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Abstract

In this paper we study ensembles of parallel concatenated codes and we present precise results
on their asymptotic performance. In particular, we prove that We prove that in any parallel
concatenation scheme where all k encoders are recursive and the rate is sufficiently small, the bit
error rate goes to 0 exactly as N'~%. We consider different types of ensembles by changing the
subgroup of permutations used to interconnect the various encoders.
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1 Introduction

In this paper we study ensembles of parallel concatenated codes and we present precise results on
their asymptotic performance. Parallel concatenations have made their appearance in the coding
literature in the mid 90’s in [4] and they have rapidly gained worldwide attention for their brilliant
performances when used in combination of a low complexity iterative decoding scheme. Since then
there have been two different lines of analysis of these coding schemes: on one side they have been
studied in combination with the suboptimal iterative coding scheme [9]; on the other side they have
also been studied in a more classical setting, considering instead optimal ML decoding. This second
line plays a fundamental role in trying to separate the analysis of these coding schemes from the use
of the suboptimal iterative decoding. Pioneer work in this sense has been the work [2], [3] where for
the first time an ensemble style analysis was performed averaging the error probability estimation on
all the possible permutations interleaving the two constituent convolutional encoders. The analysis,
though not fully rigorous, gave a lot of insight into the question of understanding the performance of
such schemes: in particular it put into evidence the fundamental importance of recursivity of the two
convolutional encoders, and showed, in the recursive case, the existence of a sort of interleaver gain
term 1/N (where N was the length of the interleaver) in the union upper bound of the bit error rate.
This explained the good performance of such codes for large interleaver length. In [7] for the first time
a formal derivation of the upper bound in [3] was derived, in the more general setting of concatenated
schemes consisting of k parallel convolutional encoders. The result in [7] actually proves a slightly
worse upper bound than in [3] but in a completely rigorous way. Moreover their results also extend
to serial concatenations.

This paper follows the theoretical line of the papers [2], [3], and [7] improving and extending the
result in [7]. We prove that in any parallel concatenation scheme where all k encoders are recursive
the BER has an asymptotic behavior of N'=*: namely we improve on the upper bound presented
in [7] showing that exactly the one derived in [3] holds true and moreover we establish an analogous
lower bound (result which was considered open in [7]). The techniques we use are basic combinatorics
and basic facts on the theory of convolutional codes. For what concerns the upper bounds our analysis
follows closely the ideas contained in [3] filling in the formal gaps in their derivation. Lower bounds
are instead obtained through an analysis of minimum distances.

The setting considered in this paper is, moreover, more general than the one considered in the
previous literature as we allow different permutation ensembles: beyond the classical bit permutations
we in fact also consider the case of symbol permutations and also of independent permutations in
different channel inputs. This allows a more flexible theory with potential applications in coupling
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concatenated schemes with non-binary modulations. A deeper analysis in this sense is presented in
[6].

Finally, in the classical case when all encoders have scalar inputs and average is done over all bit
permutation, we complete the analysis proving that the presence of non-recursive encoders do not
play any role in the asymptotic behavior for N — 400 of the BER in the sense that it still goes as
N'=* where k > 2 is the number of recursive encoders. Moreover, we prove that if the number of
recursive encoders is 1 or 0, than no interleaver gain shows up, indeed we have that the BER is in
this case bounded away from 0: this fact had been noticed in the simulations and conjectured to be
true, but, at our knowledge, never explicitly proven before. While for the rest of the paper we assume
that the channel used is any binary input symmetric memoryless channel, to obtain this last result
we assume we are using a BSC.

We now briefly comment on the structure of the paper. In Section 1 we consider ensembles of
concatenated block codes in the context of generic permutation subgroups and we present a simple
generalization of the union bound estimation derived in [2] . Section 2 is devoted to the convolutional
extension. In this setting it is necessary to make more stringent assumptions on the permutation
groups used: we propose various examples showing how a number of interesting case indeed fall in the
case considered. We also introduce concepts of non-catastrophicity and recursivity connected to the
ensemble of permutation used which will play a fundamental role in the rest of the paper. Section 3
proves the general upper bound estimate while Section 4 contains the lower bound estimation. Finally
Section 5 contains further results for the classical case.

2 Ensemble of concatenated block codes

In this paper we will study the performance of ensembles of block codes obtained by concatenating
the truncation of convolutional codes through suitable permutations. We start by briefly recalling
some classical facts on block codes and we then pass to consider concatenations.

2.1 Preliminaries on block codes for symmetric binary channels

Throughout this paper, except in some part of Section 5, we assume to be working with a binary
input memoryless channel with output alphabet {2 which can be either a finite set or the continuous
space R™. In the first case the channel is completely described by two probabilities p(w|0) and p(w|1)
on the set 2. In the second case, instead, by two densities f(w|0) and f(w|l) on R™. We will make
the assumption that the channel is symmetric in the following sense: if € is finite, p(w|0) and p(w|1)
simply differ by a permutation on £, if @ = R", f(w|0) and f(w|1) differ by an isometric change
of variables. Some of the results we will present will actually hold true also without this symmetry
assumption, for others instead the lack of symmetry leads to less elegant formulations.

Let E : Z5 — Z3" be a linear block encoder and let Cx = Im(E) be the associated block code.
Let P,(e|E) and Py(e|E) be the word and bit error probability, respectively, of the coding scheme
associated with F over the above channel, assuming ML decoding and uniform probability on the
information words. We will make use of the union bound estimations to obtain upper bounds on the
error performances. These estimations are in terms of the so called Battacharyya noise parameter
of the channel, which is defined, depending if {2 is discrete or continuous, as

1= 3 VRl 7= [ VIR do.
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we obtain the well known estimations:

w

Py(e|E) < A(Y),  PyelE) <) - Au (1)

On the other hand, lower bounds will be essentially obtained in terms of upper bounds on the minimal
distance d(Cg) of the code Cg. Define, in the discrete case, the sets

Ao ={we: pwl0) 2pwll)}, A ={we: pwll)=>pwl0)}
and, the equivocation probability
p=Y_ pwl0)= "> pwl1),
weA wEAg

In the continuos case the sets Ag and Ay are defined by simply replacing the probabilities p(|) with
the densities f(|) and the equivocation probability p is then defined as

p= [ 1) do= [ 7elt) d
A1 Ao

We have the following simple estimation

Lemma 1
d(Cg) <d = P,(e|E) > p®. (2)

Proof Assume that § = (7,...,7,) € Cg is such that wy(y) = d < d. Since the channel is
symmetric the word error probability is independent on the transmitted sequence; we can thus assume
that the the word 0 € Cg has been transmitted. Consider
I'={we ™| p(wil) > p(wi|0) Vi : 7, =1}.
We can estimate :
Py(e|E) > P(I) = p > p.
|
Remark: Notice that, in the proof of the above lemma, we assume error if the ML estimate is not

unique; the result however still holds true (with a possibly different p) if a different decoding option
is taken for these matched situations.

