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Abstract

This paper is a contribution to the development of a theory concerning stability of equilibrium positions with

respect to Sentis solutions of ordinary differential equations with discontinuous right hand side.
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1 Introduction

Roughly speaking, we may agree that a notion of solution for ordinary differential equations

ẋ = f(x) , x ∈ Rn (1)

is satisfactory if one can prove that there is at least one local solution for each initial state x̄. For instance, classical
solutions1 represents a satisfactory notion, only if f is continuous. Neither the slightly more general notion of
Carathéodory solution2 is satisfactory in general, when f is not continuous.

A well known way to seek more satisfactory notions of solution of ordinary differential equations with a discon-
tinuous right hand side is to replace (1) by a suitable differential inclusion

ẋ ∈ F (x) . (2)

The notions of solution obtained in this way depend on the construction of the set valued map F . For instance,
Filippov solutions of (1) are the ordinary solutions3 of (2) where

F (x) = FF (x) =
⋂

δ>0

⋂

µ(N)=0

co {f(B(x, δ)\N)} (3)

(here µ is the Lebesgue measure of Rn, co denotes the closure of the convex hull, and B(x, r) is the ball of radius r
centered at x).

From now on, we always assume that f is measurable and locally bounded. Then the set valued map FF (x) is
upper semicontinuous, compact and convex valued, and locally bounded, so that (1) has a Filippov solution for each
initial state x̄ ([12]). On the other hand, it is commonly recognized that Filippov solutions are “too many” for some
applications (this is true in particular in the stabilization problem for nonlinear systems by means of discontinuous
feedback, see [5], [6], [7]). To overcome this drawback, in [15] the author replaces (1) by a differential inclusion (2)
where

F (x) = FS(x) =
⋂

δ>0

⋂

µ(N)=0

{f(B(x, δ)\N)} . (4)

1A function ϕ(t) : I → R
n is a classical solution if it is differentiable and satisfies (1) for each t ∈ I

2A function ϕ(t) : I → R
n is a Carathéodory solution if it is differentiable and satisfies (1) a.e. on the interval I

3By ordinary solution of the differential inclusion (2) we mean any function ϕ(t) : I → R
n which is differentiable and satisfies

ϕ̇(t) ∈ F (ϕ(t)) a.e. on the interval I
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The set valued map FS(x) turns out to be upper semicontinuous, locally bounded and compact (but in general not
convex) valued. Unfortunately, the notion of ordinary solution is not satisfactory for general differential inclusions
with nonconvex right hand side. Thus, in [15] a new class of solutions, called g-solutions, is introduced (their
definition is reported in Appendix A, for the convenience of readers), and for differential inclusions with upper
semicontinuous and locally bounded right hand side an existence theorem is proven. In [15] it is also proven that
ordinary solutions of (2), when they exist, are g-solutions.

We propose to say that a function ϕ(t) is a Sentis solution of (1) if it is a g-solution of (2) with F (x) = FS(x).
From [15], we know that Sentis solutions are Filippov solutions, but the converse is false in general. Other studies
about g-solutions are carried out in [13], especially for the time-dependent case.

One of the most important issue in the qualitative theory of systems is the stability analysis around equilibria.
The stability problem for systems with discontinuous right hand side has been largely studied with respect to Filippov
solutions (see [5] and the reference therein), but apparently it has not yet been addressed with respect to Sentis
solutions. The present paper is a first contribution in this direction: we emphasize that we are interested in the
so-called strong stability (the paper [14] concerns instead weak stability).

The theorem of Section 2 is the analogue of First Lyapunov Theorem for the case of Sentis solutions. The
Lyapunov condition used in this paper includes a uniformity issue. In view of possible applications to control theory,
it would be desirable to remove it. In Section 3 we deal with asymptotic stability.

Recently, in order to introduce satisfactory notions of solution more suitable for applications to control theory,
new approaches (not involving differential inclusions) have been tried ([1], [2], [7], [8]). An interesting program for
future research is to compare the notion of Sentis solution with the notion of sampling and forward Euler solution.

