law |z| < r}.

o associated tap. 7p is called thedwell-time of the dwell-time Definition 4: We say that the origin ipseudo-stabléor F if for

inf{tk+1 —tk, th,tht1 € I,;} =1Tp

switching lawo. eachNy > 1 and eacte > 0 there existsr, > 0 such that:
Following [6], we shall denote bys,.,[Tp] the set of switching
laws of dwell-timer > 7p. 35 >0 : 0 € Sa[No,Ta], [0 (0)] <6
When o € Saw|[tp], let us observe that, for all > 0, for all = |, (t)| < &, VYt >0. (5)
>0,
! Remark 1:In the definitions of stability for families of vector
Ny (t,t+1) def #{LN(t+D} <14+ —, fields adopted so far in the literature, possible constraints on the
D switching laws are imposed priori In other words, implication (5)
where # denotes the cardinality of the considered setl ¥ 7, must be verified only for trajectories in a preassigned set. On the
No(t,t+1) < 1. contrary, Definition 4 introduces a dependencerpfand hence, of

Wheno ¢ Sqw[7p], it may happen that for arbitrarily smdll> 0 the set of admissible switching signals), on the chatter bavindnd
there existg > 0 such thatN, (¢,¢ + 1) > 1. This is the case of the on the estimation bounel In this sense, Definition 4 is weaker than
following example: the usual notion of stability.



Recall that a functior : [0,79) — [0, +00) (Whererq is some
positive real number possibly dependent®nis of classK if it is
continuous, strictly increasing and such thg0) = 0.

Lemma 1:Let o, 8 : [0,70) — R be functions of clas¥’, such
thata(r) < B(r), for all » € (0, o).

Then~(r) = 8~ oa(r) is well defined or[0, 7o), of classk and
~v(r) <, forall r € (0,70).

For sake of simplicity, we shall use the notatiofl (r) to denote
the composition ofy with itself NV times.

Theorem 1:Let F = {f,(z)}pcp be a family of continuous and
complete vector fields oR"™, whereP is any set (finite or infinite)

of indices, such thay,(0) = 0 for eachp € P. Letrq > 0, and
let V = {V,}pcp be a family of functions fromB(ry) to R, all of
classC*?, satisfying the following properties.
(i) There exist mapsy, 3 € K, with a(r) < B(r) for r € (0,70),
such thata(|z|) < V,(z) < B(|z|) for eachp € P and eachr €
B(’I‘o).
(ii) There exists a mag({ € K such that, for eaclp € P and each
x € B(ro)

VVp(@)fp(z) < —K(|2]).

(iii) There exists a mapH € K such that, for each pajp,q € P,
and eachr € B(ro)

Vp(z) < Vo(z) + H(|z]).

Then, the origin is pseudo-stable fér.

Clearly, these points exist and are uniquely defined. It may happen
thatT,.’ =T, fori = 1,2, bUtTé <Th < Tll < Ty < TZI < T3.
Moreover, we claim that in the intervalg}, T;+1), i = 0,1, 2 there
must be at least one switching timg otherwise, for some index
we should have

Ble(T))]) = B(mi) = a(niy1)
= a(le(Tit1)]) < Vo(e(Tit1)) -

This is impossible by condition (ii). Indeed,

Vo((T7))

IN

Vo)) = Vle@m)+ [ U
< Ve - [ Kl ds

< Volo(T)) — K(mi)(Tir —T))

which yieldsV, (o(T7)) > Vo (o(Tit1))

Summing up, we have found a triple of switching timgsr, 72 €
I,N[Ty, Ts). HenceN, (1o, T3) > 2; by Proposition 1(4)15 — o >
Ta. NOW we set:I, N (10, T3) = {t1,t2,...,tn} Wheret; <tz <
... < tn. We complete this sequence by additag= 70 < t; and
tn+1 =13 > tj, for a||j: 1,...,N.