2.2 Ensemble of concatenated block codes

We denote by Sy the group of permutations on N elements. Sy acts in the usual way on Z% by
permuting components: if u € ZY and o € Sy, the action is simply denoted by ou.
Consider k Zs-linear block encoders

Ei:Z) —»Zy" i=1,... k.

and a vector permutation o = (o1, ...,01) € S&. We can define the concatenated block encoder

. 7N My My,
E, 7Y - M x ... x 7

E,(u) = (E1(o1u), ..., Ex(ogu))

We denote by C, = E,(ZY) the block code associated to E,.
We now fix a subgroup of permutations G < Sy on which we consider the uniform probability.
Denote the average word and bit error probability over the ensemble determined by G as, respectively,

P, (e) \G|k > Pul(elE,), Pyle) = |G|k > Py(e|E,) (3)

oeGF ceGk



Remark: Notice that given any o = (01, ...,0%) € G¥, if we consider & = o - Jfl = (id, ..., akofl),

we have that
E,=FE;o00,

On the other, it is well known that the right composition of a block encoder with a permutation does
not modify the performance of the coding scheme, in particular it does not modify its word and bit
error probability. As a consequence we can as well assume that we are in the smaller ensemble described
by the vector permutations in G* having the first component equal to the identity: the averaged error
probabilities are exactly the same. It will turn out to be useful in certain circumstances to work with
this smaller ensemble.

Notice that G splits Z2 into equivalence classes
<u>={ou|oc e G}

The set of these equivalence classes is denoted A = Z5 /G. Given A\ =< u >€ A, M, denotes the
cardinality of the class < u > and is called the multiplicity of \. We denote by G(u) the stabilizer
of u, namely G(u) = {0 € G : ou = u}. G(u) is a subgroup (in general not normal) of G and
the set of left lateral classes G/G(u) is canonically in bijection with < u >. In this paper whenever
we quotient by subgroups we will assume that we are considering left lateral classes. Given u € ZY
denotes by wg (u) the Hamming weight of u, namely the number of non-zero components of u. Clearly,
the Hamming weight is invariant by the action of permutations so that all elements in A will have the
same Hamming weight which will be called the Hamming weight of A and denoted ||A||. Finally, given
A € A and d € N, we define the enumerative weights:

A g = H{ue X wy(Ei(u) = d}|,
and the enumerative weight functions
A4(D) = T A D
d>0

We have the following result generalizing [2]. The proof is quite similar to the original one and we
only present a quick proof.

Theorem 2 The following estimations of the averaged word and bit error probabilities hold:

AeA\{o} A AEA\{0} A

Proof It follows from the definition of Py(e) in (3), the remark following it and the union bound
estimation (1) that

Pe) < 7T 2 7 2 A50) 5)

where A7 (D) =3, A7, 4D? denotes the weight enumerating function associated with the block code
E, and where we are assuming we are only considering vector permutations with the first component
equal the identity: o = (id, 09, ...,0%). Notice now that

o _ o
w,d = E A/\,d'

X EA
HAI = w

Moreover, the following combinatorial identity holds true
. (<.
ZA)\,d = (W| Z A}\,dl o 'AI)C\,dk : (6)
o A dy+-+dp=d

This can be seen as follows. It is easy to see that the left hand side counts all the possible vector
inputs (ug,...,ux) each belonging to the class A such that the corresponding outputs (y1, ..., yx) have



total weight dy + - - - + dy, = d, with a multiplicity due to the stabilizer G(uz) x - -+ x G(uy). Since we
know that G/G(u) is in bijection with < u >, we obtain that |G(u)| = |G|/|M.]|. This yields (6). We

can now write

2, A45(D)

X X Ag DY
Hi\\le:Aw ¢

A= dutodi=d

- () B[, D, e )

- (&) Ao -am).
A = w

Inserting this identity inside (5) we obtain the wanted estimation for the Py(e). The estimation for
P, (e) can be obtained along the same line of reasoning. |

3 Ensemble of concatenated convolutional codes

3.1 Fundamental facts on convolutional codes

We now briefly recall some basic notion on convolutional codes and we fix some notation which will
be used throughout this paper.

Given a Zg-vector space V, we will denote by V' ((z)) the space of Laurent series with coefficients
in V. There are several important subspaces of V((z2)): the subspace of formal power series V[[z]],
the subspace of polynomials V[z], the subspace of Laurent polynomials V[z,27], the subspace of
rational functions V(z). If v € V((z)), v(t) denotes the coefficient in v of 2!, so that we can write
v=">,v(t)z". Given v € V((2)), we define the support of v as

supp(v) = {t € Z [ v(t) # 0} .

Given v1,v2 € V((2)) and t; € Z we define the concatenation of v; and vy at t; as the Laurent series
v1 V¢, v defined by
V1 (t) if t<ty
(v1 Vi, 02)(¢) =
V2 (t) if ¢ Z tl

We will also consider multiple concatenations of Laurent series vy Vi, va Vi, vs--- Vi, | Uy for con-
catenation times t; < tg < -+ < tp—1. If v € V((2)) and I C Z, we define the restriction of v to I
as the element v); € V! such that (v;)(t) = v(t) for every t € I. If I; and I, are disjoint consecutive
intervals and v, € VI, v2 € V2, we also write v1 V v to denote the element in V1“2 obtained by
the concatenation of the two sequences.

In this paper, a convolutional code will be any mapping

E:75((2) — 25((2))
for which there exists A € Z5**(z) N Z5**|[[2]] such that
Eu=u-A, wuelZy(z)).

A is called the symbol of the encoder E. F is called polynomial if its symbol A is of polynomial type,
namely, A = Eﬁo A(i)z; . Moreover, if A(M) # 0, M is called the memory length of E. An encoder
is said to be recursive if none of the A;; is polynomial. An encoder is said to be non-catastrophic if

BucZiz7t, 2] = ueZiz7', 2],



equivalently, if there exists B € Z5*"[z,27!] such that AB = Id. Also non-catastrophicity can be
equivalently expressed as the existence of § > 0 such that

wg(E(u) > dwg(u), Yu € Z5((2)).
The canonical state space of E is defined as the quotient space

2

A= LN E (@)

Given u € Z5((#)), we can define the associated state sequence as

x = Zx(lﬂ)zk ,ox(k) = ()T + (Zg[z_l] N E_l(ZS[z_l])) .
k

Rationality of the A is equivalent to the fact that X is a finite dimensional Zs-space.