2 Stability for Sentis solutions

In order to illustrate that the stability behavior may look different if we change the notion of solution, we start by
an example.

Example 1 Let us consider the discontinuous two-dimensional vector field defined for x ≥ 0 by

f(x, y) =

(

f1(x, y)
f2(x, y)

)

=



































0 if either x = 0 or y = 0

(

− 4y
3 +

√
3x2+4y2

3
x

)

if x > 0 and y > 0

(

4y
3 +

√
3x2+4y2

3
−x

)

if x > 0 and y < 0

The definition of f is completed in such a way that f1(−x, y) = −f1(x, y) and f2(−x, y) = f2(x, y). The phase
portrait is plotted in Figure 1: trajectories are drawn in the counterclockwise sense in the quadrants where xy > 0,
and in the clockwise sense in the quadrants where xy < 0.

The origin is not stable in the sense of Filippov solutions. Indeed, there are Filippov solutions which go to the
infinity along the x-axis. According to Proposition 5 of [15], those are not Sentis solutions. In fact, the system is
stable at the origin, with respect to Sentis solutions.

The aim of this section is to state and prove an analogue of first Lyapunov Theorem for stability with respect
to Sentis solutions. For a given initial state ξ ∈ Rn, let us denote respectively by Sξ and Fξ the set of Sentis and
Filippov solutions of (1). We recall that for each ξ ∈ Rn, Sξ is nonempty and that Sξ ⊆ Fξ. We make the standing
assumption that ϕ(t) ≡ 0 is a Sentis solution for (1).

We say that the origin is (strongly) S-stable (respectively, F-stable) for (1) if for each ε > 0 there exists δ > 0
such that if |ξ| < δ, then for all ϕ ∈ Sξ (respectively, ϕ ∈ Fξ), ϕ(t) is right continuable on [0,+∞) and

|ϕ(t)| < ε , ∀t ≥ 0 .

Throughout the paper, V (x) always denotes a Lyapunov function, that is a positive definite (i.e., such that
V (0) = 0 and V (x) > 0 for x 6= 0), locally Lipschitz continuous function V : Rn → R. The symbols D+V (x; v),
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Figure 1: phase portrait of the system of Example 1

D+V (x; v) respectively denote the lower and upper right directional Dini derivative of V at x with respect to v. It
is well known that if there exists a Lyapunov function V (x) such that the following condition

D+V (x; v) ≤ 0 (5)

is fulfilled for all v ∈ FF (x) and for all x ∈ Rn, then the origin is F-stable (see [12], [11]): the proof of this fact can
be carried out by simply exploiting a monotonicity condition like in [5] and [4]. Unfortunately, the same idea does
not work for S-stability since Sentis solutions do not satisfy ϕ̇(t) ∈ FS(ϕ(t)), in general.

We say that (1) satisfies a uniform weak Lyapunov S-condition if there exists a Lyapunov function V (x) such
that the inequality

D+V (x; v) ≤ 0 (6)

holds for all x ∈ Rn and for all v ∈ FS(x), uniformly on compact sets. More precisely, we require that for each
compact set K ⊂ Rn with 0 /∈ K, and for each ε > 0, there exists η > 0 such that

0 < θ < η =⇒ V (x+ θv) − V (x) ≤ εθ

for all x ∈ K, and for all v ∈ FS(x).

Theorem 1 Let us consider system (1) with f measurable and locally bounded. Let us assume that a uniform weak
Lyapunov S-condition is fulfilled. Then, the origin is S-stable.

Proof Let us consider the differential inclusion

ẋ ∈ FS(x) . (7)

In the first part of the proof we show that if ϕ(t) is a g-solution of (7) defined on some interval I, and such that
ϕ(t) 6= 0 for each t ∈ I, then the function t 7→ V (ϕ(t)) is nonincreasing for t ∈ I.