By construction N > 2 andty41—to > 7. Then, by Proposition

Proof: For reader’s convenience, we first prove the theorem in tHe(5), N (to, tn+1) = N < % hencety 1 — to > 3 N7a.

particular caseVo = 2. Then we indicate how to adapt the proof to |et p,,.

the general case.
So let No = 2, and let us fix, without loss of generality, €
(0,70). We want to show that

2H(¢)
K(v3(e))
is the requested average dwell time. We ggt= ¢, 2 = v(n3),
m = y(n2) = 7*(ns), 0 = & = v(m) = v*(n3). By definition of
Y, M3 >m2 >m >no =9, and
B(m) = B(v(n2)) = a(nz) < ae) Q)

Now, assume by contradiction that there existc B(d), o €
S.[2,7a], @ trajectorye(t) associated tar issuing fromz and a
time T' > 0 such thatjp(T)| > €. In the interval[0, T'] we find:

>0 (6)

Ta = Ta(€) =

T such that |o(TH)| =86 = no

and lp(®)| > 6 vt > Tg
T such that lp(T1)| =m

and d=mno < |p(t)] <m vt € (Ty, T1)
T such that lo(TD)| =m

and lp(t)| > m vt > T4
T such that lo(T2)| = n2

and m <o) <n2 vt € (T1,T2)
5 such that lo(T3)| = n2

and lp(t)] > 2 vt > Ty
Ts such that lp(T3)| =n3 =€

and ne < |e@)] <m3=¢ vt € (T3, Ts)

..,PN+1 € P SUéh thatO'(t) = pj if t € [tj,tj+1),

j=1,...,N. We now compute:
Vo (0(tn+1)) = Vio (0(t0))
= Von(p(tn+1)) = Von (9(tn)) + Vi (0(tn))

VPN—l (‘P(tN)) + VPN—l Sp(tN))

- Vpl (‘10(751)) + Vpl (@(tl))
= Vio(p(t1)) + Vpo (p(t1)) —

Using repeatedly (ii), (iii), we have
VPN ((p(tN+1)) - Vz)o (‘p(to))

_/ T K((s)]) ds + H(g(tn))

tn

_/ " K(lp(s)) ds + H(lo(t)])

Vo (¢(t0)) -

IN

_ - / T R(e@) ds+ S Het)

< —(tws1—to)K(6) + NH(e) < —%NTQK@) + NH(e) .

The last expression is nonpositive, by (6). This is a contradiction,
because from (i) and (7) we have:

Von ((tn+1)) = Vio (¢(t0)) > ale) — B(m) > 0.

Therefore, any solutioR, € Su[2,7.], with |¢-(0)| < ¢ is such
that |¢, (t)| < €, for all ¢ > 0.

When N, > 2, the proof follows the same pattern; we sketch here
the main modifications. In this case, fixeds (0,7), we define

- __ NoH(e)
Ta = To(g, No) = K Mo+1(2) >0.
Then we definein,+1 =€, N, = (), ..., Mo =08 =

Nt (e).



By contradiction, we assume the existencezofe B(d), o € Remark 4: Compared with analogous compatibility conditions
Sa[No, 74], Of a trajectoryp(t) associated t@ issuing fromz and used in [4], [1] in order to prove stability by means of multiple
atimeT > 0 such thatjp(T")| > . In the interval[0, T we find: Liapunov functions, condition (iii) of Theorem 1 has an advantage:

it can be checked without computing explicitly the integral curves of

T such that l(T8)| = 6 = no the vector flelds_o_ﬁ_-". N y _ _

Other compatibility conditions not requiring the integration of the
and lo(t)] > 6 vt > T} vector fields are given in [10] for special classes of switched systems
T such that lo(T3)| = ns If each vector fieldf, is asymptotically stable at the origin,

Kurzweil converse theorem guarantees the existence of Liapunov
and M1 < [p(t)] < mi Vi € (T, Tisr), functionsV;, satisfying (i) and (ii) (see for instance [3]). In general,
eachV}, has its owna, 5 and K, but if F is finite, a, 8 and K can
T! such that lo(T))| = m: be made independent of If in addition we set
and lp()] > mi vt > T} h(r) = max{|V,(z) — Vo (2)|,p,q € P,z € B}
Tng+1  such that lo(Tno+1)] = 1No+1 =€ and we choose a functioH (r) of classkK such thath(r) < H(r),
for all » € [0, ro), then also (iii) is fulfilled. Thus, we can state the
and o < e <nno+1 =€ VYt € (Thy, Tng+1) following Corollary.
Corollary 1: If F is a finite family and the origin is asymptotically
As above, we may prove that, for all= 0, ..., No, there exists stable for allf, € F, then the origin is pseudo-stable f6r.

7i € I, N [T}, Tit1). Thus, we haveN, (7o, Tny,+1) > No and
Tny+1 — To > Ta, by Proposition 3(4).

