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Remarks on dwell time solutions and stability of
families of nonlinear vector fields

Andrea Bacciotti and Luisa Mazzi

Abstract—In this note we discuss the problem of stability of
(finite or infinite) families of continuous vector fields, all of them
asymptotically stable but, in general, not exponentially stable.
Under a multiple Liapunov function condition and an average
dwell time constraint, we prove that the system possesses a form
of stability, weaker than the standard one. The advantage of our
results is that the conditions imposed on the Liapunov functions
can be verified a priori, with no previous knowledge of the
integral curves of the family.

Index terms—Dwell time, families of vector fields, Liapunov
functions, stability.

I. I NTRODUCTION

Families of vector fields have been fruitfully employed as a model
for representing input systems both in geometric control theory and in
the recent theory of switched systems. Here we consider a family of
finite dimensional, continuous vector fieldsF = {fp(x)}p∈P , which
possess a common equilibrium position at the origin. In general terms,
by a solution ofF we mean any continuous, piecewise differentiable
curve which is obtained by gluing together integral curves of the
vector fieldsfp(x); however, the solutions ofF which are interesting
from the point of view of applications, are often required to satisfy
additional constraints, as it will be explained later.

The problem of finding conditions under which the origin is stable
or asymptotically stable with respect to certain solutions ofF has
been addressed in many papers (see the monographs [9], [16] for
a general introduction, basic results and lists of references). We
emphasize that such a stability problem cannot be solved in general
by individually looking at the vector fieldsfp(x); indeed, it is well
known that the origin may be unstable forF even if every vector field
fp(x) is asymptotically stable [4], [9]. In order to establish whether
a family of vector fields is stable at the origin, it is natural to seek
some suitable extension of Liapunov direct method.

A rather naive approach relies on the condition that the vector
fields fp(x) share a common smooth Liapunov function; under this
assumption, it is easy to prove that the origin is asymptotically
stable with respect to arbitrary solutions ofF . From a theoretical
point of view, such a result is not too restrictive: indeed, under
some reasonable uniformity assumptions, it has been proved that the
converse is true, as well [5], [12]. However, in general it is hard to
find an explicit common Liapunov function; obviously, the difficulties
grow with the number of vector fields ofF . Moreover, converse
theorems do not hold in general for simple (non asymptotic) stability.
Thus, at least from a practical point of view, it is advisable to explore
other ways.

To reduce the difficulty of finding a common Liapunov function,
in [15] the authors suggested the idea that stability of families of
vector fields can be studied by using multiple Liapunov functions.
This means that each vector fieldfp(x) has its own Liapunov function
Vp(x). Of course, this assumption is too weak to imply stability of
F (see again [4], [9] for counterexamples); it is actually necessary to
add a condition ensuring compatibility among the Liapunov functions
Vp(x). A variety of compatibility conditions has been proposed in
the literature.
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The simplest idea is to ask that for each solutionϕ(t) and each
switching instanttk one has

Vpk−1
(ϕ(tk)) ≥ Vpk

(ϕ(tk)) (1)

where pk is the index of the vector field in charge aftertk, and
pk−1 is the index of the vector field in charge beforetk. Under this
condition, in [6] the author obtains a generalized versions of LaSalle’s
invariance principle (see also [1], [13] for related results).

A more sophisticated compatibility condition was introduced in
[4] (see also [2]) in order to generalize Liapunov first and second
theorem to switched systems; it states that

Vp(ϕ(t′)) ≥ Vp(ϕ(t′′)) (2)

if t′ andt′′ are left endpoints of the intervals where the same vector
field fp(x) is in charge (t′ < t′′).

Conditions (1) and (2) can be practically applied only if the
switching times are determined by a positional rule, or if the solutions
of F are explicitly known. Thus, we are led to look for alternative
compatibility conditions, perhaps more conservative, but verifiable
without solving differential equations.

Such a condition has been proposed in [7], [8] (Theorem 4). It
states that for someµ > 1

µVq(x) ≥ Vp(x) (3)

for each pair of indicesq, p ∈ P and each pointx in the state space.
In [8] the authors prove that if (3) is satisfied, then the origin is
asymptotically stable with respect to all the solutions which met an
average dwell time constraint, meaning that for each intervalI there
is a bound (depending on the length ofI) on the number of switches
occurring inI.

