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Abstract: Given a switched system formed by a pair of (not asymptotically stable) linear vector
fields of R?, we define a special class of hybrid feedback laws (called recurrent switching rules)
whose structure depends on some conic regions with nonempty interior. We prove that if the
system is asymptotically controllable and radially controllable, then it is robustly stabilized by
any recurrent switching rule, provided that the conic regions are properly designed.
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1. INTRODUCTION

In this note we are concerned with the state space interpre-
tation and the related robustness properties of stabilizing
eventually periodic switching signals for families of linear
vector fields. Eventually periodic stabilizing signals were
introduced in Bacciotti and Mazzi (2010, 2011). Their
interest rests on two facts.

(1) Any family of linear vector fields asymptotically con-
trollable and satisfying an independent mild finite
time controllability condition can be stabilized by an
eventually periodic switching signal (Bacciotti and
Mazzi (2011)).

(2) For an eventually periodic switching signal, the de-
pendence on the initial state is limited to an initial
transient interval (whose length can be predicted):
during the subsequent steady-state, the signal is pe-
riodic and hence can be implemented in automatic
way.

Eventually periodic switching signals are essentially time-
dependent control rules, but can be reformulated as state-
dependent hybrid feedbacks (in the sense of Goebel et al.
(2009)). However, since they typically exploit the stable
subspaces of certain associated discrete time dynamical
systems, the simulations often reveal a lack of robustness.
This note is a first attempt to indicate how this drawback
can be overcome.

We limit ourselves to families formed by two linear vector
fields in the plane. We examine in particular the periodic
steady state of an eventually periodic stabilizing switching
signal. The stable subspaces of the associated discrete
time systems are replaced by certain conic regions, which
are going to play the role of switching loci. Since these
conic regions have nonempty interior, more robustness
with respect to state measurement errors is guaranteed.

The state-dependent switching rules defined in this way
can be interpreted as hybrid feedbacks, as well; because of
their special structure, they will be called here recurrent
switching rules.

As usual, we complete this introduction by a short sum-
mary of the content of the following sections. In Section 2
we recall the basic notions and the terminology; we also
illustrate the problem and report some results of Bacciotti
and Mazzi (2011). The notions of conic neighborhood and
recurrent switching rule are crucial for the developments
of this note: they will be given in Sections 3 and 4.
Section 4 contains also the main result, while Section 5
is devoted to the proof: for sake of brevity, we omit the
proof of some preliminary lemmas, whose statements are
intuitively clear.

Acknowledgments. The author is indebted to J.L. Man-
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2. PRELIMINARIES AND ILLUSTRATION OF THE
PROBLEM

For simplicity, we specialize the exposition to the case at
hand (pairs of linear vector fields in the plane): the reader
is referred to Bacciotti and Mazzi (2010, 2011) for further
details, comments and examples in a more general setting.

2.1 Switching signals

By switching signal we mean a piecewise constant, right
continuous function o : [0,400) — {1,2}. The points
where ¢ is discontinuous (if any) lie on (0, 4+00); they are
called the switching times of 0. We assume that they are
indexed in such a way that ¢; < t5 < .... Moreover, we
usually denote by n; € {1,2} the value of o on the interval
[ti—1,t;) (for notational consistency, we set to = 0 and, in
case of finitely many switching times t1,...,¢; ., we agree
that ¢;, . +1 = 4+00). The set of all the switched signals is
denoted by S.

A switching signal is said to be periodic of period T > 0 if
o(t) =o(t+1T), for all ¢ > 0. The set of all the periodic
switching signals is denoted by P.

A switching signal p is said to be eventually periodic if
there exist a periodic switching signal ¢ and a time ¢ > 0



such that p(t+1t) = o(t), for all ¢t > 0. We say that o is the
periodic part of p and that p‘[o B is the pre-periodic part
of p. We also say that t is the pre-period. We denote by
E(o) the set of all the eventually periodic switching signals
having the same periodic part o.

2.2 Switched systems

For the purposes of this note, a linear switched system in
R? is a pair (F, ) where:

e T denotes a pair of linear vector fields, that is F =

{fi(z), fa(x)} where
P=fie) =M, d=fle) = (1)

A1, Ay being square 2 x 2 real matrices, and 2 € R?;
e Y is a map assigning to each zp € R? an element of
S, denoted X, (t).