We completel, N (10, Tng+1) = {t1,t2,...,tn} by addingty =
70 and tn41 = Tng+1. Sincetni1 — to > 74, We may finally
proceed as in the cas¥, = 2 to get a contradiction.

Since for anyN, > 1, for anyeo > 0 we have found-, satisfying
the conditions of Def. 4, we have proven that the origin is pseud
stable forF.

IV. BOUNDEDNESS OF SOLUTIONS

Global boundedness of certain switched solutions can be charac-
terized by means of the following notion, which can be interpreted
95 a dual property of pseudo-stability.

Definition 5: We say that the familyF is pseudo-Lagrange stable

1 f ;
Remark 2: Since ~ is a contraction andK is increasing, the if for each No > 1 and eachR > 0 there existr, > 0 such that

average dwell timer, = 7,(e, No) we get in our proof increases
with No. 38 >0 : 0 € Su[No,Ta], lpo(0)] < R= |po(t)] < S, Vt > 0.

Remark 3:1n [8] the compatibility condition takes the form (3).
This implies assumption (ii) of Theorem 1. Indeed, we may Writge
Vy(2) < Vy() + (u — 1)Vy(x), and takeH (r) = (u — 1)B(r).
Moreover, in [8] the authors require that

We agree that all the functions of claSsused in this Section are
fined on[0, +o00) and unbounded. Lef'(ro) = {z : |z| > ro}.
Theorem 2:Let F = { f,(z)}pep be a family of continuous and
complete vector fields dR™, whereP is any set (finite or infinite) of
_ . indices. Letro > 0, and letY = {V,,},ep be a family of functions
VVo(@)fp(@) < =2V () ® from C(ro) to R, all of classC", ga?iizf)ying the following properties.
for some)o > 0 and for eactp € P. Taking into account condition
(i), (8) implies thatVV,(z) fp(z) < —2Xoa(|z|). In other words, if (i) There exist mapsy, 8 € K, with a(r) < B(r) for r > 7o, such
(8) holds, then (ii) holds as well, with (r) = 2 o (7). thata(|z|) < Vp(z) < B(]z|) for eachp € P and each: € C(ro).
Recall that a positive functioi(z) : R" — R satisfies a
tojasewicz inequality if there exist positive numbdtsc, v such that (ii) There exists a mag<{ € K such that, for eaclp € P and each
G(z) > c|z|”, Vo € B(R). It is well known that if G is analytic = € C(ro),
then it satisfies a Lojasewicz inequality (see [11]).
If all the Liapunov functiond/, (z) satisfy a Lojasewicz inequality

with the sameR, ¢, v, then we can choose VVp(@)fp(z) < —K(|2]).

O‘(T) =ar” ) )
) . (iii) There exists a mapd € K such that, for each pap,q € P,
for somea andv. Assume that we can choose, in addition, and eachr € C(ro),
B(r) = pr” (10)

Vio(z) < Vy(x) + H(|z|).
with the same exponent > 0. Then it turns out thatr,(e) is p(@) < Valo) (I
—_ Ng+1
constant_over(0, ro]. Indeed, withI' = (a/40) 7 and C =
((n —1)B)/(2X0al?), we have Then, F is pseudo-Lagrange stable.

As a consequence, in the case whe(e) and 3(r) can be taken NoH((y~1)No+1(R))
of the form (9) (10), the proof of Theorem 1 shows that the origin Ta = Ta(R) = %R
is actually stable fotF, and the conclusion can be strengthened. In (R)
particular, we have another proof of the stability part of Theorem 4

of [8] (the asymptotic stability part could be obtained along similar The remaining part of the proof is similar to that of Theorem 1,
lines). apart from some obvious modifications.