By contradiction, assume that there exists a, b ∈ I with a < b such that

γ = V (ϕ(b)) − V (ϕ(a)) > 0 . (8)

Let K be a compact set (0 /∈ K), such that the image of ϕ for t ∈ [a, b] is contained in the interior of K. Let L
be a Lipschitz constant for V on K. Let us fix a positive number σ in such a way that the following two conditions
are satisfied:

(i) |x− ϕ(b)| < σ =⇒ |V (x) − V (ϕ(b))| < γ
3 (this is possible, since V is continuous), and

(ii) ∪t∈[a,b]B(ϕ(t), σ) ⊂ K.
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According to the uniform weak Lyapunov S-condition, we can find a number η > 0 such that

V (x+ θv) − V (x) ≤ γ

6(b− a)
θ (9)

for each x ∈ K, each v ∈ FS(x), and each θ ∈ (0, η). By definition of g-solution, there exists a partition a = t0 <
t1 < . . . < tk−1 < tk = b and a right-continuous, piecewise affine function ψ(t) such that

x0 = ψ(t0) = ϕ(t0)

x1 = ψ(t1) = ψ(t0) + v0(t1 − t0) + ε0

x2 = ψ(t2) = ψ(t1) + v1(t2 − t1) + ε1 (10)

. . . . . . . . .

xk = ψ(tk) = ψ(tk−1) + vk−1(tk − tk−1) + εk−1 .

Moreover,

|ψ(t) − ϕ(t)| < σ ∀t ∈ [a, b] (11)

and

k−1
∑

i=0

|εi| <
γ

6L
, |ti+1 − ti| < η (i = 0, . . . , k − 1) . (12)

From (11), (i) and (8) it follows

V (ψ(b)) = V (ψ(b)) − V (ϕ(b)) + V (ϕ(b)) ≥ V (ϕ(b)) − γ

3
= V (ϕ(a)) +

2γ

3
. (13)

Now set

x̄1 = x0 + v0(t1 − t0) that is x1 = x̄1 + ε0

. . . . . . . . .

x̄k = xk−1 + vk−1(tk − tk−1) that is xk = x̄k + εk−1 .

We have

V (ψ(b)) = V (ψ(tk)) = V (xk) = V (xk) − V (x̄k) + V (x̄k)

≤ L|εk−1| + V (x̄k) (14)

≤ V (xk−1) + L|εk−1| +
γ

6(b− a)
(tk − tk−1)

where the last inequality is a consequence of (9). Iterating the same argument, we obtain

V (ψ(b)) ≤ V (ψ(a)) + L
k−1
∑

i=0

|εi| +
γ

6
< V (ϕ(a)) +

γ

3
(15)

a contradiction to (13). The second part of the proof is standard. Assume by contradiction that the origin is not
S-stable for (7). Then, there exists ε̄ > 0 such that for each δ > 0 there is a point x0, an instant T > 0 and a
g-solution ϕ ∈ Sx0

such that

|x0| < δ, |ϕ(T )| = ε̄ .

Clearly, it is not restrictive to assume that ϕ(t) 6= 0 for each t ∈ [0, T ]. Let M = min|x|=ε̄ V (x) > 0, so that
V (ϕ(T )) ≥M . Since V is continuous, we can take δ in such a way that
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|x| < δ =⇒ V (x) < M .

We should have V (ϕ(0)) < M ≤ V (ϕ(T )) which is impossible by the first part of the proof.

Coming back to Example 1, the uniform weak Lyapunov S-condition is satisfied with the Lyapunov function

V (x, y) =
−|y| +

√

3x2 + 4y2

3
.

3 Asymptotic stability

Once more we begin by an example, borrowed from control theory ([3]).

Example 2 Let us consider the two-dimensional system







ẋ = u(x, y)(x2 − y2)

ẏ = 2u(x, y)xy
where u(x, y) =

{

1 if x ≤ 0
−1 if x > 0 .