The map ¥ is also called a time-dependent switching rule.
Let the system (F,Y) and the initial state 7o € R?
be given. Let t1,to,... and ny,no, ... be respectively the
sequence of the switching times and the sequence of the
values of 3, (t). The continuous curve

t s ®(t, 10, Ly ) : [0, +00) — R?
such that for each ¢ =0,1,2,... and ¢ € [t;, t;+1)

q)(t7 Zo, Exo) = e(t_ti)AnH—l (I)(tla Zo, Eﬁfo)

_ e(t—ti)AniJrl elti=ti—1)An;  t1An, zo ,

is called the switched trajectory generated by (F,X%) and
corresponding to xg.

2.3 Periodic switched systems

When we have a switched system with a constant ¥, (t) =
o(t) i.e., when the same switching signal o(t) is assigned to
each initial state xg, we say that the systems is consistent
(see Sun and Ge (2005)) and simply write (F, o) instead
of (F,X). A consistent switched system (F,o) is said to
be periodic if o(t) is periodic. A periodic switched system
(F,o) naturally defines a linear operator & = ®(T),-,0)
(where T is a period of o) and a discrete time dynamical
system

:Z}]H_l:q)l’k, ]{1:0,1,2,.... (2)
® and (2) will be called respectively the linear operator and
the discrete time dynamical system associated to (F,o).
A linear subspace W of R? is called a stable subspace
of a periodic system (F,o) if it is invariant for (2) and
limg oo ®*29 = 0 for every zo € W. A stable subspace is
nontrivial if it is not reduced to the origin.

2.4 FEventually periodic switched systems

A switching rule ¥ is called eventually periodic if there
exists a periodic switching signal o such that ¥,, € £(0),
for each 2o € R2. The switched system (F,X) is called
eventually periodic if 3 is eventually periodic. Note that
it (F,%) is near-periodic, the switching signals ¥, have
the same periodic part for all zg, but the pre-period and
the pre-periodic part may depend on xy. The interest

in eventually periodic switched systems is motivated by
the application to stabilization (see Bacciotti and Mazzi
(2011)).

Let 4 C S. The family F is said to be asymptotically
controllable relatively to U if there exists ¥ : R? — U such
that for each x
tllgrnoofb(t,xo, Ye)=0.

Assuming that (F,X) is asymptotically controllable rel-
atively to S, it is interesting to identify possible proper
subsets U C S such that F is asymptotically controllable
relatively to U, as well. In particular, it is interesting to
know if it is possible to choose U in such a way that some
advantages are achieved.

This problem has been addressed in Bacciotti and Mazzi
(2011). We report in particular the following result!: it
concerns families F which satisfy the radial controllability
assumption, meaning that for each pair of points zg, z;
(zo # 0,21 # 0) there exist 7 € S, t > 0, and ¢ > 0 such
that ®(f, g, ) = cx1.

Proposition 1. If F is asymptotically controllable rela-
tively to S and radially controllable, then there exists
o € P such that the associated operator ® has a real
eigenvalue A\ with |A] < 1 and hence, it has a nontrivial
stable subspace.

Based on this result, it is not difficult to construct stabiliz-
ing eventually periodic switching rules. In fact, the main
result of Bacciotti and Mazzi (2011) states that under
the assumptions of Proposition 1, F is asymptotically
controllable relatively to £(o).

3. CONIC NEIGHBORHOODS

Let (p,¢) be a system of polar coordinates fixed in the
plane (p > 0,¢ € [0,27)). A subset N C R? is said to be
a conic set if there exist a point & = (p,¢) € R?, & # 0,
and numbers § € [0, p), € € [0,7/2) such that

N={(p¢):p—0<p<p+d, ¢—e<p<¢+e}.

Thus, by definition, any conic set is closed and does not
contain the origin. Note that if § = ¢ = 0 then N reduces
to the singleton {Z}. Instead, if 6 > 0 and ¢ > 0 then N
contains an open neighborhood of Z: in such a case, we
will say that N is a conic neighborhood of Z.

Lemma 1. Let 2 € R? z # 0. Let B be a linear
nonsingular operator, and let N be a conic neighborhood
of Z. Then, the set BN contains a conic neighborhood of
Bz.