A sequence u € Z5((z)) is called an error event if there exist ¢; < to such that supp(u) C [t1, o]
and the corresponding state sequence z is such that supp(x) = [t; + 1,¢3]. Notice that this implies
that necessarily u(t1) # 0 and supp(E(u)) C [t1,t2]. t2 —t1 + 1 is called the length of the error event
and [t1,t9] its window action. If u; and wue are two error events with windows action, respectively,
[t1,t2] and [to + 1, ¢3] we can consider the concatenation uy V¢,11 ue which coincides with uq + us. It
is evident that every finite support input sequence u such that F(u) has also finite support, can be
obtained by a concatenation of error events and 0 inputs.

The block truncations of a convolutional code F are defined as follows. Fix N € N and consider
the block code EV obtained by restricting the inputs of the convolutional encoder E to those inputs
supported inside [0, N — 1] and considering the projection of the output on the coordinates also in
[0, N — 1]. Namely,

EN.zN 75N

is defined by
EN(U(O),U(l), s 7u(N - 1)) = (y(0)7y(1)7 s 7y(N - 1))
if
E(u(0) +u(l)z+ - +u(N -1V =y(0) + y(1)z + -+ y(N —1)2N 40 (2N .

Whenever we will need it, the input space Z5" will be identified with the subspace of Zj[z] consisting
of the polynomials of degree up to N — 1.

Notice that in this way it might be that, at time N, the system is not in the 0 state (z(N) # 0).
In the applications we usually prefer to consider suitable terminations of such codewords in such a
way to bring back the system to the zero state. Notice that there always exists an integer v > 0 (not
depending on the particular u or on N such that by extending u to a @& supported inside [0, N +v — 1]
we can insure that 2y, = 0. The output is then also observed in the extended window [0, N +v —1].
Notice that the v extra bits in [N, N + v — 1] are functions of u (can be interpreted as parity checks)
and, when used in concatenation schemes, they are not passed through the interleaver. It is therefore
clear that the use of the terminating sequence and the corresponding extension of the output can
only improve the performance of the convolutional encoder and of its concatenations. If we upper
bound the error probabilities of the concatenation where we exclusively consider the truncation at
level N without terminating sequences we will have also established an upper bound for the case
when terminating sequences are instead used. From now on we will consider the truncated block
codes EV without any termination.

3.2 Regular ensembles of concatenated codes

Consider k£ causal convolutional encoders
E:: Z((2) — 23 ((2))

and consider the families of their truncations EN : Z5N — 75,



Suppose we have a family of subgroups Gy < S, n. We can then consider the family of ensembles
of block concatenated codes induced by E¥ and G . The goal of this section is to establish asymptotic
estimations on the average word and bit error probability P, (e) and Py(e) for N — +oo.

In order to achieve general results we will need to make assumptions on the family of subgroups
G which roughly will insure compatibility when N varies and that the number of invariants for
these group actions will not grow up with N. Before giving the exact definition we set some notation:
given any subset Z C {0,...,N — 1} we denote by SZ, the subgroup of those permutations acting
exclusively on the bits of those vectors whose position is in Z. We have a natural isomorphism

\IJN,I : ST\I| — SgN .
We can now give the following definition:

Definition 3 The family of subgroups G is said to be regular if

1. Given any N and given any subset T C {0,..., N — 1} we have that

Unz(Giz) =Gy NSEy.

2. There exists a positive integer v and a map w : Z5 — NY with the following properties:

(a) w(0) = 0.
(b) The elements of the canonical basis e; are in w(Zy) fori=1,...,v.

(c) Consider the vector extension
w: Z5N — NY

N—1
w(ug, ..., un—1) = > w(y;).
=0

Then, given any u,v € Z5N, we have that
<u>N=<v>" o w) =ww).
w(u) is called the weight vector of the input word w.

Some comments on the above definition. Property 1. simply says that the permutations in Gy
which only act on a set of L < N components are essentially given by the permutation in G. Property
2. instead says that w is a complete set of invariants for the action of Gy on Z5N. The map w can
be easily extended using the sum definition (7) to Z5[z]: such extension will be called the weight
function associated with the family Gn. Let u,v € Z5[z] be such that w(u) = w(v). Fix N in
such a way that supp(u),supp(v) C [0, N — 1]. Then, property (c) implies that < u >N=< v >V,
Hence, wy(u) = wy(v). As a consequence, there must exist a function || - || : N¥ — N such that
wg (u) = |Jw(u)|| for every u € Z5[z]. Define also |w| = w1 + -+ + w,.

We present few basic examples of regular families which are the ones mostly considered in the
applications.

Example 1 The classical case is when G = S,n: this is when the interleaver acts on the single
bits. In this case the only invariant is given by the Hamming weight: therefore in this case v = 1 and
w(u) = wy (uw). This is the case mostly considered in the literature.

Example 2 Another interesting case is when Gy = Sy the subgroup of permutations acting on the
symbols, namely the vectors of Z5. In this case there are many more invariants: as many as the
elements in Z5. Therefore in this case v = 2" and w(u) is a vector with 2" components, which can be
thought to be indicized by the vectors in Z%: if € Z}, w(u), is the number of times, in the block u
the vector x appears.



Example 3 Example 2 can be generalized allowing some permutation to take place also on the symbol
space Z5. Let H be a subgroup of S,. HY can be thought as the subgroup of S, consisting of the
permutations acting componentwise on the symbol space Z5. We consider G = Sy x H™V. In this
case the invariants are as many as the equivalence classes for the action of H in Z5. In the specific case
when H = S, we have that such invariant are simply the possible Hamming weights of the elements
in Z5: 0,1,...,7. In this case v = r + 1 and w(u) = (w(u)o,...,w(u),) with w(u); the number of
symbols of Hamming weight j in the block sequence u.

Example 4 A further possibility is to consider separated permutations: assume that
r=ri+r2+--+7g

and decompose
75 =75 ®--- Ly, Z5N :ZQlN@...@Z;qN.

This yields canonical inclusions S,y € S, N. If G%) are subgroups of S, n, for j = 1,..., ¢ satisfying
the properties above, also the subgroup

Gy =G x - x G

of S,y satisfies the above properties. The simplest case is when G
v =q and

%) = S,y for all j. In this case

w(ur, ... uq) = (wa(ui),...,wa(ug)).

From now we will assume that Gy is a regular family with weight function w : Z5"[z] — N”. From
now on we will identify an equivalence class A =< u > with w(u) and the set of equivalence classes A
with Im(w) € N”. M,, v will denote the multiplicity of the equivalence class w(u) = w inside Z5V.

We now present some preliminary results on these regular families which will play an important
role in the derivation of our results.