We point out that the proof of Theorem 4 in [8] is essentially based
on linear techniques: in fact, if all the Liapunov functionsVp(x)
satisfy a Łojasewicz inequality in a neighborhood of the origin [11],
then the assumptions of Theorem 4 of [8] actually imply that the
origin is exponentially stable for each vector fieldfp(x) (see for
instance Theorem 5.2 of [3]).

Thus, Theorem 4 of [8] seems to leave open the problem of
investigating the dynamical behavior of the solutions ofF near the
origin, when some of the vector fieldsfp(x) are asymptotically stable
but not exponentially stable at the origin1. We point out that in this
case the rate of convergence becomes slower and slower while the
solutions of the vector fields approach the origin, so that we should
not expect that, in general, stability is preserved under a constant
dwell time constraint (such an intuition seems to be confirmed by
simulations: see Section V of this paper).

We are finally able to illustrate the contribution of the present
paper. We consider a family of continuous vector fieldsF , under
assumptions which are slightly more general than those of Theorem
4 of [8]: in particular, our assumptions do not imply that all the
vector fieldsfp(x) are exponentially stable at the origin. We prove
that F possesses a different form of stability, we name it here
pseudo-stability. The precise definition of pseudo-stability will be
given in Section III; intuitively, it means that the size of excursions
of solutions satisfying an average dwell time constraint can be

1Of course, the case of finite-time convergence is covered by Theorem 4
of [8].
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controlled, provided that the estimation margin is not too small.
The proof relies on the method of multiple Liapunov functions and
basically exploits classical arguments.

The outline of the exposition is as follows. In Section II we
introduce the notion of dwell time solutions, and we discuss some
of their properties. The definition of pseudo-stability is given in
Section III, where we state and prove the main result. The case
where assumptions hold globally is shortly considered in Section
IV; we shall see that average dwell time solutions ofF possess
a boundedness property which can be seen as a dual property of
pseudo-stability. In Section V we discuss two illustrative examples.
We present further comments about the notion of pseudo-stability in
the Conclusion.

II. DWELL-TIME SOLUTIONS

In this section we discuss some properties of dwell-time solutions.
As far as we know, the first result about stability preservation under
dwell time constraints was obtained by Morse [14] in a linear context.
Let F = {fp(x)}p∈P be a family of continuous and complete vector
fields of Rn, whereP is any set (finite or infinite) of indices.

Definition 1: A continuous functionϕ : [0, +∞) → R
n is said

to be aswitched solutionof F if there exists a divergent sequence
of times 0 = t0 < t1 < . . . < ti < . . . and a sequence of indices
p0, p1, . . . , pi, . . . such thatϕ(t) is a solution ofẋ = fpi

(x) for
t ∈ [ti, ti+1). The set of all the switched solutions ofF is denoted
by S.

In the literature, the sequence0 = t0 < t1 < . . . < ti < . . . is of-
ten called the sequence ofswitching timesof the switched solutionϕ.
The piecewise constant, right-continuous functionσ : [0, +∞) → P
such thatσ(t) = pi for all t ∈ [ti, ti+1) is also called aswitching
law associated toϕ. In general, the switching law associated to a
switching solution is not unique.

On the other hand, given any switching law (i.e., a piecewise
constant, right-continuous functionσ : [0, +∞) → P ), a switched
solution associated toσ is a continuous functionϕσ such that
ϕ̇σ(t) = fσ(t)(ϕσ(t)), for all t 6= ti.

In Definition 1 we do not requirepi 6= pi+1, because we want
to include switching laws which are constant or have finitely many
discontinuities. On the other hand, later on we need to consider with
special attention the actual discontinuities of a switching lawσ. Thus,
we set

Iσ =

{

ti > 0, σ(ti) = lim
t→t

+

i

σ(t) 6= lim
t→t

−

i

σ(t)

}

∪ {t0 = 0} . (4)

WhenIσ contains finitely many points, say0 = t0 < t1 < . . . <
tK , we agree to writetK+1 = +∞.

The distribution of the switches may be very complicated: we
limit ourselves to some cases, by considering some of the definitions
introduced by [6] et al.