By complete cone we mean a nonempty subset I' of R?
enjoying the following property: for each x € T" and for

each ¢ € R one has cx € T'. In particular, for each conic
set N the set of all the points y for which

Jec € R,Jx € N such that y = cz

is a complete cone. It is denoted by £(NV) and it is called the
complete cone generated by N. A complete cone generated

1 Proposition 1 is proved in Bacciotti and Mazzi (2011) without any
restriction on the dimension of the state space and on the number of
the members of F



by a conic set is always a closed set. If N = {Z}, then
£(N) is simply the one-dimensional subspace generated by
Z. In this case, we adopt the simplified notation ¢(z). If
N is a conic neighborhood of some point, then £(NN) has
a nonempty interior. Moreover, by virtue of the condition
€ < m/2, a complete cone generated by a conic set is always
a proper subset of R2.

4. RECURRENT SWITCHING RULES

A switching rule is called state-dependent when the index
of the current vector field is determined by the value
of the state, rather than the time instant. This includes
the classical concept of feedback, but also more general
concepts, such as hybrid feedback (see Goebel et al.
(2009)).

In this section we introduce a special type of state-
dependent switching rule, whose structure is inspired by
that of eventually periodic switching rule.

Let 64, 05 be fixed positive numbers. Consider the periodic
switching signals of period T' = 61 + 65 such that

1 ifteo,6)
Ul(t){Q if t € [01,0, + 62)
Ug(t) = {?

ift € [0, 92)
ift e [92,91 + 92) )
Note that oq(t) = o1(t + 61) for ¢ > 0. From now on,
we will be especially interested in the periodic switching
systems (F,o1) and (F,02). We re-denote
Dy = D(0) + 0y, 01) = eP2A2e1
and
Py = (I)(91 + 927 .70—2) _ 691A1692A2
the linear operators associated to (F,o1) and (F,o2),
respectively.

Assume that ®; has a real eigenvalue A. Note that ®; is
invertible, so that A £ 0. Let w; # 0 be a real eigenvector
of ®; corresponding to A. Let wy = 141y, .

Lemma 2. X is an eigenvalue of ®5, as well, and ws is an
eigenvector of @4 corresponding to A.

Consider again the periodic switched system (F,o1) and
assume now that the associated operator ®; has a real
eigenvalue A with |A] < 1. Let w; # 0 be a real eigen-
vector of ®; corresponding to A and let, as before, wy =
e’ 41, Then, f(w;) and £(wy) are invariant stable one-
dimensional subspaces of ®; and ¥, respectively. More
precisely, for each y € f(wy), Py = Ay € wy and
1@nyll = L liyll < llyll (= 1,2).

Remark 1. Assume that both Ay and Ay are not Hurwitz? .
Assume further that the following transversality condition

£(w1) N l(wz) = {0} 3)

holds. Then, without loss of generality, we can also assume
that

0<t< b = etAlwl ¢ é(wg)
and that

0<t< b —= 6tA2UJ2 é E(wl) .

2 Recall that a matrix is Hurwitz when its eigenvalues all have
strictly negative real part

Fig. 1. Sketch of a recurrent switching rule in the plane

Indeed, let e wy, = pwy, for some p € R. If |u| < 1 we
can simply replace 01 by t. Otherwise, it is possible to prove
that both £(w1) and L(ws) are invariant stable subspaces
for the operator e(®1=Y41 | Taking into account (3), this in
turn implies that Ay is Hurwitz.

Under the conditions stated in the previous Remark, the
stabilizing action of o7 can be alternatively described
in terms of state-dependence, according to the following
simple rule: the system is required to switch on the vector
field f; whenever the trajectory hits the subspace ¢(w;)
and to switch on the vector field fo whenever the trajectory
hits the subspace £(ws).

The intrinsic lack of robustness of such a rule is due to the
fact that a stable subspace has empty interior in general.
In order to overcome the drawback, it is natural to replace
£(w),l(wy) by certain complete cones with nonempty
interior.

Definition 1. Let T'1,I'y be closed complete cones of R?
with nonempty interior, and assume that I'; N Ty = {0}.
We say that ¥ is a recurrent switching rule subject to
'y, T if for every x; € 'y one has:

(1) (bil(FlamlaEI1) = {t € [07+OO) : (I)(t7xl7zz1) € Fl}
is the countable union of compact intervals I14o; =
[a142j, b142;5] (7 =0,1,2,...);

(11) @fl(Fg,xl,le) = {t S [0,+OO) : (I)(t,xl,le) S
I';} is the countable union of compact intervals Io; =
lagj, baj] (7 =0,1,2,...);

(111) to=0=a1 <by <as <by<az<bsz...;

(IV) t1 € IQ,tQ € I3,t3 € I4,t4 € I5,... where t1,ta,...
are the switching times of X, ;

(V) le (t) _ {1 ift e [tzj,tQjJrl)

2 ift € [tajr1,t2542) for each j =
0,1,2....