Lemma 4 There exist positive constants p, p such that
plw| < lwl] < plw|,  Vw e N”. (8)

Proof It follows from property (b) that there exist input elements 7; € Z5 such that w(n;) = e;.

Moreover, because of (a), n; # 0 for every i. Let w € N”. The input word u € Z;‘w‘ containing exactly
w; times the element 7; for i = 1,..., v has weight w(u) = w. Then,

lwll = [[w(w)]] = wg (u) = Zwin(m) :

The result now easily follows by taking
p=maxwy (1), p=minwg(n).
For the multiplicity indices M,, v we have the following useful estimation.

Lemma 5 If w = (ws,...,w,), then,

N
Mw,N Z <wl wu) (9)

Proof If |w| > N, it is obvious. Therefore let us assume that |w| < N. Let n; € Z} be chosen as in
the proof of previous lemma. The input words u € Z5™ containing exactly w; times the element 7;
fori=1,...,v and N — |w| elements equal to 0 has weight w. Hence, the result follows. |



Given u,v € Z5N, we denote
Gn(u,v) ={0c € Gn | ou =v}.
Since w is a complete invariant for the group action we have that
Gn(u,v) #0 & w(u) =w).

G N (u,u) is the stabilizer of u, previously defined and it will be denoted by G ().
The following result gathers some facts which will be used in Section 5.

Lemma 6 (a) If u and v are such that w(u) = w(v), then
G (w)] =GN (u,v)| = |Gn (V)]
In particular all Gy (u,v) for which w(u) = w(v) have all the same cardinality

(b)

ot

Gy (u)

(c) If u,v € Z5N have disjoint support, then
on
Gn(u) NGy (v)

= Mw(u),N .

> Mu;(u),N—|w(v)|Mw(v),N—\w(u)\

Proof (a): if 0 € Gy(u,v),
T€GN(u) +— or€Gn(u,v)
Te€GnW) — 7T0€GN(u,v)
are both bijections and this proves the claim.

(b): We can construct a bijection between the quotient set G /Gy (u) and the equivalence class

< u > by considering
oGn(u) — ou
It is easy to see that the above mapping is well-defined and surjective. Injectivity follows from the
fact that if oyu = oou, then 02_101 € Gn(u).

(c): We first need to set some notation. If Z C {0,..., N—1}let ¢z n : Z5N — ng be the mapping
obtained by simply deleting the coordinates which are not in Z. Instead, let jz n : ng — 75N be
the mapping which adds zeroes in the coordinate not present in Z. Clearly, ¢z n o jz, v = Id. Let
T = supp(v)°. Let @ = ¢z y(u). Choose any @ €< @ >Z! and let 7, € G|z| be such that 7,7 = '
Let v = jzn(@') and let o1 = ¢z n(F1) € Gy by the property (a) of Definition 3. Clearly, by
construction, oju = v and oyv = v. Moreover, v’ and v still have disjoint support. Let now
J = supp(u'). Let v = ¢ n(v). Choose any v €< v >I7| and let 72 € G| 7| be such that 720 = '
Let v' = jz n(7') and let 02 =¥ n(F2) € Gn again by the property (a) of Definition 3. Clearly, by
construction, oov = v’ and o9u’ = u’. Notice therefore that

oau=1u', ogov=1".
From this it immediately follows that the mapping
(W, v') — 0901 [Gn(u) N GN(v)]
is injective. Notice now that, the choice of @’ can be done in
Moy (), N~ [supp(v)] = Muw(u),N=|w(v)|
different ways. Once @ has been fixed, v’ can be chosen in
M), N=fsupp(a)] = Muw(w),N—jw(w)| = Muw (), N—fuww)]
different ways. This yields the result. |



3.3 Recursivity and non-catastrophicity

The behavior of the concatenated ensemble as N varies depends on structural properties of the con-
stituent convolutional codes and on the concatenation scheme. To this purpouse we give two funda-
mental definitions.

Definition 7 A convolutional encoder E is said to be w-recursive if for every i =1,...,v, we have
that
w(u) =e; = wy(E(u)) =4o00.

The following remark will play an important role in the sequel
Remark: If a convolutional encoder is w-recursive, there always exist inputs v with |w(u)| = 2 and
such that |wy (E(u))| < +00. Indeed, given any n € Z} with w(n) = ey, consider the input sequence
u = nz". Let = be the corresponding state sequence. Since, the state space is finite, for sure there
exist j; < jo such that z;, = x;,. As a consequence, if we consider the input sequence & = u+ 2I2 0y,
the corresponding state sequence ¥ = = + 27271z yields Z;, = 0. This implies that Eu is compactly
supported inside [0, jo] and has finite Hamming weight.

Definition 8 The k-uple (E1, Es, ..., Ey) is said to be w-non-catastrophic if there exists 6 > 0 such
that for every input word vectors u*,u?,... uF € Z5((2)) such that w(u') = w for all i we have that

k
S wi(Eifus)) > dlul (10)
=1

We now discuss the system theoretic meaning of the above definitions showing how they relate to
the classical concepts of recursivity and catastrophicity recalled in the Appendix. Let us start with
recursivity. In Example 1, w-recursivity corresponds to the classical notion of recursivity. In Example
2 the situation is different: w-recursivity means that the output corresponding to any input supported
on just one time instant must have infinite Hamming weight. To capture the difference with respect to
the classical notion, if A is the symbol of the convolutional encoder E, we have that E is w-recursive
if and only if uA is not polynomial for any u € Z5 \ {0}. Instead classical recursivity only requires
that wA is not polynomial for any u € Z5 \ {0} of Hamming weight 1. If

e 1-271t 1 14z
Tll-2)"t 142 1

the corresponding encoder is recursive but not w-recursive. In the Example 4 everything depends on
the way the subgroups of permutations acting on each separated set of inputs have been chosen. In
the case when these subgroups coincide with the all possible permutations, w-recursivity is again the
same than classical recursivity.

Consider now w-non-catastrophicity. Differently from the classical notion, this is a property of the
all k-uple of encoders and not of a single one. Notice however, that if a single encoder, say E; for the
sake of simplicity, happens to be non-catastrophic, it holds (see Appendix), for a suitable § > 0,

wp (E(u) > dwg (u)

for every u € Z5((z)). Using Lemma 4 we clearly obtain (10). Hence if a single encoder is non-
catastrophic, the k-uple is w-non-catastrophic disregarding of the choice of the group of permutations.
The following example shows a situation where non-catastrophicity can also emerge in situation when
all encoders are catastrophic.