V. ILLUSTRATIVE EXAMPLES
The aim of this section is to enlighten by a pair of simple examples o1

the results of Theorem 1 and 2 and, more generally, the complexity oo
of the dynamical behavior of a switched system formed by a pair
of planar vector fieldd f1, f2}. The first example concerns stability. o
Let 0.04
faw = (T2 e = (32329, @ “
1 9 T — 32y3 9 2 9 20 — 64y3 . o
Liapunov functions forf; and f, are, respectively, 004
Vilw,y) =2*+2°,  Va(w,y) =227 +4° .
It is immediate to compute that b1 008 006 00t 00z 0 00z 00f 006 008 o1
y y 4 4
Vi(z,y) = Va(z,y) = —128(z" +y°) . Fig. 1. Trajectory of the switched system (11), with= 1 and initial state

o L . 0.001, 0). The trajectory spirals out and ultimately it approachesrat Iset.
Thus, it is clear that the origin is asymptotically stable, but NGhe simulation indicates that the origin is not stable.

exponentially stable for botlf; and f». With the notation of the
previous sections, we can takgr) = r2, B(r) = 2%, H(r) =
r? and K(r) = 64r". For sake of simplicity, we takeVo = 1,
Whictheans that we limit to non-average dwell time. THem) =
1/(2r%).

The behavior of the solutions of the switched system has been .
investigated by computer simulations. We limit ourselves to solutions
with switching timest, = k7, wherer > 0 is a fixed duration.
This is not a severe restriction: simulations with different durations
for each vector field can be repeated by simply using different time
scale.

Simulations show that starting from a large initial state, the
solution is ultimately attracted within a bounded region surrounding
the origin: this seems to be independent of the value.dfiowever,
the size of the attracting region becomes smaller and smaller while
7 becomes larger and larger.

The behavior of the switched solutions corresponding to small
initial states seems to be more involved, and more sensitive to
variations ofr. Roughly speaking, we can distinguish two different 00— p T s
situations.

(1) For certain values of, solutions starting from a small initial Fig. 2. Trajectory of the switched system (11), with= 10.2 and initial
state spiral out of the origin, until they achieve a steady state behavfgite (0.001,0). As the one of Figure 1, this trajectory spirals out and it
similar to a limit cycle. This happens for instance whes: 1 (Figure ~approaches a limit set. Again, the origin is not stable but ttuvattractor is
1) and also when = 10.2 (Figure 2). But in the second case thdnuch smaller. This is compatible with the statement of Theorem 1.
attractor has a more complicated geometry and a smaller size. Note

that for these values of, the origin is not stable (in the classical

Liapunov sense).

(2) For other values of-, for instance whenr = 2, the solutions

corresponding to small initial states exhibit a more stable behavior
(Figure 3). However, all these solutions present a dead-zone cgroun
the origin which cannot be reached.
Situations (1) and (2) arise alternatively, whitevaries. It is not
clear from simulations whether there is a regularity in such a repeated 0005
behavior.
In any case, this example confirm the intuition that a switched sys- 0
tem formed by purely nonlinear asymptotically stable vector fields is
not asymptotically stable, in general. However, this switched system o005
satisfies the notion of pseudo-stability introduced by Definition 4,
although the estimate fat, provided by (6) is far from being sharp. oot
The second example concerns boundedness of solutions. Let

_ -4 o 4y )

T = 4 x =1 . 12
Jiy) (42:_ \3/@) ’ faly) (2 - 2 Fig. 3. Some trajectories of the switched system (11) with= 2,
Figure 4 shows a (reasonably) unbounded trajectory, obtained wiiresponding to the initial state0.001,0), (0.004,0), (0.01,0). The

initial state (0,5) and switching times2,4,6,.... With the same picture suggests that the origin is stable, but not asynwatityi stable.
initial state and switching time$0, 20, 30, ... we get the bounded
trajectory of Figure 5.



examples of Section V seem to suggest an analogy between pseudo-
100 stability and the notion of practical stability, whose interest in
application is relevant.
0 The examples of Section V suggest also that the bounds for
the dwell time provided in the proofs of Theorems 1 and 2 are
100 conservative. This drawback indicates the need for future work.

The authors wish to thank the anonymous referees for many helpful
suggestions.
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In this paper we adopted a mix of these possible approaches. We
introduce a notion of stability (pseudo-stability) which differs from
the usual one in the sense that the dwell time constraint depend on the
desired stability margin. We prove that under reasonable assumptions
(multiple Liapunov functions with an easy-to-check compatibility
condition) a family of asymptotically stable vector fields is pseudo-
stable.

The completeness assumption made in Theorem 1 about the vector
fields simplifies the statement, but can be actually removed, since
the result has a local nature. Similarly, the completeness assumption
in Theorem 2 cam be avoided, since it follows from the other
assumptions.

Although pseudo-stability is weaker than the usual notions, we
believe that it is strictly related to the nature of switched systems and
probably the best one can hope to obtain in general. The illustrative