(16)

The system is asymptotically stable at the origin in the sense of Sentis solutions but not in the sense of Filippov
solutions: indeed, according to Filippov’s approach, there are equilibrium solutions along the y-axis.

Asymptotic stability with respect to Filippov solutions has been recently characterized in terms of smooth (i.e.,
of class C∞) Lyapunov functions (see [5], [9]). In this section we prove that asymptotic stability with respect to
Sentis solutions is guaranteed when the following strict Lyapunov S-condition holds:

D+V (x; v) ≤ −W (x) , ∀v ∈ FS(x) ∀x ∈ Rn (17)

where W (x) is continuous and positive definite. More precisely, the following holds.

Theorem 2 Assume that there exists a Lyapunov function V (x) and a continuous, positive definite function W (x)
such that (17) holds. Then, the origin is asymptotically stable with respect to Sentis solutions of (1).

Before proving the theorem, let us remark that under the assumption of Theorem 2 the origin is actually stable.
Indeed, it would be not difficult to prove directly that (17) implies the uniform weak Lyapunov S-condition. In fact
we have the following lemma.

Lemma 1 Let ϕ(t) be a Sentis solution on some compact interval I, and let ϕ(t) 6= 0 for each t ∈ I. Under the
assumption (17), the function t 7→ V (ϕ(t)) is strictly decreasing on I.

Proof By contradiction, assume that there exist a, b ∈ I such that a < b and V (ϕ(a)) ≤ V (ϕ(b)). Let

H = ∪t∈[a,b]B(ϕ(t), σ0)

where σ0 > 0 is chosen in such a way that 0 /∈ H. Let L > 0 be a Lipschitz constant for V on H, and let
w̄ = min

x∈H
W (x) > 0. Take σ1 > 0 in such a way that

|x− ϕ(b)| < σ1 =⇒ |V (x) − V (ϕ(b))| < w̄

2
(b− a) . (18)

Let finally σ = min{σ0, σ1}. As in the proof of Theorem 1, we pick up a piecewise function ψ on the interval
[a, b] which satisfies (10), (11) and, instead of (12),

k−1
∑

i=0

|εi| <
w̄

2L
(b− a) . (19)
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The image of ψ(t) is inside H, and the map t 7→ V (ψ(t)) is absolutely continuous on each interval of the form
t ∈ [ti, ti+1). Hence, for each i = 0, . . . , k − 1 and for each t ∈ [ti, ti+1) we have

V (ψ(t)) = V (ψ(ti)) +

∫ t

ti

[V (ψ(s))]′ ds =

= V (ψ(ti)) +

∫ t

ti

D+V (ψ(s), vi) ds ≤

≤ V (ψ(ti)) − w̄(t− ti) .

This implies

V (x̄i+1) ≤ V (xi) − w̄(ti+1 − ti) . (20)

Taking into account (20), we can obtain an estimation of V (ψ(b)) stronger than (14):

V (ψ(b)) = V (ψ(tk)) = V (xk) = V (xk) − V (x̄k) + V (x̄k) ≤ L|εk−1| + V (x̄k) ≤ L|εk−1| + V (xk−1) − w̄(tk − tk−1) .

Iteration of the argument finally leads to

V (ψ(b)) ≤ V (ψ(a)) + L

k−1
∑

i=0

|εi| − w̄(b− a) ≤ V (ϕ(a)) − w̄

2
(b− a) (21)

where we also used (19).
On the other hand, from (18) we have

V (ψ(b)) = V (ψ(b)) + V (ϕ(b)) − V (ϕ(b)) > V (ϕ(b)) − w̄

2
(b− a) ≥ V (ϕ(a)) − w̄

2
(b− a)

a contradiction to (21).