Example 5 Let £ = 2, r = 3, s37 = s3 = 2. Consider the situation of independent permutations
on the three input channels (see Example 4), namely Gy = S3. The invariants are the Hamming
weights of each single channel: w(u) = (wg(ul), wy (u?), wy (u3)) where u = (u!,u? u?®). Consider
the encoders E; corresponding to the two symbols

1 qi(2) 0 q22)
A1 =10 q2),| , A2=10 gs(2),
0 qs(2) L qi(2)

10



The pair (E1, F») is w-non-catastrophic if and only if the encoder represented by the pair (¢2(z2), ¢3(2))
is non-catastrophic. If we consider coprime factorizations

¢i(2) = =, ai(z), bi(2) € Zal2],

it is well known that non-catatrophicty is equivalent to the fact that the pair a2(z), as(z) does not
have common polynomial divisors except eventual trivial shifts z/. Notice that each single encoder
in this case is not injective and catastrophic since there are compact support inputs in the kernel.
Notice, finally, that F; and Es are w-recursive if and only if each ¢;(z) is not of polynomial type.

This is the main result we will present:

Theorem 9 Let k > 2. Assume that the k-uple (E1, Ea, ..., Ey) is w-non-catastrophic and composed
of w-recursive convolutional encoders. Then, there exists C1,Co > 0 and vo > 0 such that, for v < o
and for any N, the following asymptotic estimations hold true:

N Cy C, N Cs
< Py(e) §W7 WSPI;(G) SNk_l

Gy
Nh—2

This result will be obtained through an upper bound estimation carried on in Section 4 and a
lower bound estimation done in Section 5.

4 Upper bounds on the error probabilities

In this section we will establish upper bound estimations on the error probabilities. From (4) we
immediately obtain

P e Y A0 AT

N w|| ALN(y)--- ABN
weN\{0} v weN\{0}

k—1
N w

where A% N (D) are the enumerative weight functions associated with EY. We now need to exploit the

fact that the considered block codes are truncations of fixed convolutional codes to give estimations
of ALN(D).

4.1 Combinatorics of convolutional codes

In this paragraph we establish some combinatorial results about convolutional codes which will be
instrumental for our upper bounds.

Consider a causal convolutional encoder E : Z5((z)) — Z5((2)). Given w € N”, d,n,l € N, we
denote by A, ;. ; the number of distinct input sequences u € Zj[[2]] with u(0) # 0, with input weight
vector w and an output codeword y = E(u) of Hamming weight d, obtained by concatenating n full
error events, whose total length is [. We denote by A, 4., the number of distinct input sequences
u € Z5[[2]] with «(0) # 0, with input weight vector w and an output codeword y = E(u) of Hamming
weight d, obtained by concatenating n — 1 full error events and an eventual n-th partial part of a last
error event, whose total length is [. We also define

+oo +oco

/ /

w,d,n — E Aw,d,n,l ) Aw,d,n = E Aw,d,n,l .
=0 1=0

Notice moreover that the following concatenation identities hold true

n—1
Aw,d,n = Z Z H Aiuj,dj’l Aw",d",l 5 (12)
j=1

wl ..., wn dal,....an

11



Aw,d,n,l = Z Z Z H ij Jdi 1,00 Awn7dn717ln . (13)

...............

wliodwn=w dl4...4dn=d 114...41n=1

We also introduce the generating functions

§ d §
D) = Aw,d,nD ) wnl AwdnlD
d>0 d>0
§ /‘ § : d
Aw d, n w,n, l Aw d,n,lD
d>0 d>0

Lemma 10 There exists a constant 3 > 0 such that
Awdng =0 if 1> B(lw|+d) .

Proof We start by proving that there exists 8 > 0 such that A}, ;,, = 0if | > B(Jw| +d). By
contradiction assume that there exists, for F, a sequence of error events u; (for s € N) with support
inside [1,1;], input weights wy, and output weights d, satisfying

Ls

im — — 4o 14
oo fwn+d, T (14)

As a consequence of (14) there exist sequences ag, bs € N with 1 < ag < by <l and

lim by —as = +o0,
s— 400

such that
u(t) =0 foras <t <bs,

E@®)(t)=0 fora, <t<b,,.
It follows from classical considerations that, if s is sufficiently large, the state corresponding to the
input/output pair (u®, E(u®)) is 0 for some t, € [as,bs] contradicting the fact that ug is an error

event. Hence, A) ,,,=0if | > B(Jw| + d) for some 3 > 0. Notice that we also have Ay 4,1, = 0 if
1> B(|lw|+d). The result now follows from a straightforward application of the decomposition (13).m

Lemma 11 There exist positive constants C, a1, and as such that

Awin <Callad  VweN  deN,neN. (15)
Proof We clearly have
S
Agia<a, Aygig<a, where a = 251"

Inserting the above estimations in (13), using standard combinatorial arguments and the inequality

(consequence of Stirling)
<7L + m> < enem ,
m

we obtain

M
M
M

Aw,d,n,l

,,,,,,,,,,,,,,,

_'wl+ +'w"7w 11+ = ld1+ +d7' d

ﬁ wr+n—1 l4+n—1 d+n—1 1
Pl n—1 n—1 n—1 @

< e|w| (7n+2)neledal .

IN
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Using Lemma 10 and the fact that A, 4, = 0 if n > |w|, we finally obtain

Apan <Y Awany < elmII > (ea)| et < &1[6(7””)(604)5]'1”‘[e(ea)ﬁld :
1<B(wl+d) 1<B([wl+d) e
This proves the result. u

The above result in particular implies that the power series A, (D) have always positive conver-
gence ratio.
The above estimation are valid for every convolutional encoder. However, if E is w-recursive, we

also have that
Ae; a1 =0, Vd.

This implies that
n>|w|/2 = Apdin=0. (16)

which, together with estimation (15), will play a crucial role in the sequel.

The conditional weight enumerating functions of the truncated block encoder E™V can be finally
estimated as

A£<v>=2i(N‘7j“f‘l) Auily i(N:”f)Aw,m. a7)

=1 n=1 =1

4.2 Upper bounds on the error probabilities

We can now start the estimation of the error probabilities.

From now on we assume that the k-uple (E1, Ea, ..., Ey) is w-non-catastrophic.

From (4), substituting (17), we have now an estimation of the bit error probability in the convo-
lutional setting

ol & & (V) () ‘
Pb(6>§27rzz Mk_l Awnl( ) "Awnk(fY) (18)

Using the inequality (9) and
NI Nlwl
>
N = [w])! = el

we further obtain

N N
pq N+ni—1 N +ny — 1Y elt=Da(ghk=1
ZNi Z Z ( ny—1 ) ( ng —1 > Waq’”l"“’”k(w »y (19)
q ni=1 ne=1
where r ) y )
o o D
Qq,ny,...,np (D) = Z ! .

q k—1
wer' uizt ()

Our aim is to obtain upper bounds for the right side term in (19). We first estimate the term
Qg oni,...ne (7). We have the following result.