In other words, a recurrent switched rule in the plane de-
pends on a pair of complete cones, each of them associated
with an index. When the system trajectory crosses one
of the cones T'j,, the corresponding index n;, € {1,2} is
selected: the vector field identified by the index nj is ac-
tivated and maintained until the system trajectory enters
the other cone. Note that in this Definition, the switches
do not occur when the system trajectory intersects exactly
some prescribed point or the boundary of some region, but
at an instant whatsoever, while the trajectory runs inside
a set with nonempty interior. In practical applications,



this allows to compensate small errors of the position
sensor and/or of the actuator, and hence guarantees more
robustness. Note that a recurrent switching rule is not
necessarily periodic.

Theorem 1. Let 61,05 be positive numbers such that the
linear operator ®; = e?242¢%41 has a real eigenvalue
A with |A] < 1. Assume that both A; and A are not
Hurwitz, and that the transversality condition (3) holds.
Then, there exist complete cones I'y,I's such that for each
recurrent switching rule ¥ subject to I'1, 'y and for each
x1 € I'y one has

tilgloo‘b(t,zl,le) =0.
If the assumptions of Theorem 1 hold, and if in addition F
is radially controllable, some point z; € I'; can be actually
reached in finite time from any initial state zq € R?Z,
xo # 0. We can therefore conclude that F can be stabilized
in a robust way by using recurrent switching rules.

5. PROOF OF THEOREM 1

Lemma 3. Under the transversality condition (3), £(wy)
is a proper subspace neither of A; nor of A;. The same
conclusion holds about £(ws).

This implies in particular that A,y (n = 1, 2) is transversal
to y for each non zero y € {(wz) and for each non
zero y € £(wy). The following lemma is a refinement of
Lemma 2 of Bacciotti and Ceragioli (2006). Let us denote
by (p1,¢1) and (p2, P2) the polar coordinates of wy, wa,
respectively.

Lemma 4. Assume that the transversality condition (3)
holds. For each n > 0 and for each h = 1,2, there exist
two non zero vectors up, vy, expressed in polar coordinates
respectively by (pp, pr) and (gn, ¥r), such that pp < ¢p, <
1y, and the following holds: for n = 1, 2 there exists a time
Tun € R such that |7,5] < n and £(vy,) = e™hAnf(uy,).

Roughly speaking, Lemma 4 states that, for each combi-
nation of the values of the indeces n, m, the time needed to
steer any point y € ¢(u,,) to same point of ¢(v,,) along a
trajectory of the vector field f, (z) = A, is independent
of y (as far as y € £(u,,)) and that such a time is small,
provided that the angle formed by #(u,,) and £(v,,) is
small. We denote 7 = max{|m1], |T12], |721], |722]} <n < 1.

The following facts will be also useful. For each n = 1,2
there exists 7, > 0 and «,, € R such that

tA, ant

lle

< Vne

for each ¢ > 0. We denote v = max{7y;,72} and o >
max{ay,az}. We may assume o > 0 without loss of
generality. Moreover, for each n = 1,2 and each t € R,
we can write
etAn = I+t M, ()

where I is the identity matrix and M, (¢) is the sum of
a convergent power expansion of matrices. In particular,
M, (t) is continuous as a function of ¢ and if ¢ is constrained
to a compact interval J, then there exists a positive
constant F,, such that

IMn (O] < En, VEeJ. (4)

For later use, we chose J = [—2,2]. Moreover, we denote
E = max{Fy, Es}.

We are now in a position to undertake the construction of
the regions I'1, I's.

Fix a point y; € £(w;), with ||y1]| = 1, and a number A
such that |A| < A < 1. Define

="My € l(wy) f2da

Y2 and y3 = e 2yy = Oy € L(wn) .

Recall that by construction,
ysll = Al [lyall - (5)

Let N3 be a conic neighborhood of y3, with
N3 € Blys, A= |A]) - (6)

where B(z,r) denotes the open ball of radius r and center
z. Since

[yl < lly — ysll + llys| )
from (5) and (6) we can be sure that N3 C B(0, ). Let
N} be a conic neighborhood of ys, contained in e~%242 N,
Let ¢(NJ) be the generated complete cone.