Definition 2: Given a switching lawσ, if there existsτD > 0 such
that

inf {tk+1 − tk , tk, tk+1 ∈ Iσ} = τD

we say thatσ is a dwell-time switching law. A solution ϕ is said
to be adwell-time solutionif there is a dwell-time switching law
σ associated toϕ. τD is called thedwell-time of the dwell-time
switching lawσ.

Following [6], we shall denote bySdw[τD] the set of switching
laws of dwell-timeτ ≥ τD.

When σ ∈ Sdw[τD], let us observe that, for allt ≥ 0, for all
l > 0,

Nσ(t, t + l)
def
= # {Iσ ∩ (t, t + l)} ≤ 1 +

l

τD

,

where# denotes the cardinality of the considered set. Ifl < τD,
Nσ(t, t + l) ≤ 1.

Whenσ /∈ Sdw[τD], it may happen that for arbitrarily smalll > 0
there existst ≥ 0 such thatNσ(t, t + l) > 1. This is the case of the
following example:

Example 1: Let Iσ =
{

0, 1, 2, 2 + 1
2
, 3, 3 + 1

3
, . . . , n, n + 1

n
, . . .

}

.
It is easy to check that, for alll > 0, for all t ≥ 0,
Nσ(t, t + l) ≤ 2 + 2l. On the other hand, for alll ∈ (0, 1),
there existst > 0 such thatNσ(t, t + l) = 2.

This remark leads to the following definition [6]:
Definition 3: We say that a switching lawσ has anaverage dwell-

time τa > 0 if there existsN0 > 0 such that, for allt ≥ 0, for all
l > 0,

Nσ(t, t + l) ≤ N0 +
l

τa

.

In [6], [7], N0 is often referred to as achatter bound, since on
intervals of lengthl < τa there are at mostN0 discontinuities of
σ. The set of switching laws satisfying Definition 3 is denoted by
Sa[N0, τa]. It is clear thatSa[1, τa] = Sdw[τa].

In the following proposition we list some properties of these sets
we are interested in.

Proposition 1: (1) Sa[N0, τa] ⊆ Sa[N0, τ
′

a], for all τ ′

a ∈
(0, τa].

(2) Sa[N0, τa] ⊆ Sa[N ′

0, τa], for all N ′

0 ≥ N0.
(3) If σ ∈ Sa[N0, τa], tk ∈ Iσ, =⇒ Nσ(tk, tk + l) ≤ N0 −

1 + l
τa

.
(4) If σ ∈ Sa[N0, τa], tk ∈ Iσ, l < τa =⇒ Nσ(tk, tk + l) ≤

N0 − 1.
(5) Let σ ∈ Sa[N0, τa], N0 ≥ 1. If tk ∈ Iσ, l ≥ τa =⇒

Nσ(tk, tk + l) ≤ N0l

τa
.

Proof: (1), (2) are trivial.
(3) Let tk ∈ Iσ and l > 0. We chooseε > 0 so thatε < 1

2
(tk −

tk−1) and
[

l
τa

]

=
[

l+ε
τa

]

, where[·] denotes the integer part of a real
number. Then,

Nσ(tk, tk + l) = Nσ(tk −ε, (tk −ε)+ l+ε)−1 ≤ N0 −1+
l + ε

τa

.

Since
[

l
τa

]

=
[

l+ε
τa

]

, we have thatNσ(tk, tk + l) ≤ N0 − 1 + l
τa

.

(4) It follows from (3), whenl < τa.

(5) Let tk ∈ Iσ and l ≥ τa. We setl = τa + h, with h ≥ 0. Then

Nσ(tk, tk + l) ≤ N0 − 1 +
l

τa

= N0 − 1 +
τa + h

τa

= N0 +
h

τa

≤ N0 +
N0h

τa

=
N0l

τa

.

III. STABILITY

In this section we consider a familyF = {fp(x)}p∈P , where the
vector fieldsfp have a common equilibrium position at the origin. We
introduce an appropriate notion of stability, and we give a sufficient
condition, in terms of an associated family of Liapunov functions, to
check whetherF is stable in this sense.