Proposition 12 There exist constants vo > 0, p > 0, and C > 0 such that if 0 < v < 79, then,

Qg ..., nk(v)gC[,u'y]éq VgeN,ny,...,n, € N.

13



Proof In the assumption that 4 > 0, using Lemma 11 we obtain (without loss of generality we
assume the constants C, ayq, and as work for all encoders)

1 k _ k d
Aw nl( ) Aw nk( ) - E E Aw Jdimng T Aw,dk,nk Y
d>6§|w| Ldi+-+dr=d

(20)
k|w k
Sckal‘“‘ Z Z [OZQ’Y}d Sckallw‘ Z [2]60[27]11

d>6|w| di+-+dy=d d>6|w|
Taking 0 < v < 40 = 1/(2¥*1ay) we obtain

Ay, () Al () < 2025 a1
Moreover,
Qg (V) = Y 1 ses< Y — | 20%[2F ey azy) .

k—1 — k—1
e (w1 wzq w ) wiea (w1 qu w )
) EARAS v 9 EARAS] v

We now conclude showing that the above summation can be bounded above by a constant independent
of q. It is clearly sufficient to do it in the case when k& = 2. This can be done by induction on v > 2.
If v = 2, we have that

wi1tw2=q \ 1 ws,

Z ( . ) 2+ Z ( ) +l@-1)g <3
wi=1
Assume that there exists a constant a, not depending on ¢ such that

1
E — < a,
q
wit e Fwy=q (w17w27~~-7wu)

for every q. We can estimate

q

Z : Z : Z 1
q q q—Wy41

w1+ twy41=q (wl,wz U)V+1) wyt1=0 (wu+1) Wit Wy =g Wt (“’1’“’2"“’“"/)

yeeey

q

> (i)%émw

Wy 41=0 \ wy 41

IN

This completes the proof.

We now analyze the remaining part of estimation (19):
N+mni—1 N +ny — 1Y elt=Da(ghk=1 01
e 1 —NG-De (21)

It is at this point that the recursivity property comes into the picture. If all constituent encoders are
w-recursive we can assume that n; — 1 < [¢/2] in the internal summation of (19). Therefore we only
need to estimate the above expression for this range of values. In this case the above expression is in
particular uniformly bounded with respect to N as shown by the following result

Lemma 13 There exists ( > 0 such that for any 2 < q < vN the following estimations hold:

<N'|~|‘(1JL(21J> e(k]\;zzi(l)lkl N2_k(%_|_%J+1)Cq
2

N+7 N+re e® D) k(e8] 1) g q q
( " >< ” )]V(k—l)q<N 27 L2 ¢ 7’1@<L*J,r1+...+rk<ka

9
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Proof Using Stirling approximation we obtain, for some suitable constant Cy > 0,

Y
=
—+
N———
IN
Q
=
_l_
ﬁ
=
+
™S
—_

(22)

Using this, together with

inside (22), we finally obtain

[]0S)

N+(8]Y N 3
( 4] )ClmLZJK”zM : (23)

On the other hand, Stirling also gives the estimation
I q* 172
q! < Cs e—qq . (24)

From (23) and (24) using the fact that, since ¢ > 2,

2|2 <a<sg

we obtain
k
N+ L%J elk=Da(gh)k—1 k k=1 nr(k| 4] —(k—1)q) gtk k—1/2 AN
( 4] NG S OGN AL [(1+2) ¢ }
2 4]
q
< crek NG =(-1a) ((b=Da=k]1]) k=172 {(1 + g)’“ 61535}
(25)
Notice now that
(k=Dg—k[§] = (k-Da-k+k(3-[5])
> -2k (313
Hence,
g(k=Da=k[3])  _  ((h=Da=k[§])=[k—2+k(§-|§])]gb-2+r([§]-[$])
< NGk g ) -T2 k(5 [3))] hager
Inserting this estimation in (25), we obtain
k
N+ (3] etDe(ghs! ke k—1 nr2—k(%—| 4 |+1) 3k ALY
( 4] ) TNEe  SGGTN -t [”(”2) ¢ 232] (26)

15



This proves the first estimation. To obtain the second one just notice that, if for instance r1 < |g/2],

it holds . .
(=R ()

Using this inequality and the previous estimation, we easily obtain the second estimation as well. W
We can now give the final estimation on P(e)

Theorem 14 There exist g > 0, C' > 0 such that

1 1
Pb(e)SCW, Pw(e)gcma vy €10,7], VN €N. (27)

Proof Using Proposition 12 and Lemma 13 we obtain

B g N+n—1 N +ng — 1Y) elfF=Da(ghk—1
Pi(e) = Z]\TZ Z( a ) () S )

nE=1

]/\%szk(%* L%J“)anq’ |4 +1, 441 ()

IN

q

+Z P4 n1—h(%— L%JH)Cq Z Qg oy, (V)

nitotng<k| §|+k

2p5 og 1 2s+1 s
Nk T Z P s s, sr1 () + NF Z #CQ Hageit s, sr1(7)+

S

n Z Nl k(4- |_%J+1)<q Z Qg ,eeny (V)

nitetng<k| §|+k
(28)
Notice now that the estimation in Proposition 12 implies that the three function series in

208 o, (25 +1)p o,
Z TCQ 0425,8—&-1,...,5-&-1(7) Z TCQ +10425+1,s+1,4..,s+1(7)

S S

P9 nr1—k(g-|4
Ni,r.Nl (2 L2J+1)Cq Z aq,nl ..... ’nk(’Y)
q niteAnp<k| §|+k

are uniformly convergent for v sufficiently small and their limit are power series with positive conver-
gence ratio. This proves the result for Py(e). The rest follows from the inequality

Py(e) < NPy(e).

5 Lower bounds on error probabilities

Lower bounds will be obtained from an analysis of the distribution of minimal distances of the codes
of the ensemble. We start with the following simple fact.

Proposition 15 [t holds,

Py(e) > supp” P(d(C,) < d) (29)
a>0
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Proof Fix d > 0. We can estimate, using Lemma 1,

= Y Pu(elC)P(Co) = D Pu(elCo)P(Co) = p*P(d(Cr) < d).
oce(GnN)* oc ( N)
d(C,) <d
This yields the result. u

The final estimation will be obtained by a lower bound estimation of the probability P(d(C,) < d).
The fundamental fact which we are going to use is that every w-recursive encoder admits input
sequences of weight 2 whose output is compactly supported (see Remark after Definition 3). More
precisely, let n € Z% be such that w(n) = e;. Given any ¢ = 1,...,k, we can find ¢; € N, such that
if we denote u; = n + nz', we have that F;u; is compactly supported inside [0,¢;] and its Hamming
weight is, say, €;. Put e = ). ¢;. The following result holds true.