Let us = (p2,u2),v2 = (g2,%2) be vectors determined
according to Lemma 4, applied with

A=A
8Y2ET(1 + eoT)ex(01+02)

n:min{1>91,927 } . (7)

Without loss of generality, we can assume that ¢(us) and
£(vg) lie in ¢(NJ). Define

Ny ={(p;#) € Ny : pi2 < ¢ < b}
and let I's be the complete cone generated by No. We pro-
ceed by taking a conic neighborhood Nj of y;, contained
in e=%41 Ny N B(y1, x), where

A=A
X= 272 (01+02) (8)
Let u1 = (p1, 1), v1 = (g1,%1) be the vectors provided by
Lemma 4, for the same value of 7 indicated above. Again,

we can assume that ¢(u;) and ¢(vq) lie in ¢(N7). Take a
new conic neighborhood of y;

Ni={(p,#) € Ny : i1 < ¢ <} .

Since ||y1]| = 1, the condition ¢ < p in the definition of
conic set implies Ny C B(0,2).

Let T';y be the complete cone generated by N;. By con-
struction, it is clear that ®;/N; is contained in Ns. This
implies that ||®1y|| < A for each y € Ny.

Let now ¢; € Ny be fixed, so that in particular
11 — ol < x - 9)
Assume that él, ég are such that
U2 = 6(61+91)A1731 el
o = €@ 0 € Ty

According to Lemma 4 and (7), we have |,,| < 27 < 25 <
2, for n = 1,2. Moreover, we also have |6,,| < 0, so that



0, + 0, >0 (n =1,2). It may be convenient to introduce
the notation
él _ 6(92+92)A26(91+é1)A1

so that g3 = <i>1y1. We need to estimate the difference

|93 — ysl|

(92+é2)142e(91 +91)A1 gl _ 602A2€91A1

=|le yill

< Jlef2 e[l Azt Ay — iy |

< 7€ ||(I + 02 My () T A1 gy — ey ||

< ’7692a(||€(91+é1)A1?)1 — ety ||
0] - |[Ma ()] - [P FODA |13 ]])
< e (|le” A ] - |le” Mgy —

+0a] - || Mo (G2)]] - [|e@r DA [[g,]))
< e (e (I + 0, My (61)51 — vl
e @O0 o] 1My (0)]] - ||6n]]) -

In the last inequality, we used the fact that 6; + 6, > 0.
Since |0,,| < 2 for n = 1,2, we may use the bounds (4)
for || M, (t)||. Moreover, we know that ||§1]| < 2 and that
7 < n. Taking into account also (9), we obtain

|93 — sl

< e (4e?1® g1 — ya| + 7" |fu] - [|MLO1)]] - [1ga |
+yel 002 Gy | || M (0:)]] - [[7n]])

S e S ey AR (A
20D B [ "

< ARelit02)ay | 9n26(01t0)a g1, | 4 eé1°‘|éz\)

< 726(91+92)ax + 4726(91+92)O‘E77(1 +em) .

Using (8) and (7), finally we have

193 = yall < A=A
which in turn implies ||g3|| < A.
Next, by virtue of homogeneity we are able to remove the
restriction that the initial point belongs to N;. Take a
generic point z; € I'y (x1 # 0) and consider again the
operator @1, subject to the conditions

(01+91)A1l‘1 e,

xr3 = 6(62+é2)A2$2 el .

Xro = €

Since x1 € I'y, then either x1/||z1|| € N1 or —x1/||z1]] €
Ni. Without loss of generality, we can limit to the first
case. Hence,

O (1) /[a1]] = D1 (w1/[a]]) < A
which yields
Py (21) < Allza|l -

Finally recall that by assumption, x3 € I'y. Therefore, the
previous reasoning can be iterated.

Formally, consider a recurrent switching rule subject to
I'y,To, as defined above. For any z; € Ty (x1 # 0)

the corresponding trajectory can be thought of as a
composition of operators of the form

Pkl — 6(92+é2k)A26(91+é1k)A1

where the numbers élk, ézk are chosen in such a way that

eO1t0)Arg — gy ey

@[1]1'1 =ux3 €l
6(61+012)A13}3 =x4 €1
and so on. We can therefore conclude that
2k || < Al |
and hence the sequence xo41 goes to zero as k — +o0.

The conclusion can be now easily obtained by standard
arguments.

Remark 2. The cones I'1,T's whose existence is stated in
Theorem 1 can be actually constructed in such a way
that the set of recurrent switching rules subject to I'y,T's
is nonempty. This can be seen by introducing a simple
modification in the proof, based on Lemma 4.
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