The Euclidean norm ofx ∈ R
n is denoted by|x|, and the ball

with radiusr > 0 and center at the origin is denoted byB(r) = {x :
|x| < r}.

Definition 4: We say that the origin ispseudo-stablefor F if for
eachN0 ≥ 1 and eachε > 0 there existsτa > 0 such that:

∃δ > 0 : σ ∈ Sa[N0, τa], |ϕσ(0)| < δ

=⇒ |ϕσ(t)| < ε, ∀t ≥ 0. (5)

Remark 1: In the definitions of stability for families of vector
fields adopted so far in the literature, possible constraints on the
switching laws are imposeda priori. In other words, implication (5)
must be verified only for trajectories in a preassigned set. On the
contrary, Definition 4 introduces a dependence ofτa (and hence, of
the set of admissible switching signals), on the chatter boundN0 and
on the estimation boundε. In this sense, Definition 4 is weaker than
the usual notion of stability.
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Recall that a functionα : [0, r0) → [0, +∞) (wherer0 is some
positive real number possibly dependent onα) is of classK if it is
continuous, strictly increasing and such thatα(0) = 0.

Lemma 1: Let α, β : [0, r0) → R be functions of classK, such
that α(r) < β(r), for all r ∈ (0, r0).

Thenγ(r) = β−1 ◦α(r) is well defined on[0, r0), of classK and
γ(r) < r, for all r ∈ (0, r0).

For sake of simplicity, we shall use the notationγN (r) to denote
the composition ofγ with itself N times.

Theorem 1:Let F = {fp(x)}p∈P be a family of continuous and
complete vector fields ofRn, whereP is any set (finite or infinite)
of indices, such thatfp(0) = 0 for eachp ∈ P . Let r0 > 0, and
let V = {Vp}p∈P be a family of functions fromB(r0) to R, all of
classC1, satisfying the following properties.

(i) There exist mapsα, β ∈ K, with α(r) < β(r) for r ∈ (0, r0),
such thatα(|x|) ≤ Vp(x) ≤ β(|x|) for eachp ∈ P and eachx ∈
B(r0).
(ii) There exists a mapK ∈ K such that, for eachp ∈ P and each
x ∈ B(r0)

∇Vp(x)fp(x) ≤ −K(|x|).

(iii) There exists a mapH ∈ K such that, for each pairp, q ∈ P ,
and eachx ∈ B(r0)

Vp(x) ≤ Vq(x) + H(|x|).

Then, the origin is pseudo-stable forF .
Proof: For reader’s convenience, we first prove the theorem in the

particular caseN0 = 2. Then we indicate how to adapt the proof to
the general case.

So let N0 = 2, and let us fix, without loss of generality,ε ∈
(0, r0). We want to show that

τa = τa(ε) =
2H(ε)

K(γ3(ε))
> 0 (6)

is the requested average dwell time. We setη3 = ε, η2 = γ(η3),
η1 = γ(η2) = γ2(η3), η0 = δ = γ(η1) = γ3(η3). By definition of
γ, η3 > η2 > η1 > η0 = δ, and

β(η1) = β(γ(η2)) = α(η2) < α(ε) . (7)

Now, assume by contradiction that there existx̄ ∈ B(δ), σ ∈
Sa[2, τa], a trajectoryϕ(t) associated toσ issuing from x̄ and a
time T > 0 such that|ϕ(T )| ≥ ε. In the interval[0, T ] we find:

T ′

0 such that |ϕ(T ′

0)| = δ = η0

and |ϕ(t)| > δ ∀t > T ′

0

T1 such that |ϕ(T1)| = η1

and δ = η0 < |ϕ(t)| < η1 ∀t ∈ (T ′

0, T1)

T ′

1 such that |ϕ(T ′

1)| = η1

and |ϕ(t)| > η1 ∀t > T ′

1

T2 such that |ϕ(T2)| = η2

and η1 < |ϕ(t)| < η2 ∀t ∈ (T ′

1, T2)

T ′

2 such that |ϕ(T ′

2)| = η2

and |ϕ(t)| > η2 ∀t > T ′

2

T3 such that |ϕ(T3)| = η3 = ε

and η2 < |ϕ(t)| < η3 = ε ∀t ∈ (T ′

2, T3)