We also need to exploit the concept of positive limit set of a g-solution ϕ. The definition is the same as in the
case of classical solution:

Ω+(ϕ) = {y : ∃tk → +∞ s.t. ϕ(tk) → y} .
We recall the main features of the limit set. If ϕ is bounded, then Ω+(ϕ) is nonempty and compact. Moreover,

the following weak invariance property can be proven as in [12], with some obvious modifications: for each ȳ ∈ Ω+(ϕ)
there exists a g-solution ϕ̄(t) such that ϕ̄(t) = y and ϕ̄(t) ∈ Ω+(ϕ) for each t ∈ R.

Proof of Theorem 2 As already noticed, under the assumption of the theorem the origin is stable. This implies
that for some δ0 > 0,

|x| < δ0 =⇒ |ϕ(t)| < 1 ∀t ≥ 0

for each g-solution such that ϕ(0) = x. Let us fix z, with |z| < δ0, and let ϕ(t) be any g-solution issuing from z. The
positive limit set Ω+(ϕ) is nonempty and compact. Moreover, the composite function t 7→ V (ϕ(t)) is nonincreasing,
so that

lim
t→+∞

V (ϕ(t)) = l ≥ 0 .

Since V (x) is continuous, it follows V (y) = l for each y ∈ Ω+(ϕ). Assume that there exists ȳ ∈ Ω+(ϕ), ȳ 6= 0.
By the weak invariance property, there exists a g-solution ϕ̄(t) lying in Ω+(ϕ), and such that ϕ̄(0) = ȳ. Of course,
we can find T > 0 such that ϕ̄(t) 6= 0 for t ∈ [0, T ]. Thus, Lemma 1 applies and we conclude that

V (ϕ̄(T )) < V (ȳ)
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a contradiction. Hence, we must have Ω+(ϕ) = {0}, or, equivalently,

lim
t→+∞

ϕ(t) = 0

as required.

To complete Example 2, we remark that the strict Lyapunov S-condition is fulfilled with

V (x, y) =
√

4x2 + 3y2 − |x| and W (x, y) =
x

√

4x2 + 3y2

[

4x2 + 2y2 − |x|
√

4x2 + 3y2
]

+ (sgnx)y2 .

4 Appendix A

In this appendix we recall some facts about g-solutions of differential inclusions of the form (2). Let the interval
I = [a, b] be given, and let x̄ ∈ Rn. For each m ∈ N, take a partition

a = tm,0 < tm,1 < . . . < tm,km−1 < tm,km
= b

and let lm = max{|tm,i+1 − tm,i| , i = 0, . . . , km − 1}. Finally, for each i = 0, . . . , km − 1 choose εm,i ∈ Rn and
construct a right-continuous, piecewise affine function ψm(t) on the interval [a, b] in such a way that ψm(tm,0) = x̄,
and

ψm(tm,i+1) = ψm(tm,i) + vm,i(tm,i+1 − tm,i) + εm,i

where vm,i is any element in F (ψm(tm,i)). According to [15], we call g-solution of (2) on the interval [a, b] any
function ϕ(t) which is obtained as the uniform limit of a sequence of functions ψm(t) of the form described above,
under the additional conditions that lm is decreasing, limm lm = 0 and

lim
m

km−1
∑

i=0

|εi
m| = 0 .

If ϕ(t) is a g-solution on the interval [a, b], then ϕ(t) is locally Lipschitz continuous and

ϕ̇(t) ∈ coF (ϕ(t)) , a.e. t ∈ [0, T ] .

However, in general, we do not have ϕ̇(t) ∈ F (ϕ(t)) for a.e. t ∈ [a, b]: this is the main difference between
g-solutions and ordinary solutions of differential inclusions.

In [15], it is proven that if F (x) is upper semicontinuous, compact valued and locally bounded, then for each
x̄ there exist T > 0 and a g-solution ϕ : [0, T ] → Rn with ϕ(0) = x̄. Ordinary solutions of (2) are g-solutions.
Moreover, cutting and pasting g-solutions still give rise to g-solutions.

For other properties about g-solutions the reader is referred to [15] and [13].
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