Proposition 16 There exists C > 0 such that

P(d(C7) <€) > 57 (30)
Proof
Consider
U N2+ e T
and
FN=E}, x---xE}, . (31)
Notice that
o=(0y...,00) € FN = d(C,) <. (32)
We are going to estimate from below the probability of the union, on s, of the subsets FN.
It follows from (a) of Lemma 6 that
B = (N = 1)|Gn (02" + 02"t (33)
Arguing similarly, if so > s and so # s1 4 t1, we can estimate
(BN NEL < (N =t)(N —t=1)[Gn(nz® + 0z ) NGz + 02T (34)

We now want to estimate the number of left lateral classes of these stabilizers inside G .
Denote by M; the number of elements z € Z% such that w(z) = e; and by Ms the number of
elements x € Z} such that w(z) = 2e;y. It is then clear that

My, = w + MyN
Hence, by (b) of Lemma 6 we obtain
2 —
R e )
On the other hand, using (c) of Lemma 6we also obtain,
Gl o [MAY 2N - 3)] (36)
Gy (2t +nzsth) N G (nz2 4 nzeti)| = 2

17



From (33), (34), (35), and (36) we now obtain the estimation

N N
|jl+1J71 N lt1+1J71 N N N
PloU Fipen |2 2 P(F<t1+1>s+1) - ; P<F<t1+1>sl+1“F(t1+1>sQ+1)
s= s= S1#89
[tlﬁlJ_l k N k N N
2 H P (E(t1+1)s+1,tj) - Z H P (E(t1+1)sl+1,tj mE(t1+1)52+1,tj>
s=0  j=2 S17#82 J=2
=t |G (nz" 4zt \ P 5 |G (n2°1 402°1 1) NGy ("2 422+ [\ F 1
> [T(N —t) (Lextonl N 5 LV =) (V=5 — 1) v )
s=0 Jj=2 S1#£82 J=2
|25
T+ k 9 k—1 k 9 k—1
> 5 IO -6) (mvorny) - 2 O =60 =4 =) (sov=or=y)
s= = S1#£82 j=

k k—1 [LJ_l k 2 k—1
N 2 T1+1 2(M;N(N—1)+2M>N)
= LtﬁlJ jl;lz(N - tj) (MfN(N71)+2MzN) ll - 2 j:Q(N —tj— 1) ( Mf(N72)2(N73)22 )
(37)
We now distinguish two different cases: k = 2 and k£ > 2. In the first case, k = 2, the last row in
(37) converges, for N — +o00, to

C = 2 [1 — 1 ] >0
(1) M? (t1 + 1) M} '

Hence, in this case, for N sufficiently large,

[ :
PloU R | =S (38)
s=0

In the second case, k > 2, it is immediate to obtain the estimation,

] -
t1+1 C
N

P U Fi inyse1 | = =] (39)
s=0

This clearly yields the result. |

We can now prove the lower bound result.
Theorem 17 There exists C' > 0 such that
1 1
Pb(@)ZCW, Pw(e)ZCW, V’yG[O,’yO], VN € N. (40)

Proof We first notice that it is sufficient to find lower bound estimations for the word error probability
since it holds 1
Pye) > pr(e) .

Using now (29) and (32), together with (38) and (39), we obtain the final estimation

[ ¢
P,(e) > p*P(d(Cy < €) > p°P U Fllinen | = P 3R (41)
s=0
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Remark 1: In the case k = 2 and Gy = S,n, the above lower bounds can also be obtained as
consequence of a result in [8] on the distribution of minimal distances for ensemble of turbo codes.

They indeed prove that
k-2

P(d(Cy) > d) < cNdk

As a consequence, if k = 2 we can find d and N such that

+O(1/N). (42)

Pd(C,)<d)>1/2, VN> N

and conclude as before. However, if k > 2, (42) is apparently of no help since for fixed d, the right
term tends to +o0o for N — 4o00. Indeed, in the case k > 2 the mass of the probability distribution
of d(C,) is in some sense moving towards +oo, in particular E(d(C,)) — 4o0o. However, the error
probability seems to be more influenced by the way the tail of the distribution d(C,) goes to 0 for
small d and this type of information can not be obtained from (42) if k& > 2.

Remark 2: For k = 2, a different lower bound on error probabilities had also been obtained in [5]
where the author proves that for any permutation, the concatenated code has a minimum distance
growing at most logarithmically in N and, as a consequence, error probabilities can only decay poly-
nomially in N. The order of decay in N is of course larger in [5] since it treats the worst possible case
and actually it explicitly depends on the noise parameter of the channel. We also notice that in [1] it
has been shown that minimum distance growing logarithmically can indeed be achieved. It remains
an open question if for £k > 2 we can achieve superpolynomial decays in the error probabilities for
some choice of the permutations.

6 Further results in the classical case

In the previous analysis we have not considered the situation when not all encoders are recursive. In
particular we have not analyzed the situation when there is none or just one recursive encoder. The
analysis in the general case looks quite complicate due to the possibility of encoders which are only
partially recursive with respect to part of the input space. However, in the classical case when the
input space is scalar r = 1 and the group action is given by the all symmetry group (see Example
1) we can complete our analysis showing how the asymptotic behavior of the error probabilities only
depends on the number of recursive convolutional encoders and that, in particular, if the number of
recursive encoders is strictly smaller than two, than there is no interleaver gain not even for the bit
error probability. To derive this result we assume that the channel used is the BSC: extension to other
channels which we believe to be possible present however some technical problems.

We put ourselves in the situation of scalar inputs, namely s = 1 so that the encoders are of the
type E; : Z2((2)) — Z5((2)). Moreover, we assume that Gy = Sy so that v = 1 and w(u) is simply
the Hamming weight of the sequence u, the only invariant by the action of the symmetry group.
w-recursivity amounts now simply to recursivity.

Assume that the first k... < k of the encoders F; are recursive while the remaining ones are not
(and therefore, being scalar, will be of polynomial type).

In the case ko > 2 we can obtain exactly the estimation of Theorem 14 for the bit and word error
probability with k replaced by k... Indeed the upper bounds can be obtained by considering only
the recursive encoders, ignoring the remaining ones. For what concerns the lower bound, we instead
proceed as in Section 5 noticing that for each non-recursive encoder F;, there exists €; € N such that

wp(Fu) <w; Yu :w(u) =2.