Clearly, these points exist and are uniquely defined. It may happen
that T ′

i = Ti for i = 1, 2, but T ′

0 < T1 ≤ T ′

1 < T2 ≤ T ′

2 < T3.
Moreover, we claim that in the intervals[T ′

i , Ti+1), i = 0, 1, 2 there
must be at least one switching timeτi; otherwise, for some indexp
we should have

Vp(ϕ(T ′

i )) ≤ β(|ϕ(T ′

i )|) = β(ηi) = α(ηi+1)

= α(|ϕ(Ti+1)|) ≤ Vp(ϕ(Ti+1)) .

This is impossible by condition (ii). Indeed,

Vp(ϕ(Ti+1)) = Vp(ϕ(T ′

i )) +

∫ Ti+1

T ′

i

V̇p(ϕ(s)) ds

≤ Vp(ϕ(T ′

i )) −
∫ Ti+1

T ′

i

K(|ϕ(s)|) ds

≤ Vp(ϕ(T ′

i )) − K(ηi)(Ti+1 − T ′

i )

which yieldsVp(ϕ(T ′

i )) > Vp(ϕ(Ti+1)) .
Summing up, we have found a triple of switching timesτ0, τ1, τ2 ∈

Iσ∩ [T ′

0, T3). HenceNσ(τ0, T3) ≥ 2; by Proposition 1(4),T3−τ0 ≥
τa. Now we set:Iσ ∩ (τ0, T3) = {t1, t2, . . . , tN} wheret1 < t2 <
. . . < tN . We complete this sequence by addingt0 = τ0 < tj and
tN+1 = T3 > tj , for all j = 1, . . . , N .

By construction,N ≥ 2 andtN+1−t0 ≥ τa. Then, by Proposition
1 (5), N(t0, tN+1) = N ≤ tN+1−t0

1
2

τa

, hencetN+1 − t0 ≥ 1
2
Nτa.

Let p0, . . . , pN+1 ∈ P such thatσ(t) = pj if t ∈ [tj , tj+1),
j = 1, . . . , N . We now compute:

VpN
(ϕ(tN+1)) − Vp0

(ϕ(t0))

= VpN
(ϕ(tN+1)) − VpN

(ϕ(tN )) + VpN
(ϕ(tN ))

− VpN−1
(ϕ(tN )) + VpN−1

(ϕ(tN ))

. . .

− Vp1
(ϕ(t1)) + Vp1

(ϕ(t1))

− Vp0
(ϕ(t1)) + Vp0

(ϕ(t1)) − Vp0
(ϕ(t0)) .

Using repeatedly (ii), (iii), we have

VpN
(ϕ(tN+1)) − Vp0

(ϕ(t0))

≤ −
∫ tN+1

tN

K(|ϕ(s)|) ds + H(|ϕ(tN )|)
. . .

−
∫ t1

t0

K(|ϕ(s)|) ds + H(|ϕ(t1)|)

= −
∫ tN+1

t0

K(|ϕ(s)|) ds +

N
∑

j=1

H(|ϕ(tj)|)

≤ −(tN+1 − t0)K(δ) + NH(ε) ≤ −1

2
NτaK(δ) + NH(ε) .

The last expression is nonpositive, by (6). This is a contradiction,
because from (i) and (7) we have:

VpN
(ϕ(tN+1)) − Vp0

(ϕ(t0)) ≥ α(ε) − β(η1) > 0.

Therefore, any solutionφσ ∈ Sa[2, τa], with |φσ(0)| < δ is such
that |φσ(t)| < ε, for all t > 0.

WhenN0 > 2, the proof follows the same pattern; we sketch here
the main modifications. In this case, fixedε ∈ (0, r0), we define

τa = τa(ε, N0) =
N0H(ε)

K(γN0+1(ε))
> 0 .

Then we defineηN0+1 = ε, ηN0
= γ(ε), . . . , η0 = δ =

γN0+1(ε).
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By contradiction, we assume the existence ofx̄ ∈ B(δ), σ ∈
Sa[N0, τa], of a trajectoryϕ(t) associated toσ issuing fromx̄ and
a timeT > 0 such that|ϕ(T )| ≥ ε. In the interval[0, T ] we find:

T ′

0 such that |ϕ(T ′

0)| = δ = η0

and |ϕ(t)| > δ ∀t > T ′

0

. . . . . .
Ti such that |ϕ(Ti)| = ηi

and ηi−1 < |ϕ(t)| < ηi ∀t ∈ (T ′

i , Ti+1),

T ′

i such that |ϕ(T ′

i )| = ηi

and |ϕ(t)| > ηi ∀t > T ′

i

. . . . . .
TN0+1 such that |ϕ(TN0+1)| = ηN0+1 = ε

and ηN0
< |ϕ(t)| < ηN0+1 = ε ∀t ∈ (T ′

N0
, TN0+1)

As above, we may prove that, for alli = 0, . . . , N0, there exists
τi ∈ Iσ ∩ [T ′

i , Ti+1). Thus, we haveNσ(τ0, TN0+1) ≥ N0 and
TN0+1 − τ0 ≥ τa, by Proposition 3(4).

We completeIσ ∩(τ0, TN0+1) = {t1, t2, . . . , tN} by addingt0 =
τ0 and tN+1 = TN0+1. Since tN+1 − t0 ≥ τa, we may finally
proceed as in the caseN0 = 2 to get a contradiction.

Since for anyN0 > 1, for anyε0 > 0 we have foundτa satisfying
the conditions of Def. 4, we have proven that the origin is pseudo-
stable forF .

Remark 2: Since γ is a contraction andK is increasing, the
average dwell timeτa = τa(ε, N0) we get in our proof increases
with N0.

Remark 3: In [8] the compatibility condition takes the form (3).
This implies assumption (ii) of Theorem 1. Indeed, we may write
Vp(x) ≤ Vq(x) + (µ − 1)Vq(x), and takeH(r) = (µ − 1)β(r).
Moreover, in [8] the authors require that

∇Vp(x)fp(x) ≤ −2λ0Vp(x) (8)

for someλ0 > 0 and for eachp ∈ P . Taking into account condition
(i), (8) implies that∇Vp(x)fp(x) ≤ −2λ0α(|x|). In other words, if
(8) holds, then (ii) holds as well, withK(r) = 2λ0α(r).

Recall that a positive functionG(x) : R
n → R satisfies a

Łojasewicz inequality if there exist positive numbersR, c, ν such that
G(x) ≥ c|x|ν , ∀x ∈ B(R). It is well known that if G is analytic
then it satisfies a Łojasewicz inequality (see [11]).

If all the Liapunov functionsVp(x) satisfy a Łojasewicz inequality
with the sameR, c, ν, then we can choose

α(r) = ᾱrν , (9)

for someᾱ andν. Assume that we can choose, in addition,

β(r) = β̄rν (10)

with the same exponentν > 0. Then it turns out thatτa(ε) is

constant over[0, r0]. Indeed, withΓ = (ᾱ/4β̄)
N0+1

2 and C =
((µ − 1)β̄)/(2λ0ᾱΓ2), we have

H(r) = (µ − 1)β̄r2 = CK(Γr) = CK(γN0+1(r)) .

As a consequence, in the case whereα(r) andβ(r) can be taken
of the form (9) (10), the proof of Theorem 1 shows that the origin
is actually stable forF , and the conclusion can be strengthened. In
particular, we have another proof of the stability part of Theorem 4
of [8] (the asymptotic stability part could be obtained along similar
lines).

Remark 4: Compared with analogous compatibility conditions
used in [4], [1] in order to prove stability by means of multiple
Liapunov functions, condition (iii) of Theorem 1 has an advantage:
it can be checked without computing explicitly the integral curves of
the vector fields ofF .

Other compatibility conditions not requiring the integration of the
vector fields are given in [10] for special classes of switched systems.

If each vector fieldfp is asymptotically stable at the origin,
Kurzweil converse theorem guarantees the existence of Liapunov
functionsVp satisfying (i) and (ii) (see for instance [3]). In general,
eachVp has its ownα, β andK, but if F is finite, α, β andK can
be made independent ofp. If in addition we set

h(r) = max{|Vp(x) − Vq(x)|, p, q ∈ P, x ∈ Br}

and we choose a functionH(r) of classK such thath(r) ≤ H(r),
for all r ∈ [0, r0), then also (iii) is fulfilled. Thus, we can state the
following Corollary.