We can then similarly define e = ), ¢; and for such an € it is easy to see that Proposition 16 still
holds true (with k replaced by kyec). The only difference in the proof consists in replacing the set of
permutations (31) with

N _ N N
Fo=Eg, < xEg,

x ShHree (43)
and We can thus prove Theorem 17 with k replaced by kpec.
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In the case when ke < 1, it is clear that the averaged word error probability will be bounded away
from 0. We will prove in this case a much stronger result, namely that, for any vector permutation
o, the bit error probability (and thus also the word error probability, is bounded away from 0. Of
course, such a lower bound can not be obtained by simply working at the level of the code, inputs must
necessarily come up into the picture. We recall that this result will be obtained under the stronger
assumption that the channel is the BSC.

Let n be any non-zero input sequence such that supp(n) C [0, D] and such that supp(E1(n)) C [0, D]:
we know that such an input sequence always exists, of Hamming weight 1 in the non-recursive case,
of weight 2 in the recursive case. Let [ > 0 and consider

N
m (m—1)(D+1+421) I 1
u™ =z 2'n, m= ,...,{1 QZJ’

Let
Ly = [(m=1)(D+1+20),m(D+1+20)—-1], I, =[(m—=1)(D+1+2)+1,(m—1)(D+1+20)+I+D].

Clearly,
supp(tm) € I C Iy -

For i = 2,...,k, E; is polynomial with symbol a;(2) € Z5**'[2] polynomial of degree I;. Let
S = supp(E;u™) .

Clearly, |S™| < (I; +1)(D + 1).
Define moreover
U(O’i,i,m) = U:l[Jz(Im) + [_lzale
and

U(o,m) =UU(ai,i,m).

Lemma 18 There exists L € N and an increasing sequence my, < hL such that
Ulo,mp)NU(o,mp)] =0 VYh<h.
Proof Notice that

U(O’i,i,mh) N U(O’i/,i,7mh/) =0 =4 O’i/U(Ji,i, mh) N [Ui’ (Imh,) + [—li/, llf]] =0
=2 [Oi/U(Ui,i,mh) + [—li/,li/]] N oy (Imh,) =10 (44)
= G;l[O'yU(O’i,Lmh) + [—Zi/,li/]] n Imh, =0

Define now i
I, = Ua;l[oi/U(Ji,i, m) + [~lir, 1] .

i
It is clear, for previous considerations, that

Uo.mi) NU(0,mi)] =0 & T, NIy = 0.

Notice moreover that R
I <L =) ((D+2+20+20;)(2l +1)
independent of m.

We can now construct the sequence in the following recursive way: Define m; = 1 and given
m,...,mp define mp41 as

mps1 = min{j > my | I, N 1; =0 Vh' < h}.
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Notice that mp41 —myp < Lh. The result is therefore proven. |
Put now N = |N/L|, y! = E;(u™). For any h < N define

N h h .
Ip={yeZj" : YL, = N1y, YilAL, = Yijai,, * >2}.

Clearly,

We now clarify the role of the sets I'j,. Let y be the received sequence (we recall we are transmitting
along a BSC) and let 3 be the corresponding ML estimate, namely any element in C, having minimum
distance from y. Let @ be the corresponding input sequence. We have the following result

Lemma 19 If1 has been chosen sufficiently large, we have that for every h < N,
yeln = wullum,) 21

Proof Assume that y € I'p, and, by contradiction, assume that @y (5,m,) = 0. As a consequence
;t]“Sm =0 for all ¢ > 2. On the other hand, since E; has a finite number of states, say v, it follows
that g I, can be decomposed as

X =Vg
i, =¢ VTV

where ¢!, (2, ¢ are blocks of length at most v and ¢g € N.

Suppose first that ¢ = 0 and consider the input @' = @ + w,,, and its corresponding outputs
9; = F;(4'). Notice that

A1 _,,h ~/ _ nh

Nt =10, l,)e = YT, )0

A1 _,,h ~! ) :

yi\STnh - yi\S.mh ’ yi|(S.mh)C - yi\(S.mh)C ) ¢ 2 2.
As a consequence,

wy(§ —y) <wn(§—y)

and this is absurd by the way 3 had been chosen.
If instead ¢ # 0 we argue as follows. We consider in this case the new input sequence @' defined
by
a(t), ift eI,
o'(t) =

a(t), iftel,,

where the block « is chosen in such a way that the corresponding state sequence z; of Ej is 0
for t = (mp — 1)(D+1+2l)+v and ¢t = mp(D + 1+ 2l) — 1 — v and, moreover, a(t) = 0 for
te[(my—1)(D+1+2l)4+v,my(D+1+2])—1—v]. As a consequence,

wr (91— y1) = wa([§) = vili,, ) +wa (i — vl ) < 2vs: + wr (y) +wa ([ — yilirg, ), (45)
while

wir(in — 1) = wi (i — i) +wnin —wlig, ) > 20-0)/v +wnin —wl, ). (46)

Also we can estimate
wir (5 = yi) < wi (@ —vi) + Y viisi (47)

Putting together (45), (46) and (47) we finally obtain,

wr (i —y) < 2wsi+ Y vlisi — 21— v)/v+wa (i —y).

7

If [ is chosen sufficiently large, we obtain also in this case

wy(§ —y) <wn(y—y).
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This is again absurd and we have thus proven our result. |

We now define, for any 6 € Zév ,

-(,n ) n o).

Lemmas 18 and 19 immediately implies that
yely = wy(a) = wy(0). (48)
We can now prove our final result:
Theorem 20 If k.o < 1, there exists C' > 0 such that
Py(elo) >C, VN,VYoeSy. (49)

Proof Fixed N and o € Sy. Since the block encoder Ef,v is Zo-linear, we can assume that the all
0’s input word has been transmitted along the channel. Denote by p < 1/2 the transition probability
in the channel. We have that

P(Fh|u — 0) >q= pD+1+Zi(2l’i+1)(21+D+1) >0 (50)

From (48) we can estimate the bit error probability as

Py(elo) = Pylelo, u=0)> > “’HT@P(FGW:O) = wzféa) [ PCulu=0) J[ a—PTslu=0)).

0ezy oezy h:0p=1 h:605,=0
(51)

Let W}, be the Bernoulli random variable which is 1 if y € 'y, and 0 otherwise. The W},’s are clearly
independent, since the channel is memoryless, hence,

N N N
> wu(0) J[ PTalu=0) [ A=PTulu=0)=E) (Wn) => EWy) =>_ PTuu=0),

oezy h:0p=1 h:605,=0 h=1 h=1 h=1

(52)
Using (52) and (50) we can now continue the estimation in (51) as
N
> P(Tplu=0) N
Pylelo)y>=t= > N a
N - N 2L’
if N is sufficiently large. This clearly yields the result. |
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