Corollary 1: If F is a finite family and the origin is asymptotically
stable for allfp ∈ F , then the origin is pseudo-stable forF .

IV. B OUNDEDNESS OF SOLUTIONS

Global boundedness of certain switched solutions can be charac-
terized by means of the following notion, which can be interpreted
as a dual property of pseudo-stability.

Definition 5: We say that the familyF is pseudo-Lagrange stable
if for eachN0 ≥ 1 and eachR > 0 there existτa > 0 such that

∃S > 0 : σ ∈ Sa[N0, τa], |ϕσ(0)| < R =⇒ |ϕσ(t)| < S, ∀t ≥ 0.

We agree that all the functions of classK used in this Section are
defined on[0, +∞) and unbounded. LetC(r0) = {x : |x| > r0}.

Theorem 2:Let F = {fp(x)}p∈P be a family of continuous and
complete vector fields ofRn, whereP is any set (finite or infinite) of
indices. Letr0 > 0, and letV = {Vp}p∈P be a family of functions
from C(r0) to R, all of classC1, satisfying the following properties.

(i) There exist mapsα, β ∈ K, with α(r) < β(r) for r > r0, such
that α(|x|) ≤ Vp(x) ≤ β(|x|) for eachp ∈ P and eachx ∈ C(r0).

(ii) There exists a mapK ∈ K such that, for eachp ∈ P and each
x ∈ C(r0),

∇Vp(x)fp(x) ≤ −K(|x|).

(iii) There exists a mapH ∈ K such that, for each pairp, q ∈ P ,
and eachx ∈ C(r0),

Vp(x) ≤ Vq(x) + H(|x|).

Then,F is pseudo-Lagrange stable.

Sketch of the proof:Fix R > r0 and define

τa = τa(R) =
N0H((γ−1)N0+1(R))

K(R)
.

The remaining part of the proof is similar to that of Theorem 1,
apart from some obvious modifications.
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V. I LLUSTRATIVE EXAMPLES

The aim of this section is to enlighten by a pair of simple examples
the results of Theorem 1 and 2 and, more generally, the complexity
of the dynamical behavior of a switched system formed by a pair
of planar vector fields{f1, f2}. The first example concerns stability.
Let

f1(x, y) =
(−2y − 64x3

x − 32y3

)

, f2(x, y) =
(−y − 32x3

2x − 64y3

)

. (11)

Liapunov functions forf1 andf2 are, respectively,

V1(x, y) = x2 + 2y2 , V2(x, y) = 2x2 + y2 .

It is immediate to compute that

V̇1(x, y) = V̇2(x, y) = −128(x4 + y4) .

Thus, it is clear that the origin is asymptotically stable, but not
exponentially stable for bothf1 and f2. With the notation of the
previous sections, we can takeα(r) = r2, β(r) = 2r2, H(r) =
r2 and K(r) = 64r4. For sake of simplicity, we takeN0 = 1,
which means that we limit to non-average dwell time. ThenL(r) =
1/(2r2).

The behavior of the solutions of the switched system has been
investigated by computer simulations. We limit ourselves to solutions
with switching timestk = kτ , where τ > 0 is a fixed duration.
This is not a severe restriction: simulations with different durations
for each vector field can be repeated by simply using different time
scale.

Simulations show that starting from a large initial state, the
solution is ultimately attracted within a bounded region surrounding
the origin: this seems to be independent of the value ofτ . However,
the size of the attracting region becomes smaller and smaller while
τ becomes larger and larger.

The behavior of the switched solutions corresponding to small
initial states seems to be more involved, and more sensitive to
variations ofτ . Roughly speaking, we can distinguish two different
situations.

(1) For certain values ofτ , solutions starting from a small initial
state spiral out of the origin, until they achieve a steady state behavior,
similar to a limit cycle. This happens for instance whenτ = 1 (Figure
1) and also whenτ = 10.2 (Figure 2). But in the second case the
attractor has a more complicated geometry and a smaller size. Note
that for these values ofτ , the origin is not stable (in the classical
Liapunov sense).

(2) For other values ofτ , for instance whenτ = 2, the solutions
corresponding to small initial states exhibit a more stable behavior
(Figure 3). However, all these solutions present a dead-zone around
the origin which cannot be reached.

Situations (1) and (2) arise alternatively, whileτ varies. It is not
clear from simulations whether there is a regularity in such a repeated
behavior.

In any case, this example confirm the intuition that a switched sys-
tem formed by purely nonlinear asymptotically stable vector fields is
not asymptotically stable, in general. However, this switched system
satisfies the notion of pseudo-stability introduced by Definition 4,
although the estimate forτa provided by (6) is far from being sharp.

The second example concerns boundedness of solutions. Let

f1(x, y) =
( − y

4
4x − 3

√
y

)

, f2(x, y) =
( −4y

x
4
− 3

√
y

)

. (12)

Figure 4 shows a (reasonably) unbounded trajectory, obtained with
initial state (0, 5) and switching times2, 4, 6, . . .. With the same
initial state and switching times10, 20, 30, . . . we get the bounded
trajectory of Figure 5.

−0.1 −0.08 −0.06 −0.04 −0.02 0 0.02 0.04 0.06 0.08 0.1
−0.1

−0.08

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08

0.1

Fig. 1. Trajectory of the switched system (11), withτ = 1 and initial state
(0.001, 0). The trajectory spirals out and ultimately it approaches a limit set.
The simulation indicates that the origin is not stable.

−0.03 −0.02 −0.01 0 0.01 0.02 0.03
−0.03

−0.02

−0.01

0

0.01

0.02

0.03

Fig. 2. Trajectory of the switched system (11), withτ = 10.2 and initial
state (0.001, 0). As the one of Figure 1, this trajectory spirals out and it
approaches a limit set. Again, the origin is not stable but nowthe attractor is
much smaller. This is compatible with the statement of Theorem 1.

−0.015 −0.01 −0.005 0 0.005 0.01 0.015
−0.015

−0.01

−0.005

0

0.005

0.01

0.015

Fig. 3. Some trajectories of the switched system (11) withτ = 2,
corresponding to the initial states(0.001, 0), (0.004, 0), (0.01, 0). The
picture suggests that the origin is stable, but not asymptotically stable.
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Fig. 4. Trajectory of the switched system (12), withτ = 2 and initial state
(10, 0). The norm of the solution increases very rapidly.
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Fig. 5. Trajectory of the switched system (12), withτ = 6 and initial state
(10, 0). The solution appears to be bounded.

VI. CONCLUSION

It is well known that unstable trajectories can be generated by
suitable switching among the vector fields of a familyF , even if
all of them are exponentially stable. In fact, looking at very simple
examples, this loss of stability seems to be far from being exceptional,
especially when the single vector fields are asymptotically stable but
not exponentially stable.

On the other hand, to preserve stability is important for control
purposes. To face the problem, we can proceed in one of the following
ways.

(a) To impose (restrictive) conditions on the vector fields ofF .

(b) To impose constraints on the set of admissible switching laws.

(c) To weaken the notion of stability.

In this paper we adopted a mix of these possible approaches. We
introduce a notion of stability (pseudo-stability) which differs from
the usual one in the sense that the dwell time constraint depend on the
desired stability margin. We prove that under reasonable assumptions
(multiple Liapunov functions with an easy-to-check compatibility
condition) a family of asymptotically stable vector fields is pseudo-
stable.

The completeness assumption made in Theorem 1 about the vector
fields simplifies the statement, but can be actually removed, since
the result has a local nature. Similarly, the completeness assumption
in Theorem 2 cam be avoided, since it follows from the other
assumptions.

Although pseudo-stability is weaker than the usual notions, we
believe that it is strictly related to the nature of switched systems and
probably the best one can hope to obtain in general. The illustrative

examples of Section V seem to suggest an analogy between pseudo-
stability and the notion of practical stability, whose interest in
application is relevant.

The examples of Section V suggest also that the bounds for
the dwell time provided in the proofs of Theorems 1 and 2 are
conservative. This drawback indicates the need for future work.

The authors wish to thank the anonymous referees for many helpful
suggestions